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Volume XIV. January, igo2. Number i. 



THE 

PHYSICAL REVIEW. 



ON THE RELATION BETWEEN DENSITY AND INDEX 
OF REFRACTION OF AIR. 

By Henry G. Gale. 

IF a body is compressed or its temperature varied, its density, d, 
will change and so also will its index of refraction, n. The 
problem of finding the relation between the quantities d and n is an 
old one and one attended by some difficulties. In the case of 
solids and liquids the density can be made to vary only slightly and 
experiments cannot be conducted over wide limits. In the case of 
gases the density can be given a wide range, but the index of re- 
fraction differs but little from unity, and its variation with changes 
of density is small. 

Gladstone and Dale * first proposed the very simple relation, 

(i) -^~ = const. 

This is the relation which would be expected if transparent sub- 
stances owe their refractive power to their molecules alone, and if 
the molecular index of refraction does not change with the density. 
Jamin' proposed the formula, 

(2) —J- = const. 

a relation which follows necessarily on the basis of the emission 

1 Gladstone and Dale, Phil. Trans., p. 887, 1858 ; Phil. Trans., p. 317, 1863. 
•Jamin, Ann. de Chim. et de Phys., 3e s6rie, T. LII., p. 163, 1858; T. LXI., p. 
358, 1861. 
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theory. For gases this relation is almost the same as that of Gtad- 
stone and Dale, since 

^^ — I (« — i) (« + i) . 2 (« — i) 
d d d 

n + I being very little different from 2. 

Lorentz/ on the basis of the electro-magnetic theory of light, has 
proposed the following formula, 

which comes at once on substituting 7i for D in Clausius* equation 

D '\'2 

-^ ^/= const, where D is the dielectric constant. It is seen 

that the relation (3) amounts to the same thing as relation (i) in 
the case of gases since 

ri^ — I ('^ — ('^ + » o (^ "" 



(«2 + 2)^/"' («'+2)^/ ""» d 

because « + i is very nearly equal to 2, and tf differs but very little 
from unity. 

Jamin ^ was among the first to conduct experiments designed to 
test these relations. He measured the index of refraction of water 

;/*- I 
at different pressures and found — -1 — very nearly constant, but 

Mascart ^ showed that Jamin's results satisfied still better the equa- 
tion of Gladstone and Dale. 

Quincke* verified the results of Mascart for water and found that 
for glycerine, Riibol, carbon disulphide, alcohol and ether, equation 
(2) always gave too large computed values and equation (3) too 
small values, while the values computed from equation (i) were 
nearly correct, being sometines a little too large and sometimes 
too small. 

» Lorentz. Wied. Ann., Bd. IX., S. 641. 

« Mascart, Comptes Rcndus, I.XXVIII., p. 801 ; Pogg. Ann., Bd. CLIII., S. 154. 

5 Quincke, Wied. Ann., Bd. XIX., S. 401 ; Bd. XLIV., S. 774. 



Digitized by 



Google 



No. 1.] 



IAD EX OF REFRACTION OF AIR, 



Rontgen and Zehnder* obtained results in agreement with 
Quincke's for water, but they found that for the other substances 
equation (i) gave results consistently a little too large, but nearer 
than equations (2) and (3). 

Quincke attempted to measure the change in the index of refrac- 
tion of solids with a change of pressure, but the variations he was 
able to produce were too small to be measured accurately. 

Rudberg,' Fizeau,' Stefan,* F. Vogel,* Pulfrich," Offret^ and 
others have investigated the change in the index of refraction of 
many crystals and transparent bodies as the temperature was varied 
over wide limits. 

Jamin,«Damien,» Pulfrich,'^ Riihlmann," Wullner,** B. Walter," 
Ketteler" and others have found that the maximum index of re- 
fraction of water occurs at a temperature somewhat below that of 
maximum density, and have investigated the relation of n and d for 
water from temperatures below 0° C. to 100° C. They found that 

the quotient — -^ — diminished slightly as the temperature was in- 
creased. The observations of Ketteler and Pulfrich for water give, 
for sodium light, the following values : 





n—i 


««— X 

d 


*»«— X I 


At — 10** 


.33447 


.78061 


.20656 


AtlO<> 


.33363 


.77922 


.20618 


At S6.8<» 


.33274 


.77464 


.20585 


At 95.2° 


.33189 


.76998 


.20583 



»Zchnder, Wied. Ann., Bd. XXXIV., S. 91 ; Rontgen und Zehnder, Wied. Ann., 
Bd. XLIV., S. I und S. 24. 

«Rudberg, Pogg. Ann., Bd., XXVL, S. 291. 

*Fizeau, Ann. de Chim. et de Phys., 30 s^rie, t. LXVI., p. 429 ; 4e s6rie, t. II., p. 
143 ; Pogg. Ann., Bd. CXIX., S. 87 u. 297. 

♦Stefan, Bcrichter der Wiener Akademie (2), LXIII., S. 223. 

«F. Vogel, Wied. Ann., Bd. XXV., S. 87. 

« Pulfrich, Wied. Ann., Bd. XLV., S. 609. 

^Offret, Bulletin de la soc. frang. de min., t. XIII., p. 405, 1890. 

•Jamin, Comptes Rendus, t. XLIII., p. 1191 ; Pogg. Ann., Bd. C, S. 478, 1857. 

>Damien, Ann. de I'^colenorm., sup., 2e s6rie, t. X., p. 257, 1881. 

»o Pulfrich, Wied. Ann., Bd. XXXIV., S. 326, 1888. 

"RUhlmann, Pogg. Ann., Bd. CXXXII., S. l u. 177. 

»« WUllner, Pogg. Ann., Bd. CXXXIIL, S. I. 

" B: Walter, Wied. Ann., Bd. XLVI., S. 423. 

»« Ketteler, Wied. Ann., Bd. XXXIII., S. 353 u. 506. 
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B 



When instead of n the constant A of Cauchy's formula, n^ A-\-^ 
was used, the following relations were obtained : 



AtlO*» 
At20*» 
At 30° 



A — \ 

d 



.32516 
.32463 
.32445 



A^ — x 
d 



.75867 
.75717 
.75644 



A^ — \ 



.20185 
.20159 
.20154 



Wiillner found that the best agreement was given by the formula 

— -z — :ssi a^ bt, the constant b being negative for glycerine, alcohol 

and carbon disulphide, but positive for a saturated solution of zinc 
chloride in water. Knops,^ Weegmann* and Dufet' obtained 
similar results. 

Ketteler * proposed the formula ^ • -j = const., and computed 

X from the observations of Knops and Weegmann who had ex- 
tended their investigations to a great number of organic substances. 
Ketteler found values of x ranging from 2 to 8.4. 

On varying the temperature of air, Mascart * found that the index 
of refraction decreased more rapidly than the density with increas- 
ing temperature, but von Lang" obtained an opposite result by 
measuring the index of refraction directly from air at a high 
temperature to air at ordinary temperatures. 

Benoit^ found that for air the diminution of the refraction was 
exactly proportional to the diminution of density when the tempera- 
ture was raised, and Chappuis and Riviere* obtained the same 
result for cyanogen. 

» Knops, Licbigs Ann., CCXLVIII., S* 175. 

■Weegmann, Zeitschr. fttr pb3rsikal. Chemie, Bd. II., S. 318. 

•Duet, Journal dc Phys., 2es6rie, t. IV., pp. 389 ct477. 

*Kettclcr, Wicd. Ann., Bd. XXX., S. 285; Bd. XXXIII., S. 353 u. 506; Bd. 
XXXV., S. 662. 

•Mascart, Ann. Sc. de TEcole Norm. sup. (2), t. VI., p. 9, 1877 ; Comptes Ren- 
dus, t. LXXVIII., pp. 617, 679, 801, 1874; t. LXXXVI., pp. 321, 1182, 1878. 

«v. Lang, Pogg. Ann., Bd. CUII., S. 448, 1874. 

'Bcnoit, Jour, de Phys. (2), t. VIII., p. 451, 1889. 

•Chappuis et Rividrc, Ann. de Chim. et de Phys. (6), t. XIV., p. 5, 1888. 
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Biot and Arago/ working between — 1.5° C. and 25° C, found 
that the *' refractive power " «^ — i was proportional to the density 

when d was computed by the formula, ^/= — r /' ^ being the 
temperature coefficient of expansion. Their results, however, satisfy 

equally well the relation — -j- = const. 

7^ — I I 
Lx>renz * and Prytz ^ found that the relation -y— — -j held fairly 

well for many substances though the liquid into the gaseous state 

— markedly better, in fact, than the relation — -j— const. Some of 

their results are shown in the following tables : 



Ether. 
Alcohol. 
Water. 
Chloroform. 



Liquid. 


Gas. 


vP 


aoo 


zoo° 


0.30264 
0.28042 
0.20615 
0.17902 


0.30287 
0.28066 
0.20608 
0.17909 


0.3068 
0.2825 
0.2068 
0.1796 



Mascart * conducted an extensive research on the effect of pres- 
sure on the index of refraction of air, using interference methods. 
Two tubes were filled with air under pressure, the one always a fixed 
amount higher than the other, and the relation between density and 
index of refraction was deduced from the number of fringes which 
passed as the air in the two tubes was brought to the same pressure. 
He found that the refraction « — i increased more rapidly than the 
pressure ; the ratio increased about I per cent, when the pressure 
was increased to about 8 atmospheres. On taking into account 
variations of density in accordance with Regnault's formula, rf=s 
AH{\ + BH\ Mascart found that there were still discrepancies. 

1 Biot et Arago, Mem. de la prem. classe de V Institut, t. VIII., p. 301, 1806 ; Mem. 
del' Acad. des. Sciences, t. VII., p. 301, 1806 ; Gilberts Ann., Bd. XXV., S. 345, 1807 ; 
B. XXVI.. S. 79, 1807. 

■Lorenz, Wied. Ann., Bd. XL, S. 70, 1880. 

•PryU, Wied. Ann., Bd. XI., S. 104, 1880. 

^Mascart, Ann. Sci. de TEcole Norm. sup. (2), t. VI., p. 9, 1877 ; Comptes Ren- 
dns, t. LXXVlII.,pp. 617, 679, 801, 1874; t. LXXXVI., pp. 321, 1182, 1878. 
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which, however, he considered were within the limits of observa- 
tional error. 

Chappuis and Riviere ^ kept the pressure in one tube constan 
and measured the change dn in the index of refraction of the air in 
the other tube as its pressure was changed by an amount dH^ 
Working with air and carbon dioxide up to twenty atmospheres 
they found that in every case the refractive power, « — i , was pro- 
portional to the density. 

Camazzi,* however, working with a prism and a long beam of 

n — I 
light, found that the ratio — -j— showed a decided increase in the 

case of air and hydrogen as the pressure was increased, but that 
the ratio decreased with increasing pressures in the case of carbon 
dioxide. 

Since the work which had been done on the relation between 
density and index of refraction of air with a changing pressure did 
not appear to be entirely conclusive, an attempt has been made in 
the work described in this article to get some data on the subject. 
Interference methods naturally suggested themselves as the best 
for attacking the problem, but it was found advisable to modify the 
form of interferometer in common use. The pressure was measured 
in a simple way by applying the inverse principle of the McLeod 
gauge. The consideration of the investigation divides itself naturally 
into four parts : I. The pressure gauge, II. The optical arrange- 
ment, III. Observations, IV. Conclusions. 

I. The Pressure Gauge. 

The pressure gauge used is outlined in Fig. I. AB is a steel 
rod about an inch in diameter, along the axis of which has been 
drilled a hole, C, about -^^ inch in diameter. D and £ are steel 
stopcocks which were carefully ground with fine carborundum to 
fit as exactly as possible into tapering holes drilled through the rod 
AB. A piece of heavy copper pressure tubing of fine bore, screwed 
into one end of the rod and soldered in place, connected the pres- 
sure gauge to a large tank which contained air at the pressure to 

» Chappuis et Rividrc, Ann. de Chim. et de Phys. (6), t. XIV., p. 5, 1888. 
«Camazzi, II Nuovo Cimento, 6, p. 385, 1 897. 
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be measured. Into the other end of the rod AB was fastened one 
end of a glass tube LMN of the form shown in the figure. The 
bulb O had a capacity of about lo c.c, and the tubes (?J/and MN 
had an internal diameter of about .5 cm. A bulb R, of about 
500 c.c. capacity, for holding mercury, was connected with /* by a 
piece of rubber tubing. The height of the mercury in the tubes 
(?J/and iWiVwas regulated by sliding the clamp T, which held the 
bulb, up and down the rod 5. A threaded rod Uy which held the 
bulb, gave an opportunity for fine adjustment. 

The. stopcock D had a hole through it of small diameter in line 
with the hole C, through AB. The stopcock E was a three-way 
cock, having one hole through it in line with C and another half 
way through at right angles to the first. This stopcock was first 
set across so that the air could pass from L to the center of the 
stopcock and then out through the back of the rod AB^ through a 
hole drilled to meet the hole C, A glass tube W was waxed into 
this hole to carry off the overflowing mercury. 

As the bulb R was raised, mercury rose in the tube NOL, driv- 
ing the air before it through the three-way cock £, and out into the 
tube at W, When the mercury began to rise in the tube at W the 
stopcock £ was turned through 45*^, thus closing all of its openings, 
and the bulb R was lowered until the mercury stood at some fixed 
point, as X, below the bulb O. The mercury then stood in the 
other arm of the tube at some point Y, almost a barometric column 
below X, A very high vacuum could not be expected in O, but 
by measuring with a cathetometer the difference of level between X 
and Y and subtracting this difference from the barometric height, 
the pressure of the gas left in was found. The stopcock D was 
then opened and the small volume C, between the stopcocks, was 
allowed to fill with air at the pressure of the tank. Some little 
time was allowed for the pressure to adjust itself evenly, the stop- 
cock D was then closed, and £ was turned another 45°. This 
allowed the small volume of air in Cat a high pressure to expand 
into the larger volume O, the mercury, of course, being forced 
down from X, The bulb R was then raised until the mercury came 
back exactly to its original position X, and a new reading was taken 
for the difference of level of the mercury in the two arms, the level 
in the second arm having been raised to some point K'. 
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From these readings and the barometric height the pressure in 
the tank may be deduced in the following way : let Fbe the volume 
of the bulb and tube down to the point X, and call the pressure of 
the residual gas P, Let %/ represent the volume of the space be- 
tween the stopcocks, and p' the pressure of the gas in the tank. If 
the final pressure in the bulb, after the three-way cock has been 
opened and the mercury brought back to X^ is represented by P, 
the following equations will hold : 

V' IT 

when 



P' P 

Since /*— Z' is equal to Y' — K, this equation shows that the 

pressure /' in the tank is proportional to the change from Y to Y' 

p 
if to this change be added the small quantity -; in which P stands 

for the residual pressure, which need never be more than a few 
mm., and *for the ratio of the total volume to the volume before ex- 
pansion. This ratio need be found only roughly if it is desired 
to measure simply relative pressures. The value of the ratio in this 
experiment was about 30. 

A further advantage was gained by the use of this form of pres- 
sure gauge. Since the density of a gas is not directly proportional 
to its pressure, if the pressure had been measured directly, the 
values of the density, computed from them by the simple law of 
Boyle, would have been too small. But if the gas is allowed to 
expand first by a definite amount and its pressure is measured at 
some smaller value, the departures from Boyle's law will be negli- 
gible, and the densities at the high pressures will be directly pro- 
portional to these lower pressures. This may be shown as follows : 
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M=V,D,= VD, 



But 



D,-y 



and 



V,P,(i + < + 6P,') = VP{i +aP+bP^; 

n__V„ P(i +a P + 6P *) 
■'•D.-V^'Pli'+aP. + bP*)' 

where D^, /J,, and V^ represent the density, pressure, and volume 
under some standard condition, D, P, and V, the same quantities at 
some high pressure, and {i + aP + bP^) is a factor which gives with 
a high degree of accuracy the departure from Boyle's law. But if 
the high pressure P is allowed to fall by expansion to some small 
pressure P\ the following relations will hold : 

VP{i + aP+bP^) = F'/"(i + aP' + bP'\ 

V'P'{\ + aP^ -\- bP'') ^ 
V (I +aP+bP^ ' ' 

_ nj^'PV +^' +i^) 

••^- VP,{i+aP, + bP,^) ' 

Since the ratio -y is constant, and since P^, JD^, and the factor 

(i -i-aP^-^bP^^ are constants, the result found above may be 
written 

Z?= CP'{i +aP' +bP'') 

where C is a constant. If the pressures are less than one atmo- 
sphere, the factor (i + aP^ •+- bP* ) will not differ sensibly from 
unity, and the density D at the high pressure will be expressed as 
proportional to the small pressure P\ The readings on the pres- 
sure gauge will, then, be proportional to the densities at the high 
pressures and not to the high pressures themselves. 

II. Optical Arrangement. 
The air of which the index of refraction was to be found was 
confined in one of two similar stout tubes (Fig. 2), the ends of which 
were closed by pieces of plate glass. Two plates of steel, held to- 
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gether by bolts running from one end of the tubes to the other, 
pressed the pieces of plate glass tight against the ends of the tubes. 
Rubber washers were placed on each side of the glass plates. One 
of the tubes was connected by copper pressure tubing to the tank 
which contained the air under investigation, and to the pressure 
gauge. 




Fig. 2. 

It was found convenient to arrange the interferometer mirrors in 
a way different from that in ordinary use, in a manner which is es- 
sentially a modification of Jamin's form. The objection to the latter 
is that the beams of light cannot be separated to any considerable 
extent except by the use of very thick plates. On the suggestion of 
Professor Michelson the niirrors were arranged as indicated in Fig. 
3. A and Care " plane parallel " plates, each of which is coated 
with a thin film of silver, the plate A on the side nearer the source 
5 and the plate C on the side nearer the telescope 7! B and D are 
plane mirrors. Light coming from the source S strikes the thin 
film on A ; half of the light is reflected to B and out through C to T, 
The rest of the light passes through A\,qD and is reflected to C, 
At C it is reflected, in part, by the thin film C to 7! When the 
mirrors are properly adjusted, the conditions are right for interfer- 
ence, since the two parts of the original beam, when they arrive at 
7) have traveled nearly equal paths. 
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The tubes described above were placed between these mirrors, 
so that the light going from A to B passed down one tube, and that 
going from C to D passed down the other. When the apparatus was 
in adjustment and the fringes in view in the telescope, if the den- 
sity of the air in one of the paths was changed, the fringes would 
shift. 








Fig. 3. 

Let / equal the length of the tube in the path AB, X the wave- 
length in a volume of the green light given out by incandescent 
mercury vapor in a vacuum tube, let «' and ^' be the index of re- 
fraction and wave-length, at a temperature ^ and a pressure /'. 
Let N be the number of wave-lengths in the distance / in a vacuum, 
and N' the number at a temperature /^ and a pressure p'. The fol- 
lowing relations hold : 

/ 



N^ 



N'^ 



T 



W' = T7 = -, 






N' 
'-N-'- 



~~'N • 



Since N is constant this shows that the quantity n' — i under any 
conditions is proportional to ^V — yV, the number of fringes which 
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would pass on removing from the tube the air of index n! , i. e,, 
the air at a temperature f and pressure /'. 

In practice it was, of course, impossible to remove all the air 

from the tube, but since the ratio — -j— was known to be very 

nearly constant, especially at low pressures, the pressure in the tube 
was simply allowed to fall to the pressure of the room, and the 
number of fringes was counted. The small additional number which 
would have passed if all of the air had been removed was computed 
in the following way, and added to the observed number. Let n" 
and d" be the index of refraction and density respectively of air at 
the temperature and pressure of the room, and let N" be the num- 
ber of wave-lengths in the tube under the same conditions. Let C 

represent the value of the constant ratio ^~ — = — -jj-, — = C, Then 

«"= Cd'' + 1, 



«'/ = 

N 



N''--N 



N ' 

^d"l 

= C'd^', 

where C is a constant equal to ( — -r— I --. — * 

The quantity N" — N is proportional to the density d^' and is 
equal to the number of fringes which would pass on removing the 
air at the pressure and temperature of the room, and is therefore the 
number of fringes to be added to the number counted while the 
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pressure was falling from p' to /", in order to get the number 
which would have passed if the pressure had fallen from/' to o. 

III. Observations. 

In the taking of observations the pressure was measured several 
times, and since only the small volume between the stopcocks was 
drawn off at each measurement, the pressure in the tank was not 
sensibly diminished. In the process of counting the number of 
fringes, the valve at the tank was opened and the tube between the 
interferonieter mirrors and the connecting tubes were allowed to fill. 
The valve at the tank was then closed, and the union which joined 
the pressure tubing to the tank was gradually opened and the air 
in the apparatus allowed to escape. It was not at all difficult to 
regulate the escape so that the fringes would pass the cross hairs of 
the observing telescope at any desired rate. On filling the apparatus 
again and repeating the count, it was found that the number of 
fringes was slightly less than before, which meant that the pressure 
in the tank had been slightly reduced by drawing off enough air to 
fill the tubes. This amount of diminution was constant and it was 
not difficult to deduce the number of fringes which would have 
passed at the measured pressure, since this number corresponded to 
the number of the first count. The succeeding counts simply served 
as a check on the first one. 

After a set of readings at one pressure had been taken, the air 
was allowed to escape from the tank into the room until the pres- 
sure had fallen to some desired point, when another set of readings 
was taken. 

One set of readings, taken at the lowest pressure, is given below. 



Temp. 93.8°. Bar. Ht. 74.785. 



X 


y 


y 


P-P 


P 


/>-/> + ^ 


103.5 


29.250 


40.345 


11.095 


.535 


11.113 




29.170 


40.085 


11.085 


.455 


11.100 




29.100 


40.205 


11.105 


.385 


11.118 




29.175 


40.245 


11.070 


.460 


11.085 




29.160 


40.240 


11.080 


.445 


11.094 




29.080 


40.145 


11.065 


.365 


11.077 




29.085 


40.155 


11.070 


.370 


11.084 
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/= 15.024 cm. \ ^ U)0005461. n^ 

Fringes 249.0 
248.8 
248.6 
248.4 



• Mean— 11.096. 

Reduced to 0° C— 10.163. 
: 1.0002928. N'' — N= 72.6. 

iV^ — iV= 321.6. 

Nf^N 



P^P^^ 



= 31.64. 



A similar set of readings was taken .for each of the other pres- 
sures, and the results are collected in the table below. In the first 
column is the approximate pressure in atmospheres ; in the sec- 
ond column the pressure as read on the gauge, reduced to 0° C. 
The third gives the number of fringes, N^ — N, and the fourth col- 
umn gives the ratio 



P^P + 



which is proportional to 



w— 1 



K 






- 


.... 


N-N" 


Atmos. 


Press. 


N'—N 


P-P^^^ 


4. 


9.989 


316.7 


31.70] 






10.146 


321.2 


31.66 


h 31.67 




10.163 


321.6 


31.64 




7.2 


18.281 


579.2 


31.681 


'31.70 




18.365 


582.7 


31.721 


10.6 


26.932 


852.6 


31.66 


14.2 


35.990 


1142.1 


31.69 


19.2 


48.780 


1545.1 


31.68 




- - ' 


_ _ -. 




IV. Coi 


JCLUSIONS. 







There is probably not an error of more than . i in any of the 
numbers of fringes. The errors in the pressures however may run 
as high as one or two tenths of i per cent. Since the variations in 
the values of the ratio at different pressures do not amount to more 
than .2 per cent, any apparent variations in the value of the 
ratio may be due to errors of observation. It seems, therefore, 
that if there is any departure from the law of Gladstone and Dale up 
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to twenty atmospheres in the case of air, this departure does not 
amount to more than about .i per cent. The ratio between 
Lorentz's equation and that of Gladstone and Dale is so nearly 
equal to a constant, ^ that an attempt to compare the two would 
be useless. 

It is desired to express thanks to Professor Michelson, both for 
suggesting the experiment and for valuable advice and encourage- 
ment throughout the work. Thanks are due to Mr. F. B. Jewett 
for the drawings which accompany this article, and to Dr. Mann 
and Dr. Millikan for revision of the manuscript and checking of 
results. 



Digitized by 



Google 



No. I.] RESISTANCE OF CELLS- I J 



MEASUREMENT OF THE INTERNAL RESISTANCE 
OF GALVANIC CELLS. 

By C. H. Ayres, Jr. 

IN the following paper it is proposed to set forth a new method of 
measuring electrolytic resistance, and to show that, in the case 
of certain galvanic cells, the //-^/^ internal resistance is not a function 
of the current passing through the cell. 

It is often questioned whether or not a galvanic cell has a fixed 
resistance, even at constant temperature ; and many measurements 
hive been made^ which have been interpreted to show that the in- 
ternal resistance decreases as the current passing through the cell 
increases. Where these measurements were made by steady-cur- 
rent methods, it has been impossibe to separate changes in electro- 
motive force from changes in resistance, and in these cases the 
experimental results may be explained by assuming changes in 
electromotive force fully as well as by assuming changes in resist- 
ance. Where alternating currents have been used either the re- 
ristance has remained constant, or the variations have been much 
less pronounced than those shown by steady currents. Using an 
alternating current, F. Kohlrausch ^ found a value for the internal 
resistance which remained constant while the resistance in the 
bridge and the intensity of the current sent through the primary of 
the induction coil were varied between wide limits. . Even with 
alternating currents Uppenborn' and Greef * found the resistance to 
depend on the current. Later, however, Haagn,* by a modification 
of Kohlrausch's method, found the internal resistance of galvanic 
cells to be independent of the current. The method here em- 

'Streintz, Wied. Ann., 49, p. 571, 1893. Carhart, Physical Review, II., p. 392, 
1895. Richarz, Wied. Ann., 47, p. 567, X892. 

«Pogg. Ann., Jubcland, p. 220, 1874. Pogg. Ann., 154, p. I, 1875. Wied. Ann., 
6, p. I, 1878. Wied. Ann., ii, p. 653, i88o. 

•Electrotech. Ztschr., 1 89 1, p. 157. 

*Greef Dissert. Marburg, 1895. 

^Zcitschr. fUr Phys. Chem., 23, p. 97, 1897. 
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ployed, which is a bridge method, differs from the preceding in 
that the resistance and the capacity of the cell are separately, but 
in the final adjustment, simultaneously balanced, the self-induction 
being reduced to a negligible quantity. While attention is here 
directed to measurements of resistance, it may be noted that the 
method gives also the capacity of the cell. 

The Method. 

The method here used is a modification of Kohlrausch's method, 
and is shown schematically in Fig. i. In the arms AC' and BC 
of a wheatstone bridge, the resistance r^ and r, are in series with 
the condensers r^ and r,. respectively. AB is the bridge wire ; /, 
an induction coil ; and T'the telephone used in obtaining a balance. 
For the sake of convenience, this arrangement shall be referred to 
as the " capacity bridge." a and b are the segments into which the 
slider, -A^, divides the bridge wire AB, When the induction coil is 
running and the system so adjusted that there is silence in the tele- 
phone, the double relation, 

- = ?=- (A) 

is satisfied. If r^ is the resistance to be measured, the capacities c^ 
and r, may be fixed, and r,, a, and b varied to satisfy the above 
relation, r^ is then given by the equation 

'-I'j'-r (B) 

This method was chosen because by it the internal resistance of a 
galvanic cell may be measured when no steady current is flowing 
through the cell as well as when the cell is sending a current through 
any desired resistance.^ Thus if a battery is inserted between A 
and rj, no steady current can flow because of the condenser c^, and 
hence, by means of an alternating current and telephone, the re- 
sistance may be obtained when the battery is delivering no current. 
The battery may then be shunted by a resistance 5, the combined 

^ The method employed by Haagn, though different from the one here used, also af- 
forded this advantage. 
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resistance of the battery and shunt measured, and, by the law of 
shunts, the internal resistance of the battery calculated. A second 
reason for the choice of this method will be shown farther on in this 
paper. 

The induction coil / was a small one, such as in ordinarily used 
with a Kohlrausch bridge. The resistance of the primary coil was 
2 ohms and that of the secondary about 30 ohms. The primary 
was interrupted by the device known as Neefi's hammer. The 
length of the spring carrying the hammer could be varied, its great- 
est length being twice its shortest. In order that the noise from the 
interrupter might not disturb the observer when using the telephone, 
the induction coil was placed at some distance from the remainder 
of the apparatus, in a room by itself. 

The bridge wire AB (Fig. i) was a meter long, and, on different 
occasions, had a resistance of from 3 to 5 ohms. 

In the first series of experiments, the condensers c^ and r, were 
made of paper and their capacities were varied from 10 to 40 micro- 
farads. In a later series of experiments, mica condensers of 30 
microfarads each were used. 

Several telephones were always at hand, and that one was chosen 
which seemed best suited to the conditions of the experiment under 
consideration. The one most used was a Swiss telephone of about 
80 ohms resistance. Sometimes, however, an American telephone, 
having a resistance of about i ohm, was used. 

The method of constructing the vari- 
able resistance, r,, may be readily ex- 
plained by reference to Fig. i. Be- 
tween C and -£ is a gap, g, into which 
a resistance coil of any desired size 
may be inserted. EGHF is a mangan- 
ine wire, about two meters in length 
and of about 1.25 ohms resistance, fas- 
tened at E and /% and stretched over 
the two posts G and H, MM' is a 
trough carrjdng a drop of mercury 
connecting the two parts, EG and HF^ of the wire. The resis- 
tance in g^ together with the resistance of EM' and MP, makes 
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the resistance r,. r, could be varied, therefore, by changing the 
resistance in g and by sliding MM' along the wire. By amalgamat- 
ing the wire before each experiment, an excellent contact between 
the mercury and the wire was secured. 

The resistance to be measured was inserted in the arm AC be- 
tween A and c^, and its value calculated equation from {B), In 
order to determine the resistance r,, it was thrown from the 
arm of the capacity bridge into an arm of a wheatstone bridge, 
where it was compared with a standard resistance by means 
of a steady current and galvanometer. Fig. 2 shows the con- 
nections of the 'two bridges. G represents the galvanometer 
and E the cell used with the second bridge. The transfer of r,, 
from one bridge to the other was effected by means of a two-way 




Fig. 2. 

switch, which consists of three mercury wells and a heavy copper 
strap. When wells i and 2 were connected by the strap, r^ was in 
the capacity bridge ; and when the strap connected wells 1 and 3, 
r, was in the second or steady-current bridge. This second bridge 
was made entirely of copper, in order to reduce the thermo-electric 
effects to a minimum ; but as r^ was manganine, not copper, and 
thermo-electric currents might therefore be expected, the gal- 
vanometer was connected to the two ends of the bridge wire, its 
circuit being always closed, while the battery was placed across the 
bridge, its circuit being open, except for short intervals of time. 
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In this way, all trouble from thermoelectric effects was avoided. 
It is not a difficult operation to satisfy the double relation 

One has merely to move the slider, N, along the bridge wire until 
a minimum is found, then vary r, so as to improve the minimum ; 
then again move the slider, and so on until silence is obtained. 
Silence having been obtained, r^ is put into the copper bridge and 
compared with a standard resistance. If r is the resistance against 
which r^ is balanced in the copper bridge, a! and V the segments of 

the bridge wire, then 

V 



r. 



» a' 



and, by equation {B\ 



a! b 



ri (O 



a and b being the segments of the wire on the capacity bridge. 

When metallic resistances, free from self-induction, are used in 
the bridge, perfect silence is obtainable in the telephone. This is 
not always the case when a liquid resistance is inserted in one arm 
of the bridge. When polarization takes place in the liquid cell, a 
disturbing effect is produced. This effect we shall refer to as the 
capacity effect of the cell, for it has been shown * that a polarized 
cell may be regarded as a resistance in series with a capacity. 
When such an effect exists, in the arrangement of the bridge here 
used, it is combined with the capacity of the condenser with which 
it is in series, and causes no error in the determination of resistance. 
If a current of a single frequency were used in working the bridge, 
it would always be possible to obtain silence in the telephone, but 
when the current is made up of vibrations of different frequencies, 
only a minimum sound is obtainable, because the capacity effect of 
a cell is different for different frequencies and it is impossible to bal- 
ance for all frequencies at once.* Suppose the relations {A) arc 
satisfied for metallic resistance r^ and r^. If any other metallic re- 

I Varley, Phil. Mag., 4, 41, p. 310, 187 1. Kohlrausch and Holborn, *' Leitvermflgen 
der Elektrolyte,'* p. 67. 

«M. Wien, Wied. Ann., 42, 593, 1891 ; 47, 626, 1892 ; 58, 37, 1896; 59, 267, 1896. 
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ristance r/ is substituted for r^, silence may again be obtained by 
varying the resistance r,, leaving the slider, -A^, unmoved, for r, and 
r, remain unchanged and 

Now suppose the resistance r/ to be a liquid resistance in which 
polarization takes place. The capacity of the arm AC will no longer 
be Tj, but r/, a combination of ^j and the capacity effect of the cell. 
It will not now be possible to obtain a minimum by varying r^ only, 
but the slider N must also be moved, for the segments a and b of 
the bridge wire must satisfy the relation 

b-c^' 
Even in case the capacity effect of the cell causes a considerable 
displacement of the position of the slider corresponding to a mini- 
mum, the resistance of the cell may be accurately measured, for a 
minimum is determined by the double relation 

b^ cr r,^ 

and r\ is given by the equation 

f ^ 
^ b ^ • 

In this respect, the form of the bridge under consideration affords 
an advantage over the Kohlrausch bridge in which a displacement 
of the minimum causes an error in the determination of resistance. 
This advantage formed the second reason for the development of 
the method. 

Results and Discussions. 

Experiments with Paper Condensers, — ^The cell to be measured 
was always inserted in the arm AC so that its resistance corresponded 
to that which has been called r^. Care was taken to make the re- 
sistance of the connecting wires in the arms AC and BC as small 
as possible. In order to determine whether or not these wires 
caused serious error in the measurement of resistance, standard coils 
were measured. The results showed that resistance varying from 
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one to three ohms could be measured with an accuracy of a few 
tenths of one per cent. The results given here are all above one 
ohm, and are probably accurate to within .5 per cent. Allowance 
was made for the resistances of the end connections of the bridge 
wires. In the copper bridge, in which the wire was of very low re- 
sistance, the end connection at A ' (Fig. 2) was equivalent to the 
resistance of .7 cm. of the bridge wire, while that at B' was equiva- 
lent to .8 cm. On the capacity bridge, the connection resistance at 
A was equivalent to . 19 cm. of the bridge wire, and that at 5 to .33 
cm. In the experiments with mica condensers, the connection re- 
sistances were so reduced as to be negligible. 

The first cell measured was a modified Daniel cell, composed of 
copper in sulphate of copper and zinc in sulphate of zinc. The 
copper electrode and the sulphate of copper were placed in a large 
glass jar, and into the solution of copper sulphate was'sunk a porous 
cup containing the zinc and the zinc sulphate. The cell is shown in 
the adjoining figure, and will be referred to by 
its commercial name, '* Excello Cell." In the 
tables of observations, given below, T repre- 
sents the temperature of the cell, as given by a 
thermometer, the bulb of which was placed in 
the porous cup ; -A^ and R denote the positions 
of the sliders on the capacity and copper 
bridges, respectively ; 5 denotes the resistance 
by which the cell was shunted, and b is the value 
found for the resistance of the cell. When no 

shunt is used, the symbol 00 is placed in col- 

r Fig. 3. 

umn 5. 

It is noticeable that the setting of the slider was practically the 
same for all these measurements. This shows that if the capacities 
Cy^ and r, of the paper condensers changed at all during the experi- 
ment, the changes were such that the ratio c^\c^ remained constant. 

Next the cell was shuntecj by resistances varying from 100 to 3 
ohms, and its resistance measured. 

In these experiments, the alternating current in the wires leading 
from the induction coil was less than .CX)5 ampere, of which only 
a small part went through the cell. Thus the current used in 
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J 



r 


N 


R 


s 


b 


25.6 


51.20 


38.40 


100 


1.700 


25.6 


51.20 


37.98 


00 


1.704 


25.6 


51.20 


38.27 


100 


1.708 


25.6 


51.20 


38.10 


00 


1.693 


25.6 


51.20 


38.47 


100 


1.698 


25.6 


51.20 


38.03 


00 


1.698 


25.6 


51.20 


38.40 


100 


1.700 


25.6 


51.20 


38.00 


00 


1.700 


25.5 


51.20 


38.41 


100. 


1.700 


25.5 


51.20 


38.02 


00 


1.698 


25.5 


51.20 


38.41 


100 


1.700 


25.5 


51.20 


37.94 


00 


1.704 


25.5 


51.20 


38.40 


100 ' 


1.700 


25.4 


51.20 


37.98 


00 


1.704 


25.4 


51.20 


38.44 


100 


1.698 


25.4 


51.20 


37.97 


00 


1.704 


25.4 


51.20 


38.44 


100 


1.698 


25.4 


51.21 


37.88 


00 


1.709 


25.4 


51.21 


38.42 


100 


1.700 


25.4 


51.22 


38.00 


00 


1.700 



Mean of open circuit resistance = 1.701 ohms. Mean of closed 
circuit resistance = 1.700 ohms. 

C\ = C, = 20 microfarads. August 3, 1900. 



T 


N 


R 


s 


b 


23.7 


51.20 


39.57 


100 


1.613 


23.7 


51.20 


39.16 


00 


1.611 


23.7 


51.20 


39.85 


50 


1.616 


23.7 


51.20 


39.15 


00 


1.611 


23.7 


51.20 


40.10 


40 


1.616 


23.7 


51.20 


39.20 


00 


1.608 


23.7 


51.20 


40.52 


30 


1.604 


. 23.7 


51.20 


39.18 


00 


1.610 


23.7 


51.20 


41.16 


20 


1.603 


23.7 


51.20 


39.15 


00 


1.612 


23.7 


51.20 


42.81 


10 


1.611 


23.7 


51.20 


39.21 


00 


1.607 


23.7 


51.10 


49.52 


3 


1.604 


23.7 


51.20 


39.25 


00 


1.605 



measuring the resistance was not merely alternating, but also ex- 
tremely small in comparison with the steady current. 
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The following table contains the results obtained on LeClanche, 
Daniell, and Excello cells : 



















c 

Bxcello Cell 
No. I. 


,— fa— aom. 

Bxcello Cell 
No. a. 


r. 


c 


1— r. — 40in. 


f. 




fexcelloCell 
No. 3. 


LeClanche 
Cell. 


Danlell Cell 
No. X 


l5aniell Cell 
No. a. 


00 


1.603 


1.584 


1.613 


1.184 


100 


1.602 


1.325 


1.092 


1.540 






50 


1.603 












40 


1.603 




1.072 


1.575 






30 


1.603 




1.095 


1.561 


1.611 




20 


1.604 




1.095 


1.551 


1.620 




10 


1.600 


1.321 


1.096 






1.181 


3 


1.603 




1.110 









Figures for Excello and LeClanche cells represent single ob- 
servations, while those for the Daniell cells are means of a number 
of observations taken in succession. It was impossible to obtain a 
reliable minimum when low shunts were used on the LeClanche 
cells. In all these experiments, the minimum was sharp and its 
position was readily found. In the case of the Excello cells, it was 
found that if the zinc electrode was kept clean and well amalga- 
mated the minimum was not only sharp, but symmetrical, as is the 
case when metallic resistances are used. Moreover, when the zinc 
electrode of these cells was clean, the position of the minimum 
was practically the same as for metallic resistances. This shows 
that there was no disturbing effect due to polarization. In the case 
of the LeClanche and Daniell cells, the minimum was displaced 
from I to 2 mm. from that given by metallic resistances. Under 
these circumstances, of course, the effect being different for different 
frequencies, the minimum was not symmetrical. 

Experiments with Mica Condensers. 

The mica condensers used in this series of experiments had a 
capacity of 30 microfarads each. The resistance of the wires con- 
necting the various sections was very small and as nearly as pos- 
sible the same in both condensers. Before beginning these 
experiments, the two bridges were thoroughly overhauled and the 
resistances of the end connections of the bridge wires were made 
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negligible. Measurements on known metallic resistance, made to 
test the accuracy of the bridge, gave results correct to one-twenty- 
fifth per cent. In the experiments with this apparatus, the cells 
were measured first with no shunt and then with a shunt of i ohm. 
In order to keep the condition of the cells as steady as possible, 
they were shunted by a resistance of lo ohms during the time 
between the different observations. 

The table below contains the results obtained from five different 
cells. The zinc electrode of Daniell cell No. i consisted of a rod 
about three inches long and three-sixteenths of an inch in diameter. 
The zinc electrode of Daniell cell No. 2 was in the shape of a 
rectangle about 10 centimeters long and 2 centimeters wide. The 
electrode in the Excello cells, as well as those of the Daniell cells 
given in the first table, were of the size ordinarily used in these cells. 



8. 


Excello Cell 
No. X. 


Excello Cell 
No. 9. 


Daniell Cell 
No. X. 

2.650 


Daniell Cell 
No. a. 


Columbia Dry 
Celt 


00 


.6133 


.5838 


2.044 


.1151 


1 


.6123 


.5845 


2.651 


2.027 


.1151 


00 


.6138 


.5843 


2.656 


2.036 


.1157 


1 


.6117 


.5855 


2.652 


2.052 


.1151 


00 


.6112 


.5863 


2.659 


2.036 


.1147 


1 


.6117 


.5863 


2.651 


2.027 


.1158 



The results given above show that the resistance was the same 
whether the cell was in open or closed circuit, within high limits of 
accuracy. However, it is to be noted that the condition of a cell, 
of course, depends upon its previous history, among other things 
upon any prolonged current that may have been flowing, insofar 
as this actually alters the cell. What is here shown \s that the re- 
sistance of a cell is not a function of the current strength at the time, 
a result contrary to the conclusions of most other observers. 

On the Theory of the Bridge. 

Thus far we have considered only the apparatus used and the 
results obtained in actual experiment. It will now be of interest to 
consider the relations between the current in the telephone and the 
magnitudeof the various quantities used in the bridge, for from these 
relations we may see what conditions are necessary for accurate 
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work. Our arrangement of the bridge is represented in Fig. i. 
In the arms ylCand BC the resistance r^ and r^ are in series with 
the capacities r^ and c^^ respectively. T denotes the telephone, and 
/ the induction coil used with the bridge. Let r^ and r^ be the 
resistances of the segments -^A^and NB of the bridge wire AB, For 
the sake of clearness, the various quantities will be considered under 
separate heads. 

Capacity, — In order to form an idea of how much capacity must 
be used to render accurate measurements of resistance possible, it 
is necessary to write down the expression for the current in the 
telephone. For the sake of simplicity, assume the resistance and 
self-induction of the main branch, AIB, to be so large that changes 
in the capacities Tj and c^ do not materially alter the current sup- 
plied to the bridge. If the current in the main branch is assumed 
to be 

cos(«/)= >^('"'^+^-'"')» 

the current in the telephone at any time may be found by taking 
one-half the sum of the currents in the telephone when currents 
^ and ^~*"* are separately taken as the currents in the main branch. 
If there is a current r'** in the main branch, the current in the 
telephone is given by 

Zf ^ ^ ^2^3 -^1^4 ,jX 

where 

I 
^ ^ tnc* 

I 

^3 = ^v 

and 

a ^ r -\- ifiL, 

r being the resistance, and L the inductance of the telephone. Put- 
ting these values for the ^'s in equation (i), we obtain. 
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where 

^2^^2 + ^r 



and 



Multiplying the numerator and denominator of (2) by (i — C) 
— tD, we obtain, 

^^. (^ + ^0[('-O-'^3 



or 
where 

and 



Z' = ^'(^" + /5") (3) 

^ (i-O + ^i? 
= (I _c)» + z>* ''5; 

If e~*^ is taken as the current in the main branch, the current in the 
telephone is given by 

Z" = r*^ {A" - iB"), 

and the current in the telephone corresponding to a current cos («/), 
in the main branch, is 





-?- %{Z' + Z") 




^A" ^ +B" i 
2 2 


whence 


= A" COS (nt)-B" sin (nt) 


where 


Z- •'^»" + B^' cos {nt - f) 



(6) 



B" 
tan y> - - j^, • 
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When rjr^ = rjr^, we have ^ = o, and when cjc^ =^4/'s» ^ = O- 
When both A and B are zero, A'' and ^" are zero ; and, therefore, 
by (6), Z = o. Now if it is desired to measure resistances there 
must be a disturbance in the telephone whenever rjr^ ^ rjr^, even 
if cjc^ = rjr^ ; that is, even if 5 = o. It is, therefore, desirable to 
study the relations that must exist between the resistances, capacity, 
and inductance in order that the current in the telephone may be 
detected as long as the resistances do not satisfy the condition 
rjr^ = rjr^. The work is much simplified, while its usefulness is 
not at all impaired, by the assumption B ^o. If 5 = o, 



{I'-cf + n" 

and 

B"- - --^^ 
'{i-Cf + V 

hence, if the maximum value of Z is called Z, we may write 

or 

Z^A[{i-CY+D^]-i. (7) 

Now 

A = f^c.c^r.r^ - r/J ; 

therefore, A increases as the product CyC^^ and, if C and D are small 
in comparison with unity as is the case when c^c^ are small, Z will 
increase as the product c^c^ In this case evidently Z may be in- 
creased by increasing r, and r^, i, e,, by increasing the resistance of 
the bridge wire. Let us now assume that r^ = r, , as was the case 
in all the experiments made with this arrangement of the bridge, 
and write 

and 

e.5 



or 



^^}i- [«A*, + «M*. + >&,) + ^] (8) 
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and 

Q = „ pL±A±i?'_ ^L{k, + k;)\ (9) 

Then equation (7) becomes 

or 

Z= n^{r,r, - r/-J [7^^ + fiT*. (10) 

Consider Tj the only variable in the right hand side of equation (10). 
Z is largest for that value of c^ which makes [P* + ff^ * smallest, 
or for that value which makes 

D^P'P^D^fi'Q^o (II) 

Putting in (i i) the values of Pand Q given by (8) and (9), we 
obtain, 

ac^ — a^c^ + a^Tj — ^7, = o (12) 

where 

and ^3= 2. 

It is evident that equation (12) always has at least one real, posi- 
tive root. Hence for any given resistances and inductance there is 
always at least one value for c^ that makes Z a maximum. 

Let us now study the variations of Z with c^ for the special case 
in which r^ = r^ r, = r^ == i, r^ = i + ;r, r, =» i, r =« i, Z =» J io~*, 
and «=« 10', these values being chosen because they are of the 
same order of magnitude as those that were used occasionally in 
actual experiment, x is here the amount by which r^ deviates 
from satisfying the relation rjr^ = rjr. For this case, 

^i = 2 + ;r ; 

>&,= 2; 

A = loVj^jr; 



and 



D^ io» [ftTj + xc^ - SO (4 + ^) ^iT- 
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Fig. 4. 
If X is small in comparison with unity, we may write, 

and 

This makes, by (8) and (9), 



and 



P=l-.o'[io^.8 + i] 



(2=IO»[--2IO*] 
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By equation (lo), 

Z= io«^[P^+0']~*. (13) 

To find the value of Tj for which Z is a maximum, we substitute 
for P and Q in the equation, 

D^^P'P^D^^Q e=o. 
This gives, 

4 • loV, — 2cx)i • loVj^ + 3 • loVj — 2 = 0. (14) 

By Sturm's theorem, equation (14) is seen to have but one real 
root ; this root lies between c^ = 10"^ and c^ = io~l Hence there 
is but one value of Cy^ which renders Za maximum. The relation 
between c^ and Z is shown by Fig. 4. This curve is given in 
two parts, each part having a scale of its own. Part I. shows the 
rapid increase of Z with c^, when r, is small. Part II. shows the 
maximum value of Z, which corresponds very nearly to 5 • io~* 
farads. Between Parts I. and II. a portion of the curve, having no 
peculiar points, is omitted. The table below gives a few values of 
^i, together with the corresponding values of Z. 



1 


2 '1 


c. I 


z 








10-' 


.12484- 


io-« 1 


lo-**^ 


2. 10-* 


.1249x 


2.10-s 


4.ia^x 


5.10-« 


.1250u: 


10-5 


10-* r 


10-' 


.12494- 


10-* 


9.2^10--^ 


1 


.12494- 


10-' 


.109jr 


00 


.12494: 


- — — — — - 


- - - 







The table shows that Z at the maximum is only slightly greater 
than the limit approached as c^ increases without limit ; that is, Z 
is never much larger than it would be if resistances only were used 
in the bridge. The value of r, corresponding to a maximum of Z 
is, in the case under consideration, exceedingly large. It is, there- 
fore, fortunate that accurate work may be done long before the best 
condition is attained. With a bridge wire of two or three ohms re- 
sistance, and with capacities of from twenty to forty microfarads, a 
resistance as low as half an ohm may be measured with an accuracy 
of . 5 per cent. 
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If in place of the telephone, we have a non-inductive conductor 
of resistance, r, across the bridge, 



~j - T^k^k^ - f^r{k^ + k^. 



and 

In this case, 






becomes 

c,\^^f^ + 2rrf{k, +k^+ «^(V + k^'\ +2 = 0. 

Since the roots of this equation are always imaginary, there is no 
value of c^ for which Z is a maximum. In fact, 

where 

and 

H^ n%k^ + «V(>&, + k^^ + 2n'rk,klk, + k^. 

And it is evident that Z increases when c increases, as would natu- 
rally be expected. 

Inductance, — That there is a value of the inductance, Z, of the 
telephone which renders Z a maximum when the resistances and 
capacity in the bridge are fixed, may be seen by placing the deriv- 
ative, with respect to Z, of the right-hand side of the equation (10) 
equal to zero. This gives the equation, 

an equation which is linear as regards L, Putting in the values of 
Pand Q, we obtain. 

From this equation, it is evident that the smaller c^, the larger the 
inductance required to make Z a maximum. That the resistance of 
the telephone does not enter into this expression for the inductance 
is not surprising, for we have assumed that we could vary the in- 
ductance of the telephone without varying its resistance. 
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Fig. 5. 

Fig. 5 shows the relation between L and Z as calculated from 
equation (13) on the assumption that 

r^ = ^3 = r^ = r = i ohm. 
rj = I + ;r, 



ij 
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This curve is given in two parts, having different scales. Part I. 
contains the maximum and is of chief interest. There is a small and 
unimportant part of the curve omitted between Parts I. and II. 
The following are a few values of Z, with the corresponding values 

of Z. 



L 


z 


L 


z 





.00157X 


1.24. 10-« 


.OlOOx 


io-» 


.0015&r 


2.10-* 


.00257X • 


10* 


.00l5&r 


5.10-« 


.000506^ 


io-» 


.00170X 


io-> 


.000230X 


10-2 


.00525x 


GO 


.0000 



Frequency, — In order to see if, by varying «, keeping the resist- 
ances and inductance constant, a value of n can be found for which 
Z is a maximum, it will be well to write equation (7) in the form, 



where 



and 



^i - ^ - [>^. V. + re* [k, + >&^ + 2Z^,] , 



(15) 



c^ being taken equal to f,, as before. 
To make Z a maximum, we make 



nL{k^ + k^*. 



DA- P. + DM. 0^ = 0. (16) 

Substituting the values of P^ and Q^ in this equation, we obtain, 
after reduction, 

- 2rcf{k,+k;) - k^* - k^c*1 -2 = 0. 
Or, if we let n^ = t^ 

-k^c^-k^c^-\-2^o. (17) 
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If, for example, we take 

f, - 3 . io-», 

i = !io-^. 
and 

k^^k^^ 2, 
equation {17) reduces to 



•» 145 8' 



or 





Fig. 6. 


«.' 


"146' 


«l = 


IO» 
-(I46)» 


« = 


lol 

■ (I46)»' 



hence 



and 



^/ = 4 . ID*. 

And the number of complete vibrations per second is given by 

n 2.10* 
, or = 6366. 

Fig. 6 shows the relation between Z and n as calculated from 
equation (13) ; it being assumed that >&j = ^^ = 2, 



Digitized by 



Google 



I 



No. I.] 
and 



RESISTANCE OF CELLS, 



^I = 3•IO-^ 



37 



L^%\o- 



The following table shows a few of the values of «, together 
with the corresponding values of Z. 



^ 


n 


Z 


« 


z 










10« 


i.6.ia-»x 




10« 


9.ia^x 


10« 


i.7.ia-»x 




10» 


9.10-*x 


10^ 


1.7.10-*x 




10* 


7.10-«x 


10» 


1.7.10-«:r 




4.10« 


8.6.10-»x 


GO 






It is to be noticed that Z increases rapidly at first as n increases, 
reaching a maximum when n is 4*io*, and then decreases as n in- 
creases, approaching the value of zero as n increases without limit. 

The above treatment shows how the accuracy of measurement 
depends upon the relations between inductance, capacity, resistance, 
and frequency of current used in the bridge. 
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ON THE DIELECTRIC CONSTANT OF DILUTE ELEC- 
TROLYTIC SOLUTIONS. 

By a. de Forbst Palmer, Jr. 

IN 1892 E. Cohn* published the results of a series of determina- 
tions of the refractive index of water and dilute solutions of 
sodium chloride for electromagnetic waves of frequency about 10® 
per second. With an exciter of the well-known Hertz type he set 
up a system of stationary waves along two parallel wires suspended 
partly in air and partly in a long tank containing water or a salt 
solution. A comparison of the wave-lengths in the two sections 
of the wires, determined by a modification of Ruben's bolometer 
method, gave the results tabulated below where X is the conductiv- 
ity of the water or solution, l^ the half wave-length in air, 4 the 
half wave-length in water or the solution, and n the index of re- 
fraction. The temperature was always between 16.8° and 17.2*^. 



Substance. 



Water. 

NaCl solution. 



I AXXO« 

I 7.9 
140.0 
484.0 



292.4 
292.4 
292.4 



34.1 
33.8 
33.0 



8.57 
8.65 
8.86 



73.5 
74.8 
78.5 



When the conductivity was greater than 532 x lo* he was unable 
to determine the position of the nodes in the solution owing to the 
increased damping of the oscillations. 

A much more extensive and thorough investigation of the same 
subject, by a similar method, was published by P. Drude* in 1 896. 
He used an oscillator of the Blondlot type and determined the 
position of the nodes along two parallel wires by the aid of Zehn- 
der's vacuum tube. Great care was taken to develop a method of 
observation as free as possible from consistent errors and to apply suit- 



» E. Cohn, Wied. 
«P. Drudc. Wied. 



Ann., 45, p. 370, 1892. 
Ann., 59, p. 17, 1896. 
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able corrections for such errors as could not be eliminated. Contain- 
ing vessels, for the liquids experimented upon, of various dimensions 
and materials were tried and their effect on the results determined. 
After a comprehensive series of observations he was led to the con- 
clusion that, up to a conductivity >l = 5.3 x lO"^, the square of the 
index of refraction of a solution varies less than one per cent, from 
the value for pure water. Solutions of copper sulphate and sodium 
chloride were used and the frequency of the electromagnetic waves 
was about 4x10* per second. For higher conductivities he found 
that f^ decreased when the concentration was increased and reached 
a value about 10 per cent, less than that for pure water when k 
equalled 40 x lO"^ 

In 1899 W. D. Coolidge,^ using Drude's method, found the wave- 
length in water and in a copper sulphate solution of 6.5 times as 
great conductivity to be the same within o. 2 mm. at a temperature 
19.2°. His mean result for the half wave-length in water was 66. 184 
cm., and in the CuSO^ solution 66.202 cm. 

Ernest Lecher,* in a footnote to an article on the '* Measurement 
of Dielectric Constants by Means of Hertz Oscillations," states that 
the capacity of a condenser, measured by his method with Ruhm- 
korff oscillations, was just the same whether a vessel between its 
plates contained distilled water or a ten per cent, solution of sul- 
phuric acid. The condenser plates were 28 cm. apart and the vessel 
containing the liquid was 27 cm. long. 

E. B. Rosa* in 1891 measured the force between a fixed and a 
movable electrode by means of a torsion balance and found that it 
decreased when hydrant water or minute quantities of acid or copper 
sulphate were added to the distilled water surrounding the elec- 
trodes. The difference of potential required for these measurements 
was furnished by a gravity battery and was mechanically reversed 
about fifty times per second. He thinks that the observed decrease 
in force was due to polarization of the electrodes. 

The investigations of Drude and Coolidge indicate that the index 
of refraction of a dilute electrolytic solution, for electromagnetic 

*W. D. Gx)lidge, Wied. Ann., 69, p. 134, 1899. 

•Ernest Lecher, Wied. Ann., 42, p. 152, 1891; Phil. Mag. (5), 31, p. 181, 1891. 

»E. B. Rosa, Phil. Mag. (5), 31, p. 188, 1891. 
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waves, is independent of the concentration and the results of Cohn 
do not appear of sufficient weight to controvert this conclusion. 
Hence, assuming Maxwell's relation k = «*, we might expect the 
dielectric constant of such a solution to be the same as that of pure 
water. But since this relation has been shown to fail in many 
instances, this deduction cannot be rigorously maintained without 
corroborative evidence from direct determinations of the dielectric 
constants of solutions. Published results of such determinations 
are meagre and inadequate, but they indicate that the change in 
dielectric constant with concentration is very small in comparison 
with the corresponding change in conductivity. 

After a preliminary experimental and theoretical study of several 
of the best known direct methods, it was decided that small varia- 
tions in dielectric constant could be most accurately determined by 
measuring the force between two electrodes immersed in the solu- 
tion and maintained in the same relative position. The principal 
sources of error in such a method may be expected to arise from 
the polarization of the electrodes, from changes in their relative po- 
sition, due to convection currents in the liquid or to inaccuracies in 
adjustment, and from errors in determining their difference in poten- 
tial. The extent to which these difficulties have been overcome 
will appear in the following discussion. The first apparatus that 
gave intelligible results consisted of two electrometers, constructed 
on the attracted disk type, connected in parallel between the earth 
and one terminal of the spark-gap .of a Hertzian plate-oscillator, 
having a frequency of about 4 x lO^ vibrations per second. 

The movable electrode or needle of one of the electrometers was 
shaped like the longitudinal section of a dumb-bell and suspended at 
its center of gravity by a fine platinum rhodium wire. The aluminum 
disks, of which it was made, were 3.8 cm. in diameter and 0.27 mm. 
thick, and their centers were 5 cm. apart in a horizontal line. The 
plane of the needle was vertical, and, in the zero position, parallel 
to and midway between the planes of the two fixed electrodes. 
These electrodes were slightly greater in area than the disks, and 
were placed adjacent to opposite ends of the needle, so that when 
charged they tended to rotate it in the same direction. An inverted 
glass bell-jar was clamped against the lower surface of the bed-plate 
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of the instrument and filled nearly to the level of the electrodes 
with strong sulphuric acid to absorb the moisture from the inclosed 
air. A small glass rod was suspended from the center of the needle 
by a platinum wire, and served to damp its vibrations. The other 
electrometer was constructed in essentially the same way, except that 
the electrodes were copper cylinders, about 2.9 mm. in diameter, 
with their axes lying in a horizontal plane and the acid and damper 
were dispensed with. A funnel passing through a hole in the bed- 
plate permitted the introduction of the liquid experimented upon, and 
a stop-cock in the bottom of the bell-jar facilitated its removal. 

Both suspensions were provided with concave mirrors so adjusted 
that, when the needles were in the zero position, the two images of 
an illuminated wire, placed above the center of a scale some dis- 
tance in front of the electrometers, were superposed on the middle 
division of the scale. When the oscillator was put in action both 
images were deflected from the center in the same direction and 
after their position became sufficiently steady they were caused to 
return to the center by suitably turning the torsion heads at the top 
of the suspensions. The action of the oscillator was then interrupted 
and the angles of torsion calculated from the resulting scale deflec- 
tion of the images. When a sufficient number of similar indepen- 
dent observations had been made the solution in the second electrom- 
eter was chang.ed and the operation repeated. 

Owing to variations in the intensity of the oscillating current and 
to irregularities in the intervals between the wave trains sent through 
the electrometers it was at first found quite impossible to bring 
the two images together on the central division of the scale. 
The former difficulty was due to the varying condition of the 
surfaces of the spark balls of the oscillator and was to a great 
extent eliminated by rotating these balls at a high speed in opposite 
directions in a plane parallel to the spark gap. This operation ap- 
parently produced an effect similar to that of a strong air blast 
though tlie gap or of a strong magnetic field perpendicular to it and 
in the present instance was much more convenient than either of 
these devices. The latter difficulty was due to irregularities in the 
action of the interrupter to the induction coil that energized the os- 
cillator. After extensive experiments with various well-known 
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forms of break, the following construction was found to give by far 
the most satisfactory results. A german silver wire, 0.8 mm. in di- 
ameter and 88 cm. long, was stretched between the poles of a pow- 
erful horseshoe magnet, and a platinum mercury contact was at- 
tached to its center and very near the magnet. The primary current 
of the induction coil was passed through this wire in such a direc- 
tion that it was raised by the magnetic field and the circuit was 
broken. The tension of the wire could be varied at will through a 
long range by a guitar string winch, and the relative time of closed 
and open circuit could be varied by raising or lowering the mercury 
cup by a screw adjustment. The mercury was covered with alco- 
hol, and a Willyoung adjustable condenser was connected in parallel 
with the contact. When the instrument was in good condition and 
properly adjusted no spark was produced at the break, and the in- 
terruption could be maintained regular for an indefinite time. This 
form of break has been used by several investigators, but I am 
uncertain who first introduced it. 

With these appliances the two images could be adjusted to the 
center of scale within an error of one mm., but they could be held 
there only a short time. Calling A the observed angle of torsion 
for the electrometer containing the solution and ^ that for the other 
eletrometer the ratio AjB is proportional to the ratio of the forces 
acting on the needles when in the zero position and any change in 
this ratio when the solution is changed indicates a corresponding 
difference in the dielectric constants of the solutions. Distilled 
water of conductivity about 4 x lO"^ and ten copper sulphate solu- 
tions varying in concentration from 5 x io~* to 4 x lO"* gram 
equivalents per liter were tested in this way. The values for AjB 
thus obtained were very irregular not only for the different solutions 
but to a slightly less extent for the same solution. The average 
values for the very dilute solutions showed a small irregular increase 
with the conductivity but when the concentration was greater than 
about 2 X lO"^ they were irregularly distributed about the mean 
value for distilled water. The temperature was so nearly constant 
during the series of observations that the irregularities could not be 
attributed to its variations and it seemed possible that they might 
be due to changes in the constant of the electrometer, caused by 
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completely emptying and refilling it between each set of observa- 
tions, or to corrosion of the copper electrodes. These electrodes 
were consequently replaced by platinum ones of a similar construc- 
tion and the solutions were made in the electrometer itself, by add- 
ing small quantities of a solution of copper sulphate to the water it 
contained, thus leaving the suspended system entirely undisturbed. 
After each addition of the salt sufficient time was allowed to elapse 
for the solution to become uniform before observations were under- 
taken. The results were similar to those before obtained and only 
slightly less irregular. They are graphically represented in Fig. I 




where the abscissas are proportional to the concentration iVin gram 
equivalents per liter and the ordinates are proportional to the ratio 
AjB, 

Although these results indicate a slight increase of dielectric con- 
stant with the concentration the method appears incapable of giving 
a trustworthy determination of the relation. This failure is believed 
to be due to several causes. In the first place the oscillator became 
less regular in its action as the conductivity of the solutions in- 
creased and frequently ceased to act altogether so that some of the 
observations may have been made with Ruhmkorff in place of 
Hertzian currents. In this case, on account of the small superficial 
area of the electrodes, an appreciable polarization may have been 



Digitized by 



Google 



44 



A. DE FOREST PALMER. 



[Vol. XIV. 



produced. After some of the settings a slow drift of the image', from 
the electrometer containing the solution, was noticed that may have 
been due to the subsidence of such a polarization. At all events 
the direction of the drift was harmonious with such an explanation. 
Small convection currents in the air electrometer or slight brush 
discharges from the comparatively sharp edges of the needle may 
have introduced irregular errors. Furthermore the fixed and mov- 
able electrodes of this instrument were placed very near together in 
order to make its capacity nearly equal to that of the other electrom- 
eter and it is obvious that small errors in the position of the needle 
would produce relatively large errors in the observed force. Since 
the difficulty experienced in setting the needle in the zero position 
increased with the conductivity of the solution this source of error 
probably accounts for a large part of the observed irregularity. It 
is apparent that errors of setting would have had less effect on the 
result if electrometers of the quadrant type had been used in place 
of those of the attracted disk type. The latter type was adopted 
because I had been unable to devise a high frequency oscillator 
that would produce wave trains of sufficient energy to cause read- 
able deflections with the quadrant form and with low frequencies 
polarization completely masked the results. A slight change in 
one of the oscillators already tried, without success, obviated this 
difficulty and after some further preliminary work the disposition of 
apparatus about to be described was adopted and found to give sat- 
isfactory results. 

Fig. 2 is a diagram of the oscillating system and electrometer 




Fig. 2. 
connections. Two large Leyden jars L, U were placed on glass 
insulating stands and their outside coatings connected to an adjust- 
able spark gap S. The parallel parts of these connections were 
brass rods, about I2 mm. in diameter, 20 cm. long and 10 cm. 
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apart, fitted with right angle clamps at their free ends that supported 
shorter rods 6 mm. in diameter and terminating in brass balls 2.3 
cm. in diameter. The inside coatings of the jars were connected 
with two parallel copper wires, about eight meters long and 20 cm. 
apart, that extended in an inclined plane from the oscillator to the 
ceiling of the room. One pair of quadrants, the needle and the 
brass case of each of the electrometers A and B were connected to- 
gether and to a point x on one of the parallel wires about 2.5 meters 
from L. The remaining quadrants were insulated from the case 
and connected to the point y on the other wire equidistant from L , 
A bridge pp' was arranged to slide freely on the wires and its mo- 
tion was controlled by a flexible cord passing over pulleys in the 
ceiling of the room and extending to the left hand end of the ob- 
serving scale. When it was in contact with xy the observed 
electrometer deflections were very small, but as it was drawn away 
they gradually increased and finally exceeded the length of the 
scale. The frequency of electrical oscillation of the system was 
about lO* vibrations per second and it was not appreciably affected 
by the changes in position of the bridge necessary to produce any 
desired deflection within the limits of the scale. When first set up 
the inside coatings of the jars were connected to. the spark gap and 
the outside coatings to the parallel wires, but with this arrange- 
ment the energy of the oscillations was so small or the damping so 
great that no deflection could be obtained when the conductivity of 
the liquid in either electrometer was greater than that of pure water. 
With the reverse connection appreciable deflections were produced 
in liquids of conductivity as high as that of a decinormal solution 
of copper sulphate. The cause of this great difference in action is 
not apparent, but it may be due to differences in effective insulation. 
The two electrometers A and B were made as near alike as pos- 
sible and each was filled with water, or a solution, so that their 
electrostatic capacities were nearly equal. The connecting wires for 
corresponding parts were of equal length and diameter and were so 
arranged that the two branches of the circuit had nearly the same 
self-induction. Each electrometer was supported by a brass bed 
plate, 15 cm. in diameter and 5 mm. thick, rigidly attached, by 
means of three leveling screws, to a substantial wooden frame that 
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was held in position on a brick pier by a heavy weight. A brass 
tube 2 cm. in diameter and 30 cm. long was supported over a hole 
in the center of the plate by a flange and shoulder, and carried at its 
upper end a torsion head from which the needle was suspended by 
a platinum rhodium wire about 20 cm. long and 0.05 mm. in di- 
ameter. A small rectangular window near the base of this tube 
was closed by plate glass and served to admit light to a small con- 
cave mirror on the suspended system. The fixed electrodes were in 
the form of shortened quadrants of a cylindrical surface 9 cm. in 
diameter and 3 cm. high and were supported by brass shanks 15. 
mm. in diameter that passed up through hard rubber plugs screwed 
into holes in the bed plate. The insulating spaces between their 
adjacent edges were about 4 mm. wide. The needle was bent to 
coincide with two opposite quadrants of a concentric cylindrical sur- 
face 7 cm. in diameter and 2 cm. high and the shank by which it 
was supported carried a small binding screw at its upper extremity 
by which it was clamped to the lower end of a short brass wire 
soldered to the suspending wire. Both cylindrical surfaces were 
normal to the bed plate and their axes coincided with the suspen- 
sion. The needle and electrodes were cut from sheet German silver 
0.2 mm. thick and were thoroughly plated with platinum and platin- 
ized before being bent into shape. They were so constructed that 
all soldered connections came above the surface of the liquid in the 
electrometer. A glass bell-jar, about 1 1 cm. in diameter and 700 
cc. capacity, with a stopcock in its closed end was clamped in an 
inverted position against the under surface of the bed plate and sur- 
rounded by a cylindrical copper vessel that served to shield the 
electrodes from external electrostatic influences and to convey a 
current of water from the city mains for the purpose of regulating 
the temperature when necessary. Generally, however, the tempera- 
ture of the room was more constant than that of the water and the 
latter device was seldom used. The temperature was indicated by 
a mercury thermometer supported by the bed plate with its bulb 
very near the fixed electrodes and as far as possible from the needle. 
The suspensions of the two electrometers were 30.5 cm. apart 
and the line joining them was parallel to and 177.8 cm. in front of 
an observing scale, 1 50 cm. long, supported by a wooden stand on 
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a brick pier and so placed laterally that a normal erected to its cen- 
tral division would pass midway between the electrometers. Directly 
above this normal a fine steel wire was stretched vertically across 
a small window in the supporting stand and illuminated by an in- 
candescent electric lamp and a condensing lens. The concave 
mirrors on the suspensions were so adjusted that the two images of 
this wire were superposed on the central scale division when the 
electrometer needles were symmetrically situated with respect to the 
fixed electrodes. The images were very sharp and slightly less in 
width than the division marks of the scale, so that readings could be 
easily made to fractions of i mm. when desirable. The motion of 
each torsion head was controlled by an endless belt of fine steel wire 
that engaged a wooden lever arm attached to the head and, after pass- 
ing over a system of fixed pulleys, circulated several times about a 
small wooden reel attached to the scale support. The belts were 
kept taut by brass spiral springs and worked so smoothly when the 
reels were turned that no tremor of the images were observed dur- 
ing the motion. The stretched wire interrupter described above, 
the condenser, and the switch for the primary circuit of the induc- 
tion coil were placed within easy reach of the observer at the scale. 
The electrometers and scale were enclosed in a tent of dark cloth 
supported by a wooden frame attached to the floor of the room and 
mechanically insulated from the brick piers. 

The relative conductivity of the solutions used was determined by 
Kohlrausch's telephone method with the aid of two pairs of small 
platinum test electrodes similar to the ** Tauchelektroden " for 
poorly conducting liquids, described by Kohlrausch and Holbom.* 
These electrodes were supported by the bed plates of the electrom- 
eters, in a position diametrically opposite to the thermometers, and 
were insulated from them by glass tubes covered with paraffin. 
They were kept in a fixed position throughout the investigation 
and could be insulated or connected to either arm of the resist- 
ance bridge by suitably placing copper connectors in a mercury 
commutator constructed from a large block of paraffin. 

After carefully cleaning the electrodes and bell-jars the electrom- 
eters were assembled and filled with distilled water until its sur- 

I Kohlrausch and Holbom, « Leitvenndgen der Elektrolyte," edition of 1898, p. 18. 
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face was about one cm. above the top edges of the electrodes and 
3 cm. below the bed plate. Determinations of the conductivity 
of the water showed that it increased about 30 per cent, per day 
and this was judged to be due to imperfect removal of the salts 
of the plating bath from the surface of the platinized electrodes 
by the extended washing in hot and cold water to which they had 
been subjected. Consequently the electrometers were allowed to 
remain undisturbed about one week and were then refilled with 
fresh distilled water. This operation was repeated at nearly equal 
intervals for three months and measurements then show that the 
rate of increase in conductivity had been greatly reduced. Nearly 
equal volumes of all the solutions investigated were used so that 
the free surface always occupied the same position and produced 
the same effect on the measurements. 

The method of operation in taking the observations was as fol- 
lows ; The image of the illuminated wire due to one of the electrom- 
eters (say B) was set at a convenient position on the scale. The 
interrupter was started and when its pitch became regular the bridge 
pp' was moved along the parallel wires till the image B came to the 
central scale division (75th in this instance), keeping B stationary by 
slight back and forward motions of the bridge, corresponding to the 
irregularities in the intensity of the oscillating current, the image 
from electrometer yi was brought into coincidence with it by turning 
the proper torsion head. This adjustment could be easily made to 
a small fraction of a millimeter and maintained constant for an indefi- 
nite time by slight motions of the bridge. The primary circuit of 
the induction coil was then broken and after the images had come 
to rest their position on the scale was recorded. Observations of 
the temperature and conductivity of the solutions in the electrome- 
ters were made and recorded. From six to ten sets of observations 
were taken in this manner, starting each time with the image from 
5 in a different position, in order to obviate prejudice in making the 
settings. About 2 cc. of a centinormal solution of copper sulphate 
were then added to the water in electrometer A and the apparatus 
allowed to remain undisturbed for about twenty-four hours in order 
that the salt might become uniformly distributed. On succeeding 
days similar series of observations were made and the concentration 
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of the solution was increased by successive additions of from 2 cc. 
to 4 cc. of centinormal or decinormal solutions of copper sulphate 
until six different solutions had been tested. The solution in A was 
was then kept constant and eight different copper sulphate solutions 
were formed in B and tested in a similar manner. After this series 
of observations B was emptied, thoroughly rinsed out and refilled 
with fresh distilled water. Similar sets of observations were made 
on this water and on five different potassium chloride solutions 
formed as described above. It will be noticed that in the first series 
of observations the solutions in A were compared with water in B, 
while in the last two series the comparison was between various 
solutions in B and a constant solution in A. This procedure was 
adopted since it was found that the conductivity of the dilute solu- 
tion in A was much more constant than that of the water. 

When the two images were superposed on the 75th scale division 
the needles of the electrometers were symmetrically situated with 
respect to the fixed electrodes and the electrostatic forces acting on 
them were balanced by the torsion of the suspending wires. Since 
the displacements were always small the torsional couples produced 
by the wires were proportional to the angles through which they 
were twisted and when the current was turned off the images were 
deflected along the scale a distance depending on the magnitude of 
the torsion. The formulae ordinarily used in reducing scale read- 
ings to angular measure are obviously inapplicable when the ap- 
paratus is arranged as above described since the normals to the 
minors are not perpendicular to the scale when the images are 
superposed on the 75th division. It is, however, easy to show that 
the angle of torsion 8^ corresponding to a deflection of the image 
from electrometer A amounting to x^ scale divisions is given by the 
expression 

^„ = ^-tan-— -^--J- 
1 + 7-- 

where S is the normal distance between the scale and the line join- 
ing the electrometer suspensions, A the distance from the minor to 
the 75th scale division, 7" one half the distance between the suspen- 
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sions, and x^ is measured on the opposite side of the normal to the 
75th division to that on which the electrometer is situated. Simi- 
larly for a deflection x^ on the same side of this normal as elec- 
trometer B, 

c 
i^^\ tan- 



r^x. A" 

- ^-J 

Expanding these expressions in ascending powers of x/A* 

* 2A* * 2 A* ^' 6A* • ^ 

5 ST , 5(5*- 37-*) , 

^^ 2A^ ^6+ 2^4 ^* 6^6 ^6 -»- 

From the dimensions of the apparatus it follows that 5= 177.8 
cm., 7^= 15.25 cm. and A = 178.5 cm. Substituting these values 

i^ X 10* = 27.9 ;r. — .0134 jr.* — .ocx)283 x^ 



3^ X 10* = 27.9 x^ + .0134 ;r^* — .000283 x^ 



A table of the values of J5. x 10* and ^^^ x 10* was calculated 
from these formulae for values of x^ and x^ varying by one or two 
centimeters from zero to 60 cm. and the results were plotted to form 
curves with ordinates proportional to the angles and abscissas pro- 
portional to the deflections. The reduction of the observations was 
made with the aid of these curves and a series of calculations for 
points well distributed along the curves showed that the results ob- 
tained by this method never differed by so much as one tenth of one 
per cent, from the results calculated directly from the formulae. 

Since the two electrometers were symmetrically connected to the 
same points of the parallel wires they were acted upon by equal 
differences of potential when the oscillator was in action. Hence, 
if d^ and 8^ represent the observed angles of torsion when the di- 
electric constants of the contained liquids are k^ and k^ respectively 
it is obvious that 



Digitized by 



Google 



No. 1.] DIELECTRIC CONSTANTS, 5 1 

where C^ and C^ are constants depending on the dimensions of the 
electrometers and the elastic properties of the suspending wires. 
Similarly for angles 8^ and b^ corresponding to liquids of dielectric 
constant k^ and k^ ^ 

Hence dividing (2) by (i) 

from which either ratio kJ^jk^ or k^Jk^ can be determined when the 
other is known. 

Owing to slight differences in the temperature of the liquids ex- 
perimented upon it become necessary to reduce the observations to 
some standard temperature and the necessary corrections were cal- 
culated in the following manner. Write 

where #c. is the value of k when the liquid is at temperature /. and 

^ I dK 

Similar expressions for the other «'s may be written 
*.'-*' (I +/3.'0 

Since the temperature differences were small and the liquids used 
were all water or moderately dilute solutions, the temperature co- 
efficients )9., )9/, etc., were assumed to be the same and equal to 
that for pure water at the mean temperature of the observations. 
Granting this assumption 



%-i{'*^'--''i} 



kJ 



and 

^/-^/{i+/5('.'-V)}- 
Hence (3) becomes 



(4) 
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When B was used as the comparison electrometer the liquid in it 
was left undisturbed and if we neglect the possibility of small 
changes in its dielectric constant due to a slight increase in con- 
ductivity we have as a first approximation k^ = k^ and 



1^ V'^a*I+/?(^/-V) 



(5) 



where k* is the dielectric constant of the solution experimented 
upon and k that of the water from which it was made. ^ was 
taken equal to — .004 which is very nearly the mean of the best 
published determinations of this constant for temperature changes 
similar to those observed. When the functions of the two electro- 
meters are reversed and A is used as comparison electrometer the 
reduction formula is the same as (5) with the «'s and ^*s interchanged. 
After the first series of observations had been made and reduced 
it was found that the value of the ratio 5a/<^^ depended on the man- 
ner in which the test electrodes were connected to the resistance 
bridge. This effect was undoubtedly due to currents induced in 
the connecting wires by the oscillating current in the electrometer 
circuit and the following observations show that it was constant so 
long as the connections were unchanged. Three sets of connec- 
tions were used, P^, test electrodes in A and B connected to adja- 
cent bridge arms ; P^, electrodes in A and a rheostat similarly con- 
nected, and P^, electrodes in B and a rheostat similarly connected. 
When both electrometers were filled with water at temperature 
25.^7 the observations lead to the values of 5^^^ given in Table I. 

Table I. 



CoDoection. 


Pi 


/», 




1.045 


1.031 


cJ- 




1.044 


1.033 


<>»•' 




1.047 


1.037 




1.048 


1.035 


*• 


1.045 


1.033 


Mean 


1.046 


1.034 



The scale deflections from which these results were calculated 
range from x^ = 29. i cm. to x^ *= 56.9 cm. and from x^ = 27.4 cm. 
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to jr^ = 51.5 cm. Unfortunately this set of observations did not 
involve the connection /*, and the corresponding value of 8Jb^ 
could only be obtained by calculation from the mean value of 
^al^fL corresponding to a solution for which the ratio k'\k had 
been determined from the observations with connections /\ and P^, 
The solution for which the errors of observation were smallest was 
adopted for this purpose and the result thus obtained was 5«/5^ 
= 1.05 for connection P^ Table II. exhibits the observations and 
calculated results for a solution of copper sulphate of conductivity 
3.86 times that of the water from which it was made. The letters 
in the column headed C indicate the connection of the test elec- 
trodes that existed when the corresponding scale deflections x^ and 
x^ were observed and the given values of k*Ik were calculated 
from SJjd^' with the acid of the value of 8Jd^ for corresponding 

Table II. 



■^a 


1 -^ft 


V/V 


C 1 k'Ik 


56.3 


51.2 


1.037 


P. 


.987 


53.7 


1 49.6 


1.024 


Pz 


.990 


51.6 


46.6 


1.050 


P^ 


1.000 


47.2 


1 43.6 


1033 


P, 


.999 


44.8 


40.7 


1.054 


P, 


1.002 


40.7 


37.8 


1.034 


P, 


1.000 


39.3 


1 35.9 


1.050 


A 


1.000 


35.8 


1 33.3 


1.036 


P* 


1.003 


34.1 


1 31.3 


1.049 


P, 


.999 


39.5 


1 36.8 


1.033 


P, 


.999 



connections. The mean error of the individual values of k^/k, 
calculated from the average value in the usual manner, is .0052 and 
since this is somewhat greater than the average of the mean errors 
for the other sets of observations, the results given in the table 
convey a fair idea of the general accuracy of the observations and 
reductions. 

During the last two series of observations, A was used as com- 
parison electrometer, and contained a dilute solution of copper sul- 
phate. The test electrodes were always insulated while the elec- 
trometer settings were made, and hence but one value of djd^ was 
obtained when B was filled with distilled water. More or less ex- 
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tensive sets of observations on various solutions of copper sulphate 
and potassium chloride lead to the results given in Table III. The 









Table III. 








D 


s 


^ 


/. A. 


'a. _ 
1.69 


m'lm 


1 £ 


1 ^ 


2 


CuSO^ 


26.0 


26.0 


1.11 


.998 


.0034 




3 


<< 


26.3 


26.3 


1.40 


2.92 


1.010 


.0037 




4 


it 


25.9 


26.0 


1.61 


3.86 


.998 


.0052 




5 


tt 


25.2 


25.3 


1.74 


4.68 


1.003 


.0028 


10 


6 


n 


24.3 


24.3 


1.73 


4.64 


1.002 


.0053 




8 


tt 


23.9 


23.9 


2.00 


5.63 


1.009 


.0021 




9 


CuSO, 


23.8 


23.8 1.04 


2.95 


1.000 


.0024 




10 


tt 


22.9 


22.9 1.04 


3.62 


1.004 


.0023 




11 


tt 


23.1 


23.1 j 1.12 


4.29 


1.006 


.0028 




12 


tt 


23.0 


23.1 ' 1.16 


7.07 


1.003 


.0052 




13 


tt 


22.1 


22.5 1.15 


10.62 


1.002 


.0046 


7 


15 


tt 


23.6 


24.0 1.27 


18.45 


.986 


.0177 




16 


tt 


24.9 


25.5 1.28 


19.74 


.994 


.0059 




17 


tt 


25.2 


25.9 1.30 


32.45 


1.007 


.0180 




19 


KCl 


25.3 


25.3 1 1.10 


3.87 


.997 


.0047 




20 


tt 


24.8 


25.0 1 1.15 


7.65 


.986 


.0023 




22 


K 


25.1 


25.7 1.25 


11.68 


.990 


.0056 




23 


tt 


25.3 


25.8 1.27 


14.70 


.989 


.0046 




24 


•' 


25.5 


25.9 1 


1.31 1 


20.79 


.989 


.0141 





independent series of observations are separated by horizontal spaces, 
and the days of July, 1 901, on which the observations were made are 
indicated in column D, The salts in the solutions examined appear 
under 5. /j is the temperature of the solution in the comparison 
electrometer, and /, that of the solution in the test electrometer. X^ 
is the conductivity of the former solution relatively to its value when 
the ratio dJS^ was determined, and X^ is the conductivity of the lat- 
ter solution relatively to that of the water from which it was made. 
ic' JK is the mean of N independent determinations of the ratio be- 
tween the dielectric constants of the latter solution and distilled 
water, and E is the mean error of the individual values of k' jk 
These results were derived from the observations by equation (5), 
on the assumption that the dielectric constant of the liquid in the 
comparison electrometer remained constant, except for temperature 
changes, during the several series of observations. Hence, if k'jk 
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had been found to vary with X^ corrections would have been necssary 
on account of the observed variationin X^ But, since X^ varied much 
more rapidly than ^j and the variations of k* JK from unity were of 
the same order of magnitude as the errors of observation, this cor- 
rection becomes unnecessary. The uniformly low values obtained in 
the third series are probably due to an error of about one per cent, 
in the determination of the ratio SJ8^ when the test electrometer 
contained distilled water. 

The conductivity of the distilled water from which the solutions 
were made, expressed as the reciprocal of the resistance in ohms of 
a column one centimeter long and one square centimeter in section, 
was about 7 x 10 ~^ Consequently the maximum conductivity of 
the solutions tested was not over 2.5 x io~* which, for the copper 
sulphate solutions, corresponds to a concentration of about 0.003 
gram equivalents per liter. 

Considering the low conductivity of the solutions, the large area 
of the electrodes, and the high frequency of the oscillating current, 
the polarization might be expected to be vanishingly small and in 
fact the observations gave no evidence of such a disturbance. The 
electrometer needles were nearly dead beat and the images from the 
mirrors on the suspensions always came to rest in fifteen or twenty 
seconds without the least sign of drift due to subsiding polarization. 
During the adjustment of the images to the central scale division no 
gradual variation of the forces acting on the needles such as would 
be produced by accumulating polarization was observed. On ac- 
count of irregularities in the action of the oscillator some of the 
settings occupied much more time than others and hence offered an 
opportunity for polarization to produce an increased effect, but the 
results calculated from these observations never differed from those 
occupying less time by more than the ordinary errors of obser- 
vation. 

When the images had come to rest after the current was turned 
off they remained perfectly steady so long as the apparatus was left 
undisturbed. Consequently the convection currents in the liquids 
must have been inappreciable. 

In order to determine whether the deflections were influenced by 
changes in the torsional rigidity of the suspending wires due to the 
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heating effect of the currents they transmitted the period of torsional 
vibration of the needle of electrometer A was determined by com- 
parison with the pendulum of the laboratory clock with the aid of 
a double chronographic record. The mean of a large series of ob- 
servations gave 5,965 seconds when no current was passing through 
the suspension and 5,967 seconds when it was conducting a current 
larger than that used during any of the electrometer settings. Since 
the difference between these values lies within the probable errors 
of observation it is evident that the. heating effect was negligible. 

An inspection of the values of /c'/^ given in Table III., is suf- 
ficient to show that they do not differ from unity by greater amounts 
than might have been expected if distilled water had been used in 
the electrometers throughout all the observations in place of the 
solutions actually used. Hence it is highly probable that the 
dielectric constant of dilute electrolytic solutions, of conductivit}' less 
than 2.5 X io~*, is the same as that of pure water in electric fields 
varying at the rate of lo* oscillations per second. 

It is obvious that the degree of electrolytic dissociation of such 
solutions is very large and the observed lack of change in dielectric 
constant may be due to this fact but the point cannot be definitely 
decided until determinations have been made with much more con- 
centrated solutions. Some such observations have been made but 
they are not sufficiently accurate to lead to definite results and I 
shall therefore defer the discussion of them until I have had time to 
carry out a more thorough investigation of the subject with an ap- 
paratus modified to render it more adaptable to measurements with 
highly conducting liquids. 

Physical Laboratory, Brown University, 
Providknck, R. I., Nov. 30, 1901. 
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A STUDY OF THE ACTION OF SOUND WAVES ON 
UNIGNITED JETS OF GAS. 

By F. L. Tufts. 

TN this work the Schlerin method of investigation, used and de- 
-^ scribed by Toepler, C. V. Boys, R. W. Wood and others, was 
applied to the study of the behavior of unignited jets of gas when 
subjected to the action of sound waves. Photographs were taken, 
giving a number of instantaneous positions of a jet of unignited 
illuminating gas when acted on by the sound waves from an ordi- 
nary organ pipe. The orifice from which the gas issued was rect- 
angular in shape and was 4.0 mm. by 0.5 mm. in cross section. It 
was placed about 6 cm. from the open end of an organ pipe which 
spoke a fundamental note of 100 vibrations per second. A thin 
rubber diaphragm was placed across the inside of the pipe at the 
node of the fundamental note, and thus protected the jet from the 
action of direct currents of air while it did not interfere with the 
speaking of the pipe. The jet tube was placed so as to expose the 
broad side of the gas stream to the to-and-fro motion of the air par- 
ticles in the sound wave. 

The photographs taken showed the sinuous shape of the jet near 
the orifice, the fan-shaped spreading of the gas particles as they re- 
cede from the orifice and, for low velocities of efflux, the division of 
the jet into two. 

Plates I. to IV. are reproductions of some of the photographs 
taken. Plates I. and II. show two successive positions of the gas 
stream. In Plates III. to IV. the velocity of efflux was less and the 
tendency of the stream to divide into two is evident. This is par- 
ticularly prominent in Plate IV. The sinuous structure of the 
stream near the orifice is noticeable in all of the photographs, and 
in most of them traces of it can be found even in the diffused upper 
portions. The disturbed condition shown in the upper portions of 
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Plates I. and II. is probably due to air currents in the room. The 
two pins, shown at the sides of the jet tube in Plates III. and IV., 
are just one centimeter apart and serve to give an idea of the actual 
magnitude of the phenomena. 

A simple geometrical construction, shown in Fig. i , gives posi- 
tions for the gas stream which agree well with the actual positions 
shown in the photographs. The assumptions upon which the con- 
struction is based are the following : 

1 . Each particle of gas as it issues from the tube moves forward 
in a straight line, and with a velocity which is the resultant of the 
combination of the velocity of efflux of the particle and the instan- 
taneous value of the harmonically varying velocity of the air parti- 
cles about the jet at the instant the gas particle issues from the orifice. 

2. This resultant velocity decreases in value as the gas particle 
recedes from the orifice. 

In Fig. I the ordinate, jd^ represents the velocity of eflux of the 
gas particles. The abscissae, dg, df, de, dc, etc., represent suc- 




Fig. 1. 

cessive values of the harmonically varying velocity of the air par- 
ticles, due to the sound wave. The lines jg, jf, je, etc., represent 
the resultant velocities of successive gas particles as they issue from 
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the orifice. The decrease in the velocity of the gas particles on re- 
ceding from the tube is taken account of in the spacing of the hori- 
zontal lines. The lengths of a radial line intercepted between 
successive horizontal lines are assumed to be proportional to the 
velocities with which the gas particle moves as it recedes from the 
tube. 

Suppose the organ pipe used gives a fundamental note of 100 
complete vibrations per second, and it is desired to find the positions 
of successive gas particles following one another from the orifice at 
intervals of 1/1200 of a second. An inspection of the figure will 
show that if the distance traveled by a given particle during 1/1200 
of a second after leaving the orifice is represented by the line,/ 15, 
then the particles which preceded this one at intervals of 1/1200 of 
a second will occupy the positions marked 14, 13, 12, 1 1, etc. A 
curved line connecting these points represents the position of ^the 
gas stream at a given instant. Two twelve-hundredths of a second 
later the position of the gas stream will be that of the dotted line in 
the figure. The curves thus obtained are very similar to those 
actually observed in the photographs. 

This construction also explains the apparent division of the gas 
stream into two when the velocity of efflux is small. A low velocity 
of efflux would be represented by a closer spacing of the horizontal 
lines in the figure. Under such conditions it is evident that the gas 
particles would be crowded closer together along the radial lines jj^, 
andy^, than along any other radial lines and would thus give the 
gas stream the appearance of dividing into two. The photographs 
which show a division of the gas stream, show traces in each jet of 
a structure like that at 2, 3, 4, in the figure. 

If the source of sound contains over-tones which are at all com- 
parable in intensity to the fundamental, a construction similar to that 
of Fig. I, will account for the division of the gas stream into three 
or more jets, a phenomenon which has been noticed. 

In a number of cases the velocity of efflux of the gas from the 
orifice was measured by means of a gas meter, the pitch of the 
organ pipe was determined, and the angle ajg, Fig. i, was measured 
on the photograph of the gas stream. From these data calcula- 
tions of the amplitude of vibration of the air particles in the sound 
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wave were made, based on the geometrical construction given above. 
The results agreed very well with those obtained by other -methods. 

The Schlerin method was also employed in studying the vibra- 
tions of the tongue of air in the mouth of a speaking organ pipe. 
A stopped flute pipe of rectangular cross section was used. The 
two sides of the pipe were of plate glass and the air with which the 
pipe was blown passed over a surface of ether before entering the 
pipe, thus changing its optical density and making it readily visible 
in the Schlerin apparatus. A number of instantaneous photographs 
were taken showing different positions of the tongue of air in the 
mouth of the pipe. The direction of the vibration within the pipe 
was obtained by introducing a small jet of unignited illuminating 
gas in the pipe near its mouth and photographing it on the same 
plate with the tongue of air. 

Plates V. and VI. are copies of two of the photographs showing 
the tongue of air in the two extreme positions of its swing. The 
only portions of the pipe shown in the photograph are the lip and a 
part of the butt containing the air slot. The curve of the gas stream 
serves to indicate the direction of the vibration within the pipe. 
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SOME DIFFRACTION PHOTOGRAPHS. 

By W S. Franklin. 

nPHE accompanying plate is reproduced from one of a number 
^ of photographs of shadows cast upon photographic plates 
from a monochromatic point-source of light distant about sixteen 
meters from the plate. The objects casting the shadows were about 
three meters from the plate, and the photographic plate was in each 
case at right angles to the incident light. 

Diffraction photographs were made in this way in the shadows of 
a number of different objects, with exposures ranging from twenty 
seconds to seven hours. Among the photographs obtained may 
be mentioned (i) the shadow of a broad straight-edged plate ; (2) 
the shadow of a steel rod ; (3) the shadow of five circular discs. 
These discs were suspended upon a network of fine wires, each 
O.CX)4 cm. in diameter. The shadows of the wires show in the pho- 
tograph ; (4) the shadow of a brass plate with several circular holes 
bored through it. These photographs, while well suited for lantern 
projection, are not suflSciently strong for reproduction. 

Photograph No. 5, which is reproduced in the accompanying 
plate, is the shadow of a slit between very carefully worked straight 
edges of brass. The slit was about 1 5 centimeters in length, taper- 
ing from a width of 0.05 centimeter at the end a^ to zero width at 
the end/. The original negative was 20x25 cm. 

Lehigh University, South Bethlehem, Pa., April, 190T. 
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NOTE. 

Rudolph Koenig. — ^This well-known authority in the science of acoustics 
died in Paris on the second of October, 1901. Koenig was the son of a 
teacher in mathematics at Koenigsberg, in which city he was bom on the 
26th of November, 1832. At the age of twenty he went to Paris and 
learned the trade of musical instrument maker under the celebrated maker 
of violins, Vuillaume. In 1859 ^^ set up for himself as a manufacturer of 
acoustical instruments. 

At the London exhibition of 1862 Koenig first made public his beauti- 
ful apparatus for the study of sound waves by means of the manometric 
flame. The applications of this method to various problems in the anal- 
ysis of complex tones were subsequently published in three papers in Pog- 
gendorfl^s Annalen. The apparatus constructed in his workshop at Paris 
was largely of his own design and the experiments which he himself per- 
formed with it, and which he described in a series of papers, chiefly in the 
Annalen and in the Comptes Rendus of the French Academy, are among 
the most important contributions to the science of experimental acoustics. 
The results of his work in this field were in 1882 brought together in his 
well-known volume entitled " Quelques Experiences D*Acoustique.** 

Among the best known of Koenig' s investigations may be mentioned 
his study of the fixed tones characteristic of the vowels (1870); his vari- 
ous papers on the synthesis of musical tones ; his researches on the theory 
of the nature of summation and difference tones and his studies of the 
movement of air in organ pipes. Koenig was fortunate in being able to 
bring to bear upon his truly scientific work training of two sorts. His 
knowledge of acoustical theory enabled him to see definitely the nature 
of the problems demanding solution and his skill as a mechanician made 
it possible to produce apparatus perfectly adapted to the experimental so- 
lution of these problems. To his chosen field he devoted himself abso- 
lutely throughout his long career and even during the later part of 
the nineteenth century, when the interest of physicists was directed so 
strongly to electricity that the science of sound seemed likely to be alto- 
gether submerged and lost from sight, he continued to devote himself to 
the work which he had elected to do. Koenig* s last investigation, com- 
pleted in spite of failing health and of the growing disabilities of in- 
creasing age, was on the " Highest Audible Tones and upon the Inaudible 
Tones up to 180,000 Vibrations per Second.'' To the accurate adjust- 
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ment and tuning of forks and other instruments fer beyond the limits of 
audibility, by means of their difference tones and by the observation of dust 
figures, he brought to bear the skill resulting from long years of practical 
experience, during which he had with his own hand made the final ad- 
justment of every instrument constructed in his establishment. 

Koenig died in his apartments over the workshops on the Quai d'An- 
jou, which had for many years been the scene of his scientific activity. 

E. L. N. 
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NEW BOOKS. 

Advamed Exercises in Practical Physics. By Arthur Schuster, 

Ph.D., F.R.S., and Charles H. Lees, D.Sc. The Macmillan Co. 

$2.00. Pp. 368. 

This book is a very welcome addition to our rapidly increasing list of 
laboratory manuals. Intended as a sequel to ** Intermediate Physics ** by 
the same authors, it is designed for a second year's course in physics. 

It is more advanced than most of the manuals now in use in this 
country but whether it is advanced enough for a second year's course de- 
pends in each case on the amount and quality of the laboratory work of 
the first year. The experiments given had been worked through by 
several hundred students in Owens College before the book was published. 

In general the methods used are accurate and thorough. One of the 
strongest features of the book is the carefiil explanation of errors of ob- 
servation. The student is frequently shown the effects of errors of obser- 
vation on a derived result, and his attention is continually directed towards 
measuring accurately those quantities whose errors would exert the greatest 
effect. Too many students, perhaps through lack of proper instruction, 
fail to form any idea of how accurate their result should be, even when 
they know how accurately each quantity has been measured. 

Comparatively few errors are noticed. The first sentence in the para- 
graph beginning **The fractional error ***** on page 6 needs a slight 
revision. On page 14 we find the authors saying, ** the two first and the 
two last observations. * * The work on mechanics is so good that one is 
surprised in not finding more on the pendulum. Not a single experiment 
is given for determining g. 

Some manuals seemed designed to teach the principles of Physics, while 
others are designed to teach laboratory methods. The present work is a 
happy combination of the two. However, a course based on this book 
should by all means be supplemented by lectures, problems, and quizzes. 
In the rapid development of laboratory work there has been a tendency to 
carry it too far. We find that in some of our schools and colleges practi- 
cally all of the student's time that is devoted to Physics is spent in experi- 
mental work. In doing this the theoretical side is almost entirely 
neglected. The student learns manipulations, but does he learn Ph>'sics ? 
Few students can get a working knowledge, for example, of Ohm*s law 
and its various applications simply from the routine laboratory work and 
the instructions found in any manual. Laboratory courses should always 
be supplemented by other work. 

O. M. Stewart. 
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ZIEGLER ELECTRIC CO., Hi Franklin Su BOSTON, MASS. 

Send for a copy of VhysiaU C*t*Iogae No. 10. 

RECENT BOOKS ON MECHANICS,"Etc. 
The Principles off Mecliatiics 

Am EUnientary Exposi- By FREDERICK SLATE, Prof, of Physics, UniTersity 

The needs of college students at an elementary stage are considered ; but also the value 
of Mechanics as a system of organized thought, of distinct culture value. 

A Treatise on the Theory of Screws 

By Sir ROBERT STOWELL BALL, LL.D., F.R.S., 
An exhaustive thoroughly Lowndean Professor of Astronomy and Geometry in 

illustrated Treatise, the University of Cambridge. 8vo, $5.50 net. 

The Thermal Measurement of Energy 

By E. H. GRIFFITHS, F.R.S., Fellow of Sidney 

Lectures delivered at the Sussex College, Cambridge. 1^5 p. l2mo (Giw- 

Philosophical Hall^ Leeds, bridge University Press Seris), cl., net, 50c » 

postage, 8c. 

A Treatise on Elementary Statics 

c sL r r o 1. , By W. J. DOBBS, M.A., sometime Foundation Scholar 

For the Ose of Schools ^^^^^ j^^^,^ College, Cambridjge, with 191 Ulus- 

and Colleges. trations. 311 p. l2mo, cl., net%2*W\ postage, I2c. 

THE MACMILLAN COMPANY, 66 Fifth Avenue, New York. 

7 



Digitized by 



Google 



A History of Physics 

In Its Blementary Branches, Indndlng the Bvolnllon 
off Physical Laboraloiias 

By FLORIAN CAJORI, Ph.D. 

Professor of Physics in Colorado College, 

Cloth Cr. 8vt, $1.60 Mt; pottafe, 15 cents. 

This brief popular History gives in broad outline the development of the science of 
physics from antiquity to the present time. It contains also a more complete statement 
than is found elsewhere of the evolution of phjrsical laboratories in Eurq>e and America. 
The book, while of interest to the general reader, is primarily intended for students 
and teachers of ph3rsics. The conviction is growing that, by a judicious introduction of 
historical matter, a science can be made more attractive. Moreover, the general view of 
the development of the human intellect which the history of a science affords is in itself 
stimulating and liberalizing. 

" Prof. Cajori has followed his * History of Mathematics ' with a < History of 
Physics * that is even more interesting and valuable, . . . Every teacher and student 
of physicsi should read it and add it to his library. It shows careful study, enthusiasm 
and a comprehensive grasp of the subject.*' — Journal of Education, 



BY THE SAME AUTHOR 



History of Mathematics 

ClOtllv #3.50 net; postage, z6 cents. 

'* What we have a right to expect in such 
a handbook is an agreeable narrative of the 
most material events in the history of 
mathematics, and this Professor Cajori in- 
contestable supplies. The book was much 
wanted.'*— 7>4<r Nation. 

*< A scholarship both wide and deep is 
manifest in this History of Mathematics 
which the author has infused with his own 
ardor in this department of science." 

— 'Journal of Education . 



A History of 
Elementary Matliematics 

ClOtllf #1.50 i«^; postage, zsceau. 

**A most instructive, and at the same 
time a very readable piece of work, full of 
curious facts.*' — 77te Bookman. 

<* By no means an abridged edition of The 
History of Mathematics. It is an entirely 
new book, giving a somewhat detailed ac- 
count of the rise and progress of Arithmetic, 
Algebra and Geometry. The book should 
be read by all teachers of these subjects, 
and by mathematical students generally.'* 
— American Mathematical Monthly, 



ehemical Lecture Experiments 

By Francis Qayno Benedict^ Instructor in Chemistry in Wesleyan University. 
12mo, doth, $2.00 »//. 

The material here presented has been in a measure prepared with reference to its use 
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THE VELOCITY OF IONS DRAWN FROM THE ELEC- 
TRIC ARC SECOND ARTICLE. 

By C. D. Child. 

AN investigation of the velocity of ions drawn from the electric 
arc has been described in a previous article. Further experi- 
ments on this subject have since been performed and the results may 
be of interest to others. Two methods have been employed to com- 
pare the velocity of the positive and negative ions, one similar to that 
used by Zeleny in his investigation of the velocity of ions produced 
by X-rays/ and one similar to that used by Rutherford in deter- 
mining the velocity of ions produced, by ultra-violet light.^ 

Farmer Mithod gave the Average Velocity. — First of all, it should 
be noticed that the method which has already been used gives the 
average velocity when there are ions present having different veloci- 
ties. The fact that we need to make a distinction between the average 
velocity and the velocity of the more rapidly or more slowly moving 
ions has been emphasized by the work to be described in this article 
and in one to be published later on the discharge from hot wires. 

The discharge carried by ions of one sign only between two infi^ 
nite parallel planes has already been considered.* It was assumed 
in that discussion that all the positive ions had the same velocity. 
It was shown that if there are n^ positive ions per unit volume hav- 
ing a velocity of k^ cm. per unit potential gradient, k^ = y^ — ^^ 

^ Phil. Trans. Roy. Soc. Lon., 195, 193. 
*Proc. Camb. Phil. Soc., 9, 401. 
«Phys. Rev., XII., 65. 
65 
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Rg. 1. 



carbons are placed with the arc at a. An electrometer is connected 
to CC , When the air is at rest the ions from a will move across 
to DD' , If a blast of air is sent in the direction of the arrow, 
some of the ions will be carried to CC\ provided the potential dif- 
ference is not too great. If the potential difference is sufficiently 
large, the ions may be drawn to DD ' before 
the current of air can carry them to CC . 
It is evident that the greater the velocity of 
the ions for the same potential gradient, the 
smaller the potential difference necessary to 
draw them all to DD' , The electrometer 
connected to CC* will indicate whether any 
ions pass to CC or not. 

It is to be noticed that if there are different 
kinds of ions present, this method gives us information concerning 
the velocity of the ions moving most slowly. These will be carried 
by the current of air to CC while the faster moving ones are 
drawn to DD' . This method will, therefore, only enable us to 
compare the slowest ions of the positive with the slowest of the 
negative discharge. 

Second Modification of Zelenfs Method, — A second modification 
of Zeleny's method would be to connect DD' to the electrometer. 
Then no discharge to DD' should occur when the potential differ- 
ence between A and DD' is small, since then all of the ions will be 
carried by the currents of air to CC . If the potential difference 
be increased a point should be found where the discharge would 
begin to pass to DD',^ 

With such an arrangement a comparison would be made between 
the fastest moving ions, for the slower will at all times be carried 
to CC. 

Difficulties Met With. — There are some serious difficulties met with 
in attempting to apply the methods thus indicated. The first is due 
to the fact that the inner cylinder is not one having the same poten- 
tial at all points as in the work of Zeleny, but it consists of two car- 
bons with the arc between them. These carbons have quite different 
potentials, and the potential varies in an irregular manner. Experi- 
ments were made with the current passing through the arc in dif- 
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ferent directions, and in this way the endeavor was made to elimi- 
nate to some extent the effect of the variations of the potentials of 
the carbons. 

The second difficulty was due to the fact that the field about 
the arc was greatly affected by the presence of the ions. In 
Zeleny's work it could be assumed that the ions were not suf- 
ficiently numerous to affect the field, but such an assumption can 
not be made here. The effect which the ions have on the field where 
there are no currents of air has been discussed in a preceding 
article,^ but here the action is much more complicated. In the first 
place the ions all start from a small section of the inner cylinder 
instead of from all points upon it. If AB were a cylinder having 
the same potential at all points, if there were no currents of air, and 
if the field were not distorted by the presence of ions, the lines of 
force would be perpendicular to AB and all ions originating at A 
would move directly across to DD'. But let a large number of 
ions of one kind be drawn from a. Let these, for example, be posi- 
tive. The region in the immediate neighborhood will contain a posi- 
tive charge and will have a higher potential than the space either 
directly above or directly below it. Lines of force under these 
conditions will radiate in all directions, some of them even extend- 
ing to CC\ so that CC^ may possibly receive a charge from a re- 
gardless of any currents of air. As the potential difference becomes 
larger the charge about a will become greater and more lines of 
force will radiate in all directions and more of the discharge will 
pass to CC. So that the effect for which we are looking may be 
obscured by this action. The action is still more complicated be- 
cause of the fact that the ions are not only drawn out from the arc 
but are also blown along between the cylinders. 

Another difficulty scarcely less serious is due to the fluctuations 
of the arc. To determine exactly the conditions under which the 
discharge to one of the cylinders ceases, a comparison of rates of 
discharge must be made, and to do this successfully one needs a 
constant excitation of the ions. If between two sets of readings the 
arc itself materially changes the comparison is of little value. Varia- 
tions may be due to convection currents from the arc, to changes in 
>Phys. Rkv., XII., 137. 
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the position and length of the arc, and to changes in the amount of 
current flowing through it. As a result it was found practically 
impossible to secure two sets of readings that were very much 
alike. 

This method, therefore, is of little value as far as absolute values 
of the velocities of the ions are concerned, and yet, as we shall see, 
it gives us some information concerning the relative velocities of 
the positive and negative ions. 

Arrangement of Apparatus. — In the experiment the outer cylinder 
was an iron pipe 4 cm. in diameter inside measure. The inner 
cylinder consisted of the carbons i cm. in diameter and the arc be- 
tween them. In every case it was possible to have the current pass- 
ing either from A X.o B ox from B to A, and since the potential 
between the arc and the positive carbon is greater than that between 
the arc and negative one, the field between the carbons on the outer 
cylinder depends on the direction of the current through the arc. 

The air was forced through the cylinders from a gasometer. A 
constant weight was placed upon the gasometer, but no correction 
was made for the different velocities of the air as the gasometer was 
filled to different heights. The air passed into the outer cylinder 
through four openings at the bottom. The cylinders were placed 
vertically and were insulated from the carbons. No attempt was 
made to dry the air. 

The arc was grounded by placing a shunt about it and grounding 
this shunt ]^ of the way from the negative carbon. The cylinder 
DD* was maintained at the desired potential by means of a water 
battery. CC was connected permanently to the electrometer. It 
was also connected at first to DD' and then insulated from it and 
allowed to discharge a given length of time. The amount of dis- 
charge was observed by the electrometer. It was found necessary 
to use the electrometer with different degrees of sensitiveness, but 
the values as given in the table are all reduced to volts. A correc- 
tion was made for unavoidable leakage. The current was always 
passed through the arc so that A was charged oppositely to CC , 

Data Taken by the First Method. — It was found that the rate of 
discharge from CC did not become less as the potential differ- 
ence between B and DD' was made greater even when the velocity 
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of the air sent through the cylinder was small. At first it was 
thought that perhaps convection currents were carrying ions up to 
CO , The apparatus was accordingly inverted and the air forced 
down Stgainst the convection currents. But this produced but 
little difference in the effect. The readings given in Table I. are 
those given with the apparatus thus arranged. 

Column I gives the potential difference between the arc and the 
cylinder in volts, column 2 gives the change of CC in volts in four 
seconds when the cylinder was charged negatively, and column 3 
when charged positively. In the former case the discharge was 
carried by positive ions, in the latter by negative. The velocity of 
the air is 3.8 cm. per second. The distance from a to ee' was 9 cm. 

Table I. 



Pd Between « and Diy. 



40 

70 

100 

150 



+ Diacharge. 



2.4 
4.1 
4.7 
5.4 



— Diacharge. 

1.5 
4.1 
5.1 
6.3 



While the discharge does not become smaller as the potential 
difference is increased, the positive discharge does become smaller 
than the negative. This would seem to indicate that even when we 
are dealing with the slower ions, the positive ones move the more 
rapidly. Unfortunately it was found impractical to carry the inves- 
tigation to higher potentials. When such an attempt was made the 
discharge between a and DD' became so great that the water bat- 
tery was not able to keep the potential difference constant and no 
other battery giving a potential sufficiently high was at my command. 
Moreover the ions at a distance from the arc have already been 
studied by Merritt and Stewart.^ To carry this part of the investi- 
gation further would be simply to repeat their work. 

In an investigation of which I hope soon to give an account I 
have compared the velocities of the positive and negative ions driven 
from hot platinum wires. I found that while some of the positive 
ions move more rapidly than any of the negative ions, another class 

JPHYS. Rev., VII., 141. 



Digitized by 



Google 



No. 2.] 



IONS FROM THE ARC. 



71 



of positive ions appear to move as slowly or more slowly than any 
of the negative. Though there is no positive evidence in the data 
before us, it would not be surprising if the same were true of the 
dischai^e from the arc. 

Data Taken by Second Method, — In this method the electrometer 
was connected to DD* and the endeavor was made to find the 
smallest potential difference at which the discharge passed to DD' . 
Here only small potential differences were used. It was accordingly 
possible to keep the outer cylinder at or near zero potential and to 
vary the potential of the arc by placing a shunt about the storage 
battery which produced the arc and grounding different points on 
the shunt. Under these conditions no leakage occurred for which 
correction should be made and the potential difference between the 
arc and the ground could be determined directly by a voltmeter. 
Here again a shunt was placed about the arc and a point one-fourth 
of the way from the negative carbon was assumed to have the 
potential of the arc. 

But with the smaller potential differences the direction of the cur- 
rent through the arc came to be a matter of importance. Conse- 

Table II. 



Arc Positive. 



Current Flowing 
from B to A. 



Def. of 

Elec- 
troroeter. 



Potential 
Difference. 



43 
32 
20 
10 



17.7 

13.7 

9.7 



Current Flowing 
from A to B. 



Potential 
Difference, 



38 
28 
20 
10 



Def. of 

Elec- 
trometer. 

12.2 
9.2 
5.7 
3.5 



Arc Negative. 



Current Flowing 
from B to A. 



Potential 
Difference. 

43 
33 
24 
15 



Def. of 

Elec- 
troroeter. 

16.3 
6.3 
2. 
.5 



Current Flowing 
from A to B. 



Potential 
Difference. 

40 
28 
15 



Def. of 
Elec- 
trometer. 

2.5 
0. 



quently in Table II. data are given for the current flowing in both 
ways, both when the discharge was negative and when positive. 
The velocity of the air was the same as in the preceding experi- 
ment. The distance from a to ee' was 1.4 cm. 

It is possible to construct some kind of an explanation for each 
of the peculiarities of this table, but probably such explanations 
would show more concerning one's ingenuity in adapting the ionic 
theory to all sorts of results than concerning the relative velocities 
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of the positive and negative ions. Aside, however, from these 
irregularities there is shown a decided tendency for the negative 
discharge to cease before the potential difference becomes zero, or 
before the positive discharge ceases. We are here comparing the 
most rapidly moving ions of the positive discharge with the most 
rapidly moving of the negative. The results indicate that there are 
no negative ions which move as rapidly as some of the positive. 

The work given in Table II. was repeated many times, varying the 
length from a to the plane ee' and the velocity of the air currents 
between the cylinders. No results were found which were more 
regular or more consistent than those here given, but they were all 
similar in showing that the negative discharge ceases at higher 
potentials than those at which the positive discharge ceases. 

Third Method. — Another method for comparing the velocity of 
the ions which is entirely different from the preceding is one used 
by Rutherford. * When the arc is produced by an alternating cur- 
rent an alternating potential difference will exist between the arc and 
the surrounding cylinder. In such a case the direction of motion 
of the ions will be periodically reversed. The potential difference 
can, of course, be varied by changing the position of a ground on 
the arc circuit. It can thus be regulated so that the slower mov- 
ing ions will not reach the cylinder before the revei*sal of the poten- 
tial difference takes place, while the more rapidly moving ones will 
reach it. In such a case the cylinder will acquire a potential similar 
to the charge on the more rapidly moving ion. Thus if the posi- 
tive ions move the more rapidly the surrounding cylinder will be 
charged positively as compared with the arc. 

One must remember, however, that the average potential of the 
arc itself is not zero. Thus if A in Fig. i be grounded, there will 
be a large fall of potential between A and a when the current is 
flowing from A to B, but a much smaller one when the current is 
flowing in the opposite direction. Thus for example, if A were 
grounded the minimum potential of the arc during the first half of 
the period might be — 30, while during the second half the maxi- 
mum potential would be only -|- 10, so that the average potential 
would be negative. This statement is true whatever may be the 
correct theory of the arc. 

* Proc. Camb. Phil. Soc., 9, 401. 
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Moreover the average potential of the carbons is zero. If the 
average potential of the carbons were the same as that of the arc, 
correction could be easily made, but with the conditions as they are 
we are not able to say what the combined effect of the arc and car- 
bons will be. 

However, it happens that the potential which the cylinder as- 
sumes is not only positive as compared with the average potential 
of the arc, but also as compared with that of the carbons. While 
the irregularities of the potential of the arc hinder us from making 
any quantitive determinations of the velocity of the ions by this 
method, we can make a comparison of the relative velocities. It is 
difficult to see why the cylinder about the arc should become thus 
positively charged, if it is not due to the greater velocity of the 
positive ions. The effect can not be due to ultra-violet light, since 
the cylinder was made of tin and no discharge takes place from tin 
under the action of such light. 

It should be noticed that this method gives us information con- 
cerning the faster moving ions when there are different kinds of ions 
present. If the potential difference between the cylinders and the 
arc be made as small as possible and still have any ions pass to the 
cylinder, the slower ions will not reach the cylinder before the direc- 
tion of motion is reversed. 

The experiment was tried with an arc 2 mm. long through which 
a current was passing of approximately 5.5 amperes as measured 
by an alternating current ammeter. The average potential of the 
arc when one of the carbons was grounded was found to be — 4.5 
volts. The cylinder about the arc was 9 cm. in diameter and 3 cm. 
in height. There were 260 alternations per second. 

The cylinder became positively charged regardless of the point on 
circuit at which the ground connection was placed. Indeed a shunt 
was placed about the arc and different points on this were grounded 
and yet in every case the cylinder became positively charged. Some 
part of the arc or the adjacent carbons will always have a positive 
potential during at least half of the period and this is sufficient to 
drive positive ions to the cylinder. 

With the ground connection at any point on the shunt the 
cylinder required a potential of about 3 volts. When the ground 
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was shifted to the resistance in series with the arc the potential in- 
creased. When the square root of the mean square of the potential 
difference between the ground and the arc was 85 volts, the cylinder 
acquired a potential of + 5 volts. 

Cylinders 4.5 cm. and 12.5 cm. in diameter were also tried, and 
they both acquired in every case a positive charge, the smaller one 
acquiring it much more rapidly than the other. The highest poten- 
tial which the smaller cylinder acquired was -f 6 volts, the larger 
-h 4 volts. 

Summary, — We have thus compared the velocity of the positive 
and negative ions by four different methods. The first, the one 
described in the preceding article, enables us to compare the average 
velocity of the positive with the average velocity of the negative 
ions. Two of the methods described in this article enable us to 
compare the most rapidly moving of the positive ions with the most 
rapidly moving negative ions, while the fourth gives us a compari- 
son of the slowest ions. In each of the comparisons of the most 
rapidly moving ions and also in the comparison of the average veloci- 
ties, the positive ions were found to have the greater velocity. In 
the comparison of the slowest ions little difference was found be- 
tween the two kinds of ions. 

These results are not in any way surprising. One would have 
every reason to suppose that from anything as heterogenous as the 
ordinary electric arc many different kinds of ions would be produced^ 
so that among the positive ions we might find the most rapidly 
moving and also the slowest. In this case the most rapidly mov- 
ing ones appear to affect the average velocity so that it is greater 
than the average negative velocity. This no doubt is as true within 
the arc as about it, so that the potential of the arc may be explained 
in the manner already discussed. 

Colgate University, 
December, 1901. 



Digitized by 



Google 



No. 2.] SURFACE TENSION OF LIQUW AIR, 75 



ON THE DENSITY AND SURFACE TENSION OF 
LIQUID AIR. 

By Chas. T. Knipp. 

A SIMPLE lecture table experiment shows that the density of 
liquid air when allowed to boil freely increases rapidly. 
Therefore, determinations of its density by ordinary methods will 
give values too great. These values range from that of liquid 
air to approximately that of liquid oxygen, depending upon the 
activity of boiling and the time that has elapsed. 

It was the first intention to confine this paper to the surface ten- 
sion of liquid air, but it became evident that the surface tension too 
would change with age. By constructing a curve showing the 
variation of the surface tension with time for the liquid air contained 
in a given Dewar bulb exposed to constant radiation conditions we 
can approximate to its value when first made. However, in order 
to construct this curve, we must know the variation of the density 
with time under the same conditions. It is for this reason, there- 
fore, that a few observations were made on the density and included 
in this paper. 

The Density of Liquid Air. 

Various methods have been employed by investigators for deter- 
mining the density of liquids at low temperatures. One method,^ 
for an approximate determination, is to select some substance that 
will just float in the liquid and then compare the density of this 
with that of water. This method can not be used advantageously 
in determining the variation with age. 

Weighing a sinker in the liquid was also used. This method, 
too, is only approximate since little or nothing is known con- 
cerning the cubical contraction of the sinker at those extremely low 
temperatures. It is a very convenient method, however, for de- 

> H. Moissan and J. Dewar, C. R., 125, pp. 505-511, 1^97. 
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termining the variation of the density with time, and was therefore 
employed. 

The liquid air was placed in a Dewar vacuum bulb of about 
three quarts capacity. The bulb was about half full to begin with. 
Two glass sinkers were used. The age of the liquid air at the time 
of weighing was noted. It was assumed that the coefficient of ex- 
pansion of glass holds at the temperature of liquid air. Upon this 
assumption the formula ^ for the density becomes, 



Density = 
in which. 






V^ volume at /° C. 
V* = volume at — 191° C. 
W ^ weight of sinker in air. 
W = weight of sinker in water at /^. 
W = weight of sinker in liquid air. 
fi =a density of water. 
8 = density of sinker at /°. 
8' = density of sinker at — 191^. 
a = density of air at /^. 

For the sake of comparison all of the data are given in the fol- 
lowing table : 

Table I. 



Sinker. i 


No. I. 


No. I. 


No. a. 


No a. 


No. I. 


July. 1 


aad. 


SQth. 


aad. 


aad. 


aad. 


Age of Liquid Air. 


3omin. 


35 min. ; 


40 min. 


180 min. 


190 min. 


V ' 


.724 


.724^ 


.5277 


.5277 


~.724 


V 


.7204 


.7204 


.5252 


.5252 


.7204 


w 


L7986 


1.7989 


1.3036 


1.3033 


L7986 


w' 


L0769 


1.0777 


.7809 


.7809 


1.0769 


w^ 


L1068 


L0985 


.7955 


.7510 


L023 


p 


.998 


1 








6 


2.4856 


2.4856 


2.4834 


2.4839 


2.4856 


d/ ' 


2.4908 


2.4968 ! 


2.495 


2.495 


2.4968 


ff 


.0012 










Density. 


.957 


.9713 1 


.9744 


1.0594 


1.075 



•Stewart and Gee, Lab. Man., Vol. I., p. 139. 
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In Fig. I densities are plotted as ordinates. and time in minutes 
as abscissas. It is unfortunate that more values for the density 
were not obtained, though I think that those given will suffice. 
From the curve we infer that the density when first made is be- 
tween .93 and .94. Olszewiski^ obtained 1.124 and .885 as the 
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Fig. 1. 
densities of liquid oxygen and liquid nitrogen respectively. These 
values give .932 as the density of liquid air. In 1895 Dewar^ ob- 
tained for the above liquids 1.137S and .85 respectively, and for 
liquid air .91. He weighed a large number of substances of known 
specific gravities in the liquids, making corrections for the contrac- 
tion of the solids. 

As time elapses the nitrogen boils away and the density ap- 
proaches that of oxygen. The curve is asymptotic to an ordinate 
that represents the density of oxygen. "^ 

The Surface Tension of Liquid Air. 
In the work on the surface tension of liquid air the same Dewar 
bulb was employed. Capillary tubes were first used in the usual 
manner. The angle of contact was taken as zero. There are 
several objections to their use, namely : 

1. It is almost impossible to read the liquid surface, because of 
the slight agitation due to boiling. 

2. Distortion due to the walls of the bulb. 

3. The meniscus was continually changing its position due to 

evaporation, because its position above the liquid surface unduly 

exposed it. 

•Wied. Ann., 31, p. 58, 1886. 
«Proc. Roy. Inst., 15, p. 133. 

^J. Drugman and W. Ramsay, Chem. Soc, Journ., 77 and 78, pp. 1228-1233, Nov., 
1900. 
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The following data were obtained with the five tubes employed 

Table II. 

Jufy \tth. Age of liquid air approx, 140 min. p = 1.05. 



No. of Tube. 


Diameter of Tube. 


T in Dynes per cm. 




1 
2 
3 

4 

5 


.097 cm. 
.066 " 
.108 " 
.0625 •* 
.1015 •* 


11.11 

12.18 

10.59 

9.87 

8.08 




Average, 




10.36 





rv 






This result is somewhat less than that found by 
Forsch,* who gives for the surface tension by this 
method, after much of the nitrogen had evaporated, 
12 dynes per cm. 

In order to read the liquid level more accurately 
the capillary tube was slightly modified. The lower 
end of the tube was bent upward and cut off square 
at Uy Fig. 2. The cathetometer was dispensed with 
and a thermometer stem used as a scale instead. 
This enabled the liquid level a to be accurately read 
(to within the errors of direct vision through the walls 
of the bulb). The meniscus at b was read three or 
** four times and the mean taken. The values shown in 
^ table III were obtained : 

One more modification was made, and that was to 
jacket the capillary tubes. This is shown in Fig. 3. 
The opening a in the jacket enabled the same to be 

Table III. 

July VJfh, Age of liquid air approx. 260 min. p = 1.1. 



No. of Tube. 


Diameter of Tube. 


T in Dynes per cm 


1 


.0847 cm. 


12.53 


2 


.0487 *• 


10.14 


3 


.0485 " 


12.72 


4 


.05 " 


10.34 


5 


.05 ** 


9.32 


6 


.061 " 


12.67 


Average, 




11.28 



' Phys. ZeiUchr., I., p. 177, Jan. 1 3, 1900. 
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filled by merely lowering the system into the liquid. The menis- 
cus remained steady. Three tubes were employed. It was a 
little more difficult to cut the capillary tubes 
directly at the meniscus ; however, this was 
overcome by reading the position of a file 
mark on the capillary tube. 

From the data contained in the above three 
tables we see that the surface tension in- 
creases as the liquid air becomes poorer in 
nitrogen. However, little confidence can be 
put in the results, because of the crude me- 
thods employed. 

A much more satisfactory method, one free 
from the above troublesome features, is the 
maximum weight method first suggested by Hall/ and later im- 
proved by Foley.^ Mica frames, varying in length rom 2 cm. to 6 




Bg.3. 



Table IV. 

July 7,24, Age of liquid air approx. 75 min. p=l. 



No. of Tube. 



1 
2 
3 

Average, 



Diameter of Tube. 



.079 cm. 
.091 " 
.081 ** 



T in Dynea per cm. 



9.90 

10.91 

9.93 

10.24 



cm., were used. These frames were supported by a single silk fiber 
at least 60 cm. long, thus guarding against any temperature 
change in the balance arms. Fig. 4 shows the manner in which 
the frames were used. By means of a copper wire stirrup s the 
frame mn was hung with its lower edge horizontal. The silk fiber 
that supported the stirrup and frame was so small that no ap- 
preciable amount of frozen moisture collected on it. The large 
Dewar bulb was used. The 6 cm. frames, because of their length, 
had to be lowered into the bulb endwise and hooked to the stirrup 
afterwards. The formula for these particular mica frames is, 

jPhil. Mag., v., 36, p. 402, Nov., 1893. 
«Phys. Rev., Vol. 3, No. 17, pp. 381-386, 1896. 
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in which 



(/-/) 



IV = net maximum weight. 

/ = length of frame. 

/ = thickness of frame. 
^i =z density of liquid. 
^ = force of gravity. 

Observations with mica frames were made on three different days. 
The liquid air was run off in the morning. All measurements 
were made in the three quart bulb. This bulb had no mercury in 
the vacuum chamber. Carbonic acid snow and frozen moisture 



BASE or BALANCE. 




ng.4. 

were removed by filtering the liquid through ordinary filter paper. 
The age of the liquid air includes the average age while it was being 
made, t, e,, if it took 30 minutes to run off a certain quantity of 
the liquid its age at the end of the 30 minutes was taken as 15 
minutes. 

Table V. contains the data obtained for one sample of liquid air 
for a number of mica frames. No diflficulty at all was experienced 
in getting the values for w, in fact, by this method the data were as 
easily collected as when working with water. 
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Table V. 

Augtist i2th. 



w in Kins. 



.0454 

.04825 

.05068 

.04875 

.05248 

.0518 

.05228 

.06964 

.18516 

.18284 

.18376 

.07502 

.07534 



I 



Length 
in cm. 

2.02 

L952 

1.974 

1.974 

2.02 

1.952 

1.952 

2.572 

6.65 

6.65 

6.65 

2.732 

2.714 



/ in cm. 

.00283 

.00263 

.00276 

.00276 

.00283 

.00263 

.00263 

.0026 

.0035 

.0035 

.0035 

.00336 

.00303 



p from Den- 
sity Curve. 

1.026 

1.038 

1.045 

L09 

L099 

L104 

1.108 

L116 

L124 

1.1245 

L127 

L13 

L131 



Age in 
Minutes. 


rin Dynes 
per cm. 


115 


10.78. 


135 


1L91 


145 


12.38 


240 


12.59 


265 


12.45 


280 


12.79 


295 


12.91 


320 


13.05 


352 


13.34 


370 


13.17 


385 


13.23 


410 


13.18 


450 


13.35 



Table VI. represents three observations on a sample of liquid air 
that was originally placed in a small Dewar bulb containing mer- 
cury in the vacuum chamber. Cotton waste was placed in the 
mouth of the bulb, and the whole wrapped in a cloth. About four 
hours afterwards the liquid was filtered into the large bulb, and the 
following data taken : 

Table VI. 

August Y^h. 



w 


I 


.04796 


2.02 


.0491 


1.974 


.0497 


L952 



/ 


p 


00283 


1.037 


00276 


1.047 


00263 


1.053 



Age. 

133 
150 
160 



1L42 
11.98 
12.07 



In Table VII. is contained, with one exception, the data for one 
frame. This run was made especially with reference to the varia- 
tion of the surface tension with time, and in many respects it is the 
most reliable of all. One half gallon of the liquid was filtered into 
the large bulb. When the last measurement was made the liquid 
was nearly all gone — scarcely enough to wet the lower edge of the 
frame. 

The data contained in the above three tables are represented graph- 
ically in Fig. 5. In order that the values given in Table VI. come 
on the curve as located by the data in Tables V. and VII. the age 
had to be halved. This shows that the mercury mirror and the 
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CRYSTALLIZATION UNDER ELECTROSTATIC STRESS. 

By Paul R. Heyl. 

THE thought underlying these experiments was that if crystals 
were allowed to form from solutions subjected to strong and 
intermittent electrostatic stress the crystals might, when large enough 
to be observed, bear some birthmarks which might be interesting or 
possibly valuable. A change in the interfacial angles seemed the 
most likely effect, and an alteration of density was deemed possible. 
Both .these effects were looked for, and a salt sensitive to slight 
mechanical disturbances (Hgl,) was employed as an indicator ; but 
no effect was found. 

The method of procedure was as follows : a shallow glass crys- 
tallizing dish some 8 cm. in diameter, with a flat bottom, was placed 
upon a sheet of tinfoil. Within this, raised about 0.5 cm. from the 
bottom, was a similar but smaller dish. This second dish was sup- 
ported in some cases by a wire twisted around its upper part, and in 
some cases by resting on a bent glass rod laid in the larger dish. 
The inside of the bottom of the smaller dish was coated with tinfoil. 
The two tinfoil sheets were connected to the knobs of an influence 
machine or to the secondary terminals of an induction coil. The 
solution under experiment was poured between the dishes after the 
electrostatic stress had been started. 

Two solutions were used, viz., sulphur in carbon disulphide, 
allowed to evaporate spontaneously, and hot saturated solutions of 
Hglj in alcohol. 

Sulphur in Carbon Disulphide. 

Four lots of crystals are to be mentioned. Lots A and D were 
produced without electrostatic stress ; lot B, under the stress pro- 
duced by an induction coil giving a spark 0.2 cm. long; lot C, 
under the stress produced by an influence machine set for a spark 
I cm. long. With lot C, in the earlier stages of the crystallization, 
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sparks passed between the knobs of the machine from two to five 
times a second ; but later, when the level of the solution had fallen 
so as not to touch the upper dish, sparks passed but rarely. The 
solution was violently agitated by electrification, and the crystals 
rose and fell constantly between the dishes. Owing to this agita- 
tion the crystals were much smaller than those of any of the other 
lots. In lot B the stress was so rapidly intermittent that the solu- 
tion remained quiet. 

The octahedron to which the sulphur crystals approximate has 
theoretically but three different dihedral angles, marked «, /9, y in 
Fig. I . This notation is used in the following tables of observed 
Each angle given in the tables is the mean of five or more 
observations, made by the reflection method, using 
a spectrometer reading to single minutes. The 
figure in parenthesis after each angle represents the 
number of minutes by which the given mean differs 
from the most widely divergent single observation ; 
a number which, roughly speaking, varies inversely 
with the polish of the faces forming the angle. 
For our purposes this number will be more useful 
than the much smaller ** probable error,** which 
averages less than one minute for all the angles given. 

The two angles y (Fig. i ) should, geometrically, be equal. It 
was not always possible to measure both angles in every crystal, 



angles. 




Fig. 1. 



Crystal. 


a 


^ 




y 


" 


lA 


85*» 8' (2) 


106^53' 


(3) 






2A 


85 (3) 


106 18 


(2) 


143« 9' (7) 143» 


16' (3) 


3A 


84 50 (12) 


106 35 


(4) 






4A 








143 15 (3) 




5A 


85 8 (5) 


106 39 


(6) 






6A 


85 11 (8) 


105 53 


(1) 


143 9 (3) 143 


2 (9) 


7A 




106 52 


(4) 






8A 


85 4 (5) 


106 43 


(4) 


143 34 (3) 




9A 


85 15 (2) 


106 12 


(2) 


142 56 (4) 




lOA 


85 5 (7) 


106 24 


(4) 


142 46 (1) 




llA 


85 4 (1) 
85 5 

5 


106 33 

~ 106 30 


(4J 






Memn 


143 8 




Average depar 


15 




10 




tore from mean. 
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Crystal. 


a 




P 




y 


IB 






106*^38' 


(7) 


143^17' (3) 


23 


85*» V 


(4) 


106 42 


(5) 


143 2 (6) 143^27' (3) 


3B 


85 34 


(3) 


106 8 


(4) 




4B 


85 19 


(6) 


106 9 


(2) 


142 48 (5) 144 17 (3) 


5B 


85 22 


(4) 


106 11 


13) 




6B 


84 26 


(1) 






142 6 (3) 143 27 (4) 


7B 


85 1 


(4) 


106 31 


(2) 


143 22 (6) 143 11 (3) 


8B 


84 48 


(4) 


106 24 


(2) 


142 58 (2) 


9B 






106 30 


(2) 




lOB 


85 30 


(2) 


106 39 


(1) 


143 35 (3) 


IIB 


85 8 


(4) 






143 42 (3) 


12B 


85 47 


(4) 


105 39 


(4) 


144 49 (3) 


13 B 


85 25 
85 13 

18' 


(6) 






143 57 (3) 


Mean 


106 21 


143 26 


Average 
departure. 




16' 




28' 


IC 


83n9' 


(1) 


106°32' 


(3) 




2C 


85 20 


(3) 


106 32 


(3) 




3C 










143^20' (2) 


4C 


85 23 


(2) 


106 17 


(2) 




5C 


85 16 


(3) 








6C 


85 16 


(4) 


106 43 


(2) 


142 33 (3) 


7C 






106 21 


(6) 


143 56 (5) 


8C 


85 27 


(2) 


106 26 


(3) 


143 22 (2) 143*'15' (2) 


9C 


84 56 


(2) 






143 26 (3) 


Mean 


85 




106 28 




143 19 


Average 
departure. 


30' 




V 




16 



but where possible it was done, and two values are given in the y 
column. The ** average departure from the mean*' does not refer 
to the figures in parenthesis, but measures the variability of that 
angle among all the crystals. 

The first point to be noticed is the variability of the angles. This 
cannot be ascribed to electrostatic stress, as it appears in lot A. 
That it is a fact, and is not due to experimental errors, is seen by 
considering the measures of precision. For instance, the angle /?, 
crystal 6A, was the most perfect of all the angles measured. It is 
possible, though hardly probable, that its value may be as great as 
105^54' or as small as 105^52'. Especial care was taken with 
this angle to make sure that the number of degrees was correctly 
read. To insure this, readings were taken at different places on the 
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scale. Now compare this with the angle j9 of crystal 7A. It is 
possible, though not probable, that this latter angle may be as small 
as 106^48'. The discrepancy here is greater than experimental 
error can account for, and other instances of a similar kind are to be 
found in the tables. This variability of angle is doubtless to be as- 
cribed to the rapidity with which the crystals were formed. The 
month was July, and the carbon disulphide evaporated spontaneously 
in from forty-five minutes to an hour and a half. Again, in lot C, 
the mechanical agitation of the solution, previously alluded to, may 
have had such an effect. 

Nor does it certainly appear that this variability is either increased 
or diminished by the electrostatic stress. With the electric crystals 
the average departure from the mean is in some cases increased, in 
some diminished, as the stress is increased ; and the change in vari- 
ability is of the same order as the variations among individual crys- 
tals, so that it may be considered fortuitous. 

A large number of small crystals formed under the stress of the 
influence machine were examined under a low power microscope, but 
no particular peculiarity of shape was evident. There was a rather 
frequent truncation of the upper and lower terminal points of the 
octahedron, but this is not unknown in crystals normally produced. 

The density of the crystals was determined by the specific gravity 
bottle. The crystals were dried on a water-bath until they ceased 
to lose weight ; the distilled water used was freshly boiled ; the air 
pump was used to eliminate bubbles ; and the temperature of the 
water was read to o. i ® as soon as equilibrium was attained, before 
even the weights were counted. The following values were obtained : 

Lot A, Ordinary. 
2.036 24.5^ 
2.030 25.2 
2.035 25.7 

27034 

Lot B, Electric. 
2.048 27.6« 
2.052 27.7 

2.050 

2.043 



LotD, 


Ordinary 


2.059 


33.8« 


2.059 


33.4 


2.058 


33.0 


2.059 




LotC 


Electric. 


2.051 


25.0° 


2.039 


27.9 


2.041 


28.0 


2.039 


28.2 
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The usually accepted value for octahedral sulphur is 2.05. It 
will be noticed that one of the ordinary lots (A) departs more fromi 
this value than either of the electric lots. The inference is obvious ; 
electrostatic stress produces no effect on the density. The volume- 
expansion of sulphur, as given by Kopp, is so nearly that of water 
that the temperature reductions could not affect the second decimal 
place, and may be neglected in comparison with the error intro- 
duced by the retention of air-bubbles ; for to this source must be 
ascribed the above differences. Crystals that are smooth and well 
finished, as were those of lot D, yield up their air-bubbles readily 
in vacuo; but lots of a poorer quality, as was lot A, retain air in 
their crevices with the greatest tenacity, and the air pump is not 
adequate to remove the last traces. Frequently, after half an hour's 
pumping, small bubbles could be seen in the mass which no shak- 
ing could dislodge, and which did not shrink into invisibility on ad- 
mitting the air. Several lots of crystals had to be discarded as 
worthless on this account. An attempt was made to use the crys- 
tals powdered, but such is the reluctance of powdered sulphur to 
being wet that the difficulty was increased many-fold. 

If it be asked why the crystal angles were measured in lot A 
rather than in lot D, the answer is that lot A was formed under 
conditions of disturbance which more closely resembled those un- 
der which the electric crystals were formed. The solution was 
exposed to the air of a warm room, and the rapid evaporation kept 
the crystals continually in motion in their earlier stages ; while so- 
lution D was shut up in a fume chamber, where the evaporatioa 
was much more prolonged and quiet. 

Mercuric Iodide. 

This salt was used simply as a delicate qualitative detector.. 
Below 150® it forms red octrahedra ; above 150®, yellow needles. 
From hot alcohol it crystallizes, though much below 150°, in the 
yellow form, which is so unstable at that temperature that on press- 
ing the crystals under a glass rod, shaking the solution, or even 
allowing the crystals to stand quietly in the mother-liquor, they 
change into the red variety. It was hoped that electrostatic stress 
would shake the nascent crystals sufficiently to cause them to- 



Digitized by 



Google 



88 PAUL R, HEYU [Vol. XIV. 

assume the red form from the beginning, but under a i cm. spark 
from an influence machine the salt crystallized from the solvent 
tncntioned in the yellow form. 

As far as the examination has gone the conclusion is negative : 
that electrostatic stress does not affect crystallization. This conclu- 
sion may also be stated positively : any molecular forces called into 
play in a solution under electrostatic stress are not comparable with 
the forces of crystalline attraction. 

Boys' High School, Reading, Pa. 
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SOME EXPERIMENTS ON THE BEHAVIOR OF 

DIELECTRICS WHEN SUBJECTED TO 

HIGH POTENTIALS. 

By John Sanford Shearer. 

I. 

ONE of the principal difficulties in the experimental study of the 
effects of high electrical potentials has been the erratic be- 
havior of electrostatic machines. The transformer is available for 
the production of alternating electromotive forces ; but in the pro- 
duction of unidirectional pressures we have hitherto been compelled 
to rely on various types of friction or induction machines. All of 
these are more or less fragile, and peculiarly subject to atmospheric 
influences, so that it is well-nigh impossible to carry on continuous 
work with them. The rise of potential after discharge is also more 
or less irregular, and one can never be quite sure what the actual 
conditions are likely to be. < In general, no considerable amount of 
electric power is developed by such machines, and long sparks are 
lacking in volume even when working under favorable conditions. 

The use of a great number of storage cells by Professor Trow- 
bridge, by means of which a set of condensers were charged in 
multiple, and then discharged in series, marked a distinct advance 
in this line of work. The expense of installation of such a plant is, 
however, for most experimenters almost prohibitive. The care of 
such a set of cells must also be exceedingly vexatious ; while the 
discharges produced per second are of necessity few. 

An application of a similar principle was made by Professor Elihu 
Thomson in his dynamo-static machine. In this case the con- 
densers were charged in multiple from a high tension transformer, 
contact being made for a portion of the wave only. The conden- 
sers were then discharged in series, thus multiplying the potential 
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of the transformer by the number of plates used. The charging 
and discharging device consisted of a rotating spindle carrying suit- 
able projections passing near curved wires, the latter being attached 
to the plates. The spindle was driven by the generator that sup- 
plied current to the transformer. By this means the time of con- 
tact could be controlled ; and whatever variations of speed might 
occur in the generator were synchronous with the changes in the 
speed of the spindle. Through the kindness of Professor Thom- 
son, the writer was enabled to build a similar machine for use in the 
present investigation. 

The generator used was a one-horse-power, 500-volt, direct -cur- 
rent motor, with a speed of 1,800 revolutions per minute. A pair 
of slip rings were attached to the armature shaft, and connected to 
opposite armature segments ; the small motor then acted as a rotary 
converter and gave an effective E.M.F. of approximately 350 
volts. It was found by trial that the self-induction of the armature 
was sufficiently low so that an alternating current of 1.8 amperes 
could be drawn from the slip rings. This alternating current 
passed through a transformer having 800 turns in the primary and 
48,000 turns in the secondary, thus giving a maximum pressure of 
30,000 volts. It was found expedient, however, to operate with a 
maximum pressure of 22,000 volts. As the secondary was wound 
in twelve separate coils, any E.M.F. from 2.500 to 30,000 could 
be readily obtained. 

To one end of the armature shaft was attached a gear wheel ar- 
ranged so as to give the spindle a speed of rotation equal to one- 
half that of the armature. 

Eighteen condenser plates consisting of tin foil on glass were used 
as condensers. The dimensions of the coatings were 20 by 25 centi- 
meters, the thickness of the glass about 2 millimeters. Brass blocks 
were soldered to the tin foil, and aluminum wires were inserted in 
the blocks and fastened by means of set screws. These wires, prop- 
erly curved, were placed close to the path of the projecting wires 
on the rotating spindle, actual contact not being necessary because 
of the high potential of the transformer. The length of the wire 
arcs was chosen so that charging could take place during one-half 
of each alternate crest in the same direction. 
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The average charging potential in this case is nearly 90 per cent, 
of the maximum, and the time allowed for charging the condenser 
was .0139 second. 

In order to protect the motor from dangerous sparks, the spindle 
was made somewhat longer than was otherwise necessary, and all 
parts were covered with several coats of shellac. Considerable 
trouble was experienced at first because of the tendency of charges to 
strike back to the terminals of the secondary, a slight puncture of 
the insulation being followed by the transformer current and thus in- 
juring the coil. To avoid this, the transformer leads were carried, 
carefully insulated, into two deep grooves in a cylinder fitted to the 
end of the spindle ; and as a further protection a lightning arrester 
was placed across the terminals of the secondary. A high tension 
discharge would then be forced by the self induction of the second- 
ary across the arrester, and the arc produced by the transformer 
current would either break down by reason of convection, or suf- 



^-L 




Fig. 1. 

ficient current would be drawn through the motor to throw a small 
circuit breaker adjusted for two amperes. Most of these difficulties 
could be avoided by the use of an oil insulated transformer and a 
driving device which would serve to insulate the motor from the 
high tension portion of the apparatus. The details have since been 
worked out by Prof. Thomson, and embodied in the machine re- 
cently exhibited at the Conversazione of the American Institute of 
Electrical Engineers in New York. 

The machine may be readily used to charge Leyden jars, but 
it is necessary to avoid the back pressure during the multiple con- 
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nection, as otherwise the series E.M.F. of the condenser would 
be opposed to the E.M.F. used in charging, and might easily rup- 
ture the secondary. A spark length greater than the striking dis- 
tance of the transformer may be inserted in series with the jars, or 
better, a rotating connector at the end of the spindle may be used 
so that connection with the batteries is only made when the con- 
densers of the machine are connected in series. 

Such a machine affords a source of high potential entirely inde- 
pendent of the weather or of any surrounding conditions. It re- 
quires only a source of direct current, and no operation other than 
turning a switch is necessary for starting. The generator may be 
driven by power as an alternating generator with the same results. 

The length of spark in the present machine may vary from a 
fraction of a centimeter to 3 5 centimeters. A battery of 1 8 two- 
quart Leyden jars may be charged to overflowing in from 4 to 5 
seconds. The discharge is extremely sharp, and resembles in many 
ways miniature lightning discharges. 

Blocks of white pine placed between the discharging terminals, 
with the grain parallel to the lines of force could be readily lighted 
up by the discharge, while slivers of considerable length were often 
torn off. The variation of the resistance of wood along and across 
the grain was shown in a rather striking manner by using wooden 
terminals instead of metal. When the grain ran perpendicular to 
the lines of discharge the sparks came out of the wood along the 
grain and then across the air path. 

An estimate of the potential actually developed may be reached 
by the use of discharges between needle points. It was found that 
the mean spark length, between bright steel needle points, was 3.7 
centimeters for a single condenser plate. According to the ordinarily 
accepted values for spark potentials this means approximately 12,- 
000 volts per plate, showing, as was to be expected, that the 
potential acquired by the plates was considerably below the aver- 
age charging potential during contact. This is doubtless explained 
in part by the large capacity of the condensers, and by the fact 
that the resistance of the air gaps is considerable. Measurements 
were made with balls 2 centimeters in diameter with similar 
results. 
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The potential when the 1 8 plates are discharged in series would 
then be 216,000 volts, approximately. No method of conveniently 
measuring the potential, other than that just mentioned, was at hand. 
The agreement, however, between the measurements for the indi- 
vidual plates, and the fact that the striking distance directly across 
the transformer terminals was found to be almost exactly that com- 
puted from the ratio of transformation, indicate that the results are 
fairly accurate. 

When connected so as to charge a large battery of Ley den jars, 
in shunt with which was placed a spark gap with bright needle 
points, a very steady glow discharge could be maintained. This 
suggested the possibility of measuring the current of such a dis- 
charge. A series of readings with a tangent galvanometer gave for 
the current the approximate value of 107.10"* amperes for a four- 
inch air gap, and 200. lO"* for a two-inch air gap. The difficulty 
of measurement lay principally in the accumulation of static charges 
on the magfnet ; but by discharging after each reading, and protect- 
ing from such eflfect as far as possible, reasonably good readings 
were obtained. 

The following summary of dimensions and data concerning the 
apparatus may be of interest : 

Number of turns in primary, 800. 
Number of turns in secondary, 4,000 per coil. 
Number of coils in use on secondary, 9. 
Number of turns in actual use, 3,600. 
Ratio of transformation 45. 
Maximum primary pressure, 500 volts. 
Maximum secondary pressure 22,500 volts. 
Primary airrent, 2 amperes, nearly. 
Secondary current, .044 ampere. 

The mean charging potential may be deduced from the alternating 
E.M.F. wave as follows, assuming the latter to be a sine function : 




Fig. 2. 
Area ABCD (Fig. 2) = I ^' sin fidfi = y/2 
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when maximum ordinate » i ; 

Mean value of ordinate = = :^ .go 

t: It 

2 

or the mean value of the ordinate between A and D taken symmetri- 
cally about the maximum = 90 per cent, of the maximum. 

When £"= E^^\x\pt, mean value = .90 E^ or mean charging po- 
tential is nearly 90 per cent, of maximum potential difference at the 
terminals of the transformer ; i. c, 22,500 x .90 = 20,250 or about 
20.000. 

The total capacity of the 18 plates was approximately 127.10"*" 
farads. When charged to 12,000 volts the quantity would be 
15.10"* coulombs. The time allowed for charging was .0139 
second, giving for a mean charging current .0108 ampere. The 
current output then was one-eighth of this or .0013 ampere. This 
mean output could be doubled by driving the spindle at the same 
rate as the armature, in which case the length of the charging arcs 
should be doubled. 

Fig. I shows the general connections of the machine. AB is the 
rotating spindle at time of charging the condensers. A' B' indicates 
the connections after the spindle has rotated 180®, when condensers 
are discharged. 

II. 

Among the unsettled questions in electrostatic theory is the rela- 
tion between electrostatic strain and mechanical deformation of the 
dielectric. Ever since Faraday directed the attention of physicists 
to the influence of the medium separating two charged bodies upon 
the electric phenomena observed, the question of the real relation 
of the medium, whether visible or invisible, to the various phenomena 
involved has been a subject of widespread interest, and of elaborate 
theoretical and experimental investigations. 

In the theoretical development, the equations derived by Maxwell 
for the enei^ per unit volume in the dielectric and its rate of change 
during redistributions of magnetic or electrical quantities, and the 
interpretation of electrostatic strain along and perpendicular to lines 
of force have been the subject of endless discussion. 
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Exactly what Maxwell meant by polarization, or what relation 
this polarization has, if it exists, to the various physical properties 
of the medium, is a question which may, perhaps, never be settled. 
Yet its suggestiveness in many ways, and its capability of interpre- 
tation in accordance with the various mechanical pictures which 
have been devised as aids to a clearer comprehension of the phe- 
nomena, make any attempt in this direction a matter of extreme 
interest. 

Since mechanical force is brought into play by electric charges, 
and a non-conductor subjected to electrostatic stress may be rup- 
tured, it seems at first sight natural to suppose that changes of vol- 
ume and dimensions might be produced by such means. This 
question of the change of size and form of a solid or liquid separat- 
ing two electrical charges has been investigated with considerable 
care by various observers, among whom may be mentioned Duter, 
Righi, Quincke, Korteweg, Julius, Cantone and others, with a great 
variety of results. 

The work of many of these is undoubtedly subject to considerable 
criticism, partly because the precautions necessary to avoid serious 
error were underestimated, and partly because the means at hand for 
the measurement of small changes were sometimes inadequate. 

In order to clearly understand the difficulties involved in an in- 
vestigation of this kind, it may be well to call attention at once to 
the fact that the change predicted by the theoretical physicists is in 
all cases extremely small, and that unfortunately in the one case 
really open for experimental investigation, most of the errors due to 
various outside causes tend to produce a change in the direction 
expected. For example, according to the theory most generally 
accepted, there should be an elongation of the dielectric at right 
angles to the electrostatic strain, and this should be accompanied 
in most cases by a variation of volume. Any variation in the 
shape of the dielectric has a tendency to affect the measurements in 
the same way as a real change of length ; and it is well known that 
variations of temperature so small as to be difficult to guard against, 
and which are perhaps altogether too small to measure, may pro- 
duce an elongation of nearly the same order of magnitude as that 
which would be called for by these electrostatic theories. Also in 
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case conducting plates are used, with opposite charges in contact 
with the surfaces of the solid, the mechanical compression would 
tend to produce an elongation perpendicular to the lines of force. 
Where changes of volume have been used to deduce the various re- 
sults, it is a significant fact that those receptacles which, in all prob- 
ability, would be most likely to suffer a change of shape have been 
those giving the greatest variation in volume. 

The history of the subject, together with a brief resume of the 
principal experimental results, as well as a development of the 
theoretical side from a thermodynamical standpoint will be found in 
an excellent article by Sacerdote. It may be of interest, however, 
to give here a brief review of the previous experimental work, and 
to attempt to discover the real facts or assumptions upon which 
theoretical conclusions are based. 

The first observations upon the expansion of dielectrics were 
made by Fontana in 1786. He believed that the volume of a 
Leyden jar was increased by charging. Govi in 1864 made the 
first observation with a thermometer tube and was concerned prin- 
cipally with the variation of volume of the cavity containing the 
conducting fluid. 

Duter, in 1878, published the results of a series of experiments 
with a double bottle made by sealing one glass bulb within another. 
From each of these a capillary tube projected. Any change in the 
volume of either liquid due to electrification would be indicated by 
a rise or fall of the surface of the liquid in one or both of these 
tubes. The results obtained by this method can hardly be con- 
sidered as quantitatively exact, but they appear to indicate an effect 
varying with the square of the difference of potential, and inversely 
as the thickness of the dielectric. The curve (/), Fig. 3, gives an 
idea of the magnitude of the observed effects. It is to be noted that 
the thickness of the glass was small, and in vessels of this kind it 
can hardly be supposed that the thickness could in any sense be 
considered as uniform. 

In 1879, M. Righi published a paper concerning the dilatation of 
dielectrics used in cylindrical condensers. A long glass tube was 
rigidly fastened near the upper extremity, while the lower end 
pressed against a spring to which was attached a mirror. In this 
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way an extremely sensitive optical lever was produced, and varia- 
tions in the condenser tube would produce deflections of a spot of 
light with considerable magnification. The condenser plates were 
attached to the conductors of a Holtz machine, and the potential 
difference required was measured directly by an electrometer of his 
own design. He used tubes of glass about 75 cm. in length, but of 
considerable thickness as compared with the bottles used by Duter, 
varying from 1.3 to 1.6 mm. He summarized his results as follows : 

•* We may conclude from the preceding results that a tube of 
glass I m. long and i mm. thick, charged to a difference of poten- 
tial corresponding to a cm. spark length between brass balls 1.5 cm. 
in diameter, will increase in length 2 microns." 

The first observations by Quincke were published in 1880, and 
contained an elaborate series of measurements with thermometer 
tubes. He worked principally with two classes of material ; one an 
English flint glass, and the other Thuringian glass. In a second 
series of experiments Quincke investigated the change of length of 
cylindrical glass tubes, using for this purpose small tubes from 1 to 
1.9 meters in length. These tubes were silvered on the inside and 
were usually immersed in a fluid conductor for the external dielectric 
Changes in length were measured by Oertling's lever ; the length, 
for a range of 18 mm. being measured with an exactness of .cxx)4 
mm. The details of these measurements may be found in Wied. 
Ann., Vol. 246, pp. 334 to 378. After the discharge of the Ley- 
den jars, both the flint and the Thuringian glass retained a slight 
elongation which in general was greater when the original stretch 
was greater. With the flint glass this amounted from one to two 
millionths of the original length. One point of interest in con- 
nection with Quincke's work relates to the puncture of glass by 
electrical tension. He attributes this not to the heat produced by 
the current through the dielectric, but rather to the unequal me- 
chanical strain upon the glass produced by electrification. It should 
be observed that there was a considerable discrepancy in the results 
which he obtained under apparently similar conditions, and in those 
where the variation of thickness of the dielectric was found to be 
considerable, changes much more marked were found than in other 
cases. In fact, he constructed an electrometer by using a thin tube 
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of glass, the wall being much thinner on one side than on the 
other : when used as the dielectric of a condenser the tube was dis- 
torted upon charging, the displacement of the lower extremity be- 
ing often several mm. 

Quincke's measurements were carried out with great care, the 
capacity of condensers was measured, and a careful determination of 
the potentials was made, both by means of an electrometer and by 
the use of spark lengths. Some idea of his experiments may be 
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obtained from curve II and III (Fig. 3), representing the work upon 
condensers. Part of the conclusions drawn by Quincke from his 
experiments are as follows : 

*' 1. Solid and viscous bodies change their volume when they 
are in any manner subjected to an electrical force ; as in the case of 
glass used in a Leyden jar. 

** 2. This volume change is not to be considered as due to heat 
and is usually an expansion. Nevertheless, there may be a con- 
traction as, for example, in the case of the fatty oils. 

** 3. In the case of gases, I have been unable to observe any change 
of volume through electrical force. If such a change exists, it 
must be smaller than i, 3.10* of the original volume. 
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** 4. The volume change follows immediately in the case of flint 
glass, and much more slowly in the case of the better conducting 
Thuringian glass, upon the application of the electrification. Upon 
the discharge of the spherical or cylindrical condensers the glass 
returned very nearly to its old volume ; immediately in the 
case of the flint glass, more slowly in the case of the Thuringian 
glass. 

** 5. Simultaneously with the change of volume there occurs a 
change of length in cylindrical condensers. 

** 6. Volume and length changes are so much the greater the 
greater the electrical difference of potential maintained between the 
plates and the smaller the thickness of the insulating material of the 
condenser ; in fact, very nearly, but not exactly proportional to the 
square of the ratio of the potential difference and thickness. 

** 8. After the discharge of the condenser plates there remains a 
remnant of the volume change in the same sense as the original, 
which is very small in the case of flint glass, and is much greater 
in the case of Thuringian glass, and appears to be dependent upon 
the electric polarization of the glass. The volume and length 
change do not depend upon the electric compression of the insu- 
lator. With flint glass the electric expansion takes place equally 
in all directions as in the case of temperature expansion and is in- 
dependent of the nature and direction of the electric force. 

"II. The electric volume change and change of length take place 
in glass in approximately the same manner as expansion by rise of 
temperature. 

" 12. Under the influence of electric force the elasticity of flint 
glass, Thuringian glass and caoutchouc rises and of mica and gutta- 
percha falls off*. 

** 1 3. The electrical perforation of glass and other substances is a 
consequence of the unequal dilatation of the substance.** 

W. C. Roentgen was the first to object to these conclusions and 
in a paper published shortly after Quincke's, he maintained that the 
observed results could be readily explained in other ways. 

Korteweg and Julius in 1881 measured the deformation of caout- 
chouc. They found the effect in this case to be immensely greater 
than the corresponding effect upon glass. 
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Quincke made a very elaborate series of experiments to deter- 
mine the elastic constants of his tubes and also the specific induc- 
tive capacity of the glass used. In the latter paper he states the 
belief that the view of Roentgen and others was well taken, but 
maintains that direct pressure of the electrodes would not explain 
all the observed phenomena; citing, in particular, that in liquid 
dielectrics the volume diminished. 

Further work in the same line has been done by Cantone, in 
a variety of experiments beginning in 1888. He also used cylin- 
drical condensers, but instead of magnifying the movement by op- 
tical devices, he chose an interference method. He used a cylin- 
drical vertical glass tube for his dielectric, to the upper end of which 
was attached a carefully calibrated capillary tube. The lower end 
of the condenser tube carried a small mirror, adjusted parallel to a 
fixed mirror. Measurements were made by observing the displace- 
ment of the interference fringes produced by the reflection of light 
between these mirrors. His potentials were expressed in terms of 
spark lengths between brass balls. For the internal coating, he used 
water, and the tube was silvered externally. It is to be observed 
that the tubes used were extremely thin, and also of small radius. 
Any variation of form due to charging would produce changes in 
the position of the fringes, which apparently woul.d be very difficult 
to distinguish from those produced by changes in length. Curves 
IV., v., VI., Fig. 3, show some of his results, as reported by 
Sacerdote in the paper previously mentioned. 

Dr. L. T. More, in August, 1900, described some experiments 
in which a negative result was reported, and the existence of such 
effects was called in question. Dr. More measured the vari- 
ation in length of a cylindrical tube by means of an optical lever, 
using an influence niachine as a source of potential difference. He 
called attention to the irregularities in previous work, especially 
as regards Quincke's results. His paper was criticised by Sacer- 
dote, who asserted that the effect was too small to be distinguished 
from accidental movements in the arrangement used. 

Dr. More in ^ later paper showed that his apparatus was cer- 
tainly able to detect changes much smaller than those which should 
be expected if the work of Cantone is taken as a basis. 
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Several attempts have been made to develop a theory covering 
the subject of dielectric expansion, but in all cases the assumption 
is made that the phenomenon has a real existence. The principal 
causes which may be assigned to account for an observed expansion 
perpendicular to the lines of electrostatic strain are as follows : 

1 . Polarization of the didectric. To use this, certain hypotheses 
must of necessity be made, since the exact nature of polarization is 
entirely unknown. 

2. Mechanical pressure of charged metal electrodes, causing an 
expansion of a purely elastic nature. 

3. Thermal expansion, caused either by partial conduction of the 
dielectric, or by surface discharge. 

4. Apparent expansions due to change of form upon charging. 
The part played by this in such phenomena is often extremely diffi- 
cult to estimate, and in case volume changes of the internal cavity 
are the subject of measurement, it is not probable that consistent re- 
sults would be found for dielectric expansion. 

Among the hypotheses made as a basis for analytical work may 
be mentioned that of Korteweg, who assumed the distribution of a 
great number of small partially conducting particles in the insula- 
tor, which alter their position when subjected to electrostatic strain. 
This view is in accordance with that commonly accepted in the 
theory of magnetism, and bears a striking resemblance to the 
modern electron theory. 

Attempts to connect volume changes directly with the energy 
per unit volume were made by Moutier, whose equations ultimately 
reduced to a relation between an elastic constant of the dielectric and 
its energy per unit of volume. His expression for the variation of 
volume being 

3 8'T ' 

M. Vaschy has assumed that only a fractional part of the ether is 
concerned in movements or variations of condition of ponderable 
material. In his work, he finds that K^ \ is a factor of volume 
changes upon charging, which would seem to agree with the fact 
that gases suffer no expansion under electrostatic strain, as in this 
case K may be assumed as i. 
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In the developments along the idea of dielectric polarization, it 
has been customary to assume that K is a function of direction and 
elastic condition of the dielectric material, and elaborate formulae 
connecting the various constants with the energy and strain equa- 
tions has been found by Kirchhoff and Lorberg. 

Duhem has applied the method of thermodynamic potentials to 
this subject and has assumed that dielectric expansion and mechanical 
pressure are uniform and independent of direction. His suggestion 
as to the method of attack has been followed up by several writers 
who have arrived at results more or less in accordance with the ap- 
parent indications derived from experimental researches. 

Lippmann, applying his idea of the conservation of electricity, as- 
serted that the change in dimensions, as found by Quincke and 
others, required that the dielectric constant should change with 
mechanical pressure. This assumption enables the reasoning of the 
Carnot cycle to be applied when the temperature of the condenser 
is maintained constant. 

M. Curie endeavored to show by similar reasoning that in the 
case of quartz, which exhibits the phenomena of piezo electricity, 
the variations experienced on charging should vary with the poten- 
tial difference and not with its square. 

J. and P. Curie took up the question of dilatation of crystals, 
basing their theoretical work closely upon that of Lippmann, and 
carried the small element of volume through a series of changes 
in which the coordinates expres.sing conditions are potential and 
electrical quantity, instead of pressure and temperature. They 
deduce therefrom that the length would suffer a change of length 
proportional to the potential difference and not to the square of this 
quantity. They thus write /' = /— av. They predict that for this 
reason experiments undertaken with quartz would present a pecu- 
liar interest if it should prove that this theory was verified. Taking 
the case of a crystal of quartz in the form of a rectangular parallelo- 
piped, the application of pressure along the electrical axis would 
produce an electrification given by the formula, Q = piezo electric 
constant {k) x the force applied {F'). If we take a kilogram weight 
as the applied force, it is found that a quantity of electricity is de- 
veloped capable of charging a sphere of 16.6 cms. radius to a 
potential of i volt. Thus >t = 6.3 . IO"^ 
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If when two surfaces are silvered and charged a reciprocal rela- 
tion exists, then a measurable variation in length might result. The 
experimental methods of these observers were very ingenious, and 
results appear to bear out the theory ; but the observed changes 
have even greater chances of other explanation than in the case of 
glass. 

The most elaborate paper on the theory of this subject is that by 
M. P. Sacerdote, a brief review of which, as applied to long cylin- 
drical condensers, is given here. Lippmann showed that if expan- 
sion occurred, a change of dielectric constant should result from 
mechanical stress. Sacerdote assumes the actual existence of this 
change and makes the following hypothesis concerning its nature. 

Consider any rectangular portion of a dielectric and take the three 
edges as axes. Apply a mechanical stress dq per unit of area 
parallel to the zy plane, and define 

dg -^- 
K 

where >t, is the specific inductive capacity of the substance. Also 
let 

dq "^2 
K 

or a pressure normal to the zy plane. Assuming that these effects 
are independent and additive, we have, when pulls along z and y 
and pressures perpendicular to the zy plane are all present, 

dK^{2k,^k^{Kdq\ 

When a pressure is exerted outward on a cylindrical surface a 
surface tension is produced. The relation between the pressure and 

T 
tension \s dp ^ „ , when R is the radius of the cylinder. The varia- 
tion of K due to such a pressure is then 

' r e ^ 

(e = thickness of cylinder wall). 
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and 

and when dielectric strain is uniform, KH is constant. 
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or 

I dc ^a'\' k^ 
cdQ .^ 

dQ 2 dQ c 



~^S J 8- 
[^u = element of volume] 

vol. 



y« 



a + i, KH^ 



S Stt 
[If KH" is constant throughout] 

~ S 8- 

or 

It should be remarked that this derivation makes some assump- 
tions in addition to those first mentioned. In particular, that 

ide _ idR 
edq^Rdq ' 

and further that e is constant throughout, so that all volume ele- 
ments are equally strained, /. e,, K is taken as constant in the in- 
tegration. These conditions are not fully realized in practice. 
When the inner cylinder is not exactly concentric with the outer, 
forces are brought into play not accounted for in such a discussion. 

Experimental Work. 
Believing that the interference method was most desirable for 
work of this kind, a Michelson interferometer was arranged for the 
purpose. The instrument was placed on a pier in the basement of 
the laboratory, being brought to a convenient height by slabs of 
marble. One end of the piece to be tested was rigidly clamped to a 
metal plate which could be moved parallel to the length of the test 
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piece by a micrometer screw, one division on the micrometer indi- 
cating a movement of .0001 of an inch. The other end controlled 
the position of one mirror on the interferometer. 
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In a preliminary test it was found that a thin tube might buckle 
slightly if required to start the heavy brass block which carried the 
moving mirror. To avoid this, in the first test the tube was allowed 
to act against the small springs holding the adjustable mirror in po- 
sition, and the micrometer screw was then used in the place of one 
of the adjusting screws of this mirror. This arrangement was ex- 
tremely sensitive, but it was somewhat difficult to get the fringes in 
proper adjustment. 

Later the brass block moving on the ways was removed and the 
mirror was fastened directly to the tube, being supported on two 
small pieces of plane plate glass. This arrangement gave a support 
responding to the slightest movement, and yet easy to adjust. By 
means of an auxihary screw a very slow rotation could be given 
to the micrometer screw, and the number of fringes passing the 
cross-hair in a reading microscope could be counted. A series of 
such readings gave .0000275 cm. as equivalent to a displacement 
of one band width ; that is, from center to center of adjacent black 
bands. The distance from center to center was measured by 1.95 
turns of the screw on the microscope. This microscope was placed 
on an optical bench, so that the adjustments could be readily made. 
Considerable difficulty was experienced with vibration and it was 
necessary to confine work to those hours when no machinery was 
in operation in the immediate vicinity. 
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The first trial was made with a strip of hard rubber, 40 centi- 
meters in length, 6 millimeters wide, and 3 millimeters thick. This 
rested on small glass rollers placed on a plate of glass, on the under 
side of which was pasted a strip of tin foil about 33 centimeters long 
and 5 centimeters wide. Another glass plate was supported so as 
not to touch the rubber, and having a similar strip of tin foil on the 
under side. The rubber thus formed a part of the dielectric of a 
condenser. The tin foil strips were connected to the inner and 
outer coatings of a battery of 9 Leyden jars placed in multiple, in 
order that the rise in potential might be sufficiently slow to secure 
observations. This rate of rise could also be governed by varying 
the speed of the machine, or the number of transformer coils in use. 
In this particular case no direct measurement of potential was made, 
but it is sufficient, perhaps, to say that it was carried high enough 
to puncture the lower glass plate, which was 3 millimeters in thick- 
ness. 

Under these circumstances a displacement of approximately one- 
fourth of a band width was observed, increasing gradually, and re- 
turning to the original position after each discharge. After a few such 
movements, this effect could not be produced even on succeeding 
days. The percentage change of length in this case was approxi- 
mately 25.10"^ and might easily have been due to other causes. 
However, when a spark gap was placed across the leads from the 
machine, a considerable displacement of the bands, increasing 
greatly with time, was observed. Upon stopping the machine 
without discharging the condensers, this motion was reversed and 
the bands came slowly back to their original position. It is evi- 
dent in such a case that the condenser may be considered as sub- 
ject to an alternating E.M.F. as the jars doubtless tended to dis- 
charge across the air gap between two successive series connections 
of the machine. On looking between the condenser plates, it was 
observed that the whole region was filled with a glow discharge, and 
occasional small, bright streamers were seen. It is certainly not un- 
reasonable to assume in such a case that the motion was due entirely 
to a gradual heating of the hard rubber. Whether the slight motion 
observed at first was due to elongation of the dielectric under elec- 
trostatic strain, or to a slight twisting of the material by reason of 
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such a field, would be extremely difficult to say. It is readily 
seen that a very slight twist might easily give such an effect. The 
potential reached here was high enough to cause frequent dis- 
charges over the tops of the jars. 

Several more trials were made with hard rubber and in no case 
was the displacement more than one-fourth of a band ; and it was 
observed that after the first few chargings, this effect disappeared. 

A glass rod with a capillary bore was next tried. The diameter 
of the rod was 5 mm.; its length, 45 cm. It was placed between 
glass plates in the same way as the rubber rod previously men- 
tioned, and the condensers were subjected to potentials varying 
from 14 to 80 kilovolts. No movement whatever was observed, 
except when the connections were made in such a way as to insure 
an alternating discharge between the condenser plates. 

Some small glass tubes with mercury for the inner electrode and 
tin foil for the outer, were next used. It was found that with very 
thin tubes the vibration of the building was so great as to make the 
readings uncertain at times. It is certain in all these cases, however, 
that no movement as great as one-half a band width was observed 
when the conditions were such as to avoid a direct heating effect, al- 
though in each case the potential was carried high enough to rup- 
ture the tube. These tubes were approximately 75 cm. in length, 
and the thickness of the walls varied from .08 to . 1 2 cm. It was 
observed that a slight lateral motion, such as that produced by 
hanging a string over the middle of the tube, gave a rotation of the 
fringes ; while a movement parallel to the length of the tube, such 
as could be given by the micrometer screw, gave a movement per- 
pendicular to their length. In one case a very slight movement 
.synchronous with charge and discharge of the jars was observed. 
It ceased after a few discharges, and was too small to measure with 
certainty, since the bands were then vibrating with an amplitude of 
approximately one-fourth of a band width. 

It is of interest to note also that the passage of a spark over the 
tops of the jars, when these were near the refractometer, was accom- 
panied by a sudden movement of the fringes, often causing a dis- 
placement of three or four bands when the tube was not in the 
circuit; evidently this was an air wave effect. It was therefore 
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found necessary to place the battery of jars in such a position as 
to diminish this effect. The trouble was avoided by placing them 
near the ceiling, and above the refractometer. 

The next trial was made with a glass tube, silvered inside and 
out, the coatings being joined to those of the battery of nine Leyden 
jars in multiple. This tube seemed to show a decided effect upon 
continued application of the charge. The following readings will 
indicate the behavior : 



ition of Coanection. 


Total Movement to Left. 


20 seconds, 


1.25 


40 seconds, 


2.25 


60 seconds. 


3.5 


After Discharge. 


Total Movement to Right. 


30 seconds, 


1.5 


60 seconds. 


2. 


120 seconds, 


3. 


150 seconds. 


3.5- 



These observations were repeated several times with almost identical 
results. It was found that the direction of motion on charging was 
the same as that obtained by moving a lighted match beside the 
tube at a distance of three or four inches from it, so as to produce 
a very slight heating. 

Six of the jars were removed and the discharge over the surface 
of the remaining three was accompanied by a rupture of the tube. 
This tube, like the others used in the same manner, was covered 
with a layer of rubber cement on the part not silvered, which 
served to prevent surface discharge along the glass. When this 
was not done, it was found that with fairly high potential differences, 
discharges occurred along the surface of the glass to the refrac- 
tometer or to the marble surface on which the instrument rested. 
The expansion observed in this case showed every indication of 
having its origin in thermal effects. Whether these were pro- 
duced by the passage of the charge along the extremely thin layer 
of silver forming the electrodes, or whether the glass was a partial 
conductor, it is hardly possible to determine. 

Another tube was silvered, care being taken to secure a heavy 
deposit, and the resistance of 75 cms. of the layer was found to be 
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about 9 ohms. The dimensions of this tube were carefully deter- 
mined by immersion in mercury. 



Length of the tube, 


95 cms. 


Length of the silvered portion, 


73 


External diameter, 


.84 


Interior diameter, 


.36 


Thickness of the walls, 


.24 



We were unable to secure a tube of uniform external and internal 
diameter, and having thinner walls. According to the theory of the 
subject developed by Sacerdote, the increase of length varies in- 
versely as the square of the wall-thickness, and if uniformity and 
stability could be secured, it would undoubtedly be desirable to 
use thin walls, thus bringing the charges close together. Inasmuch, 
however, as the potential difference at hand was sufficient to rupture 
the tube, it was thought better to make the trial with a tube as 
nearly uniform as possible. 

In the first observations 1 8 Leyden jars were used in multiple 
with each other and with th^ coatings of the tube. A .spark gap 
2 cm. long was placed in shunt with the coatings, brass balls 2 cm. 
in diameter being used for electrodes. During the first 6 or 8 dis- 
charges, a movement slightly more than one-fourth and consider- 
ably less than one-half of a band width was noted ; this increased 
as the potential rose and diminished after the discharge between 
the balls. A slow creep of the fringes across the field, in a direc- 
tion such as would indicate heating, was also observed. 

Nine of the jars were then removed and the same effect was ob- 
served, the creeping being slightly faster and the springing move- 
ment less certain. With one centimeter spark length between the 
discharge balls, the effect was almost identical with that observed 
before. After discharging the jars and waiting some hours, another 
trial gave a slow movement of 3 bands, and the backward jerk of 
about one-quarter of a band upon discharge. 

Going back to the 18 condensers in multiple again, and 2 cm. 
spark, nothing but a slow creeping of the fringes could be observed. 
On the following day the same series of trials was made with an 
entire absence of the motion of rising and falling with charge and 
discharge ; the creeping effect varying with the time of charge was, 
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however, still present, and the return was much slower than the 
original change. 

In some cases the variation in the temperature of the room was 
sufficient to cause an extremely slight creep of the bands, which 
could easily be distinguished from other effects. Due allowance 
could be made for this. In all cases the movement was in the 
direction indicating expansion during charging. The spark length 
wasgradually increased up to 4 or 5 cm., and then the jars were 
removed and the tube connected directly to the terminals of the 
machine with the spark gap in shunt. After a few sparks had 
passed between the discharge terminals, a rapid motion of the 
fringes was observed and the tube was ruptured. 

Taking data deduced from Cantone's work as reported by Sacer- 
dote in ih^ Journal de Physique of April, 1 901, and his approximate 
value of ''rt" given in the March number, and assuming the dielec- 
tric constant of the glass used as considerably below the average, 
we find that the observed expansion should have been .ocxx>24 for 
a difference of potential of 130 electrostatic units. If the effect 
increases with the square of the potential a considerably greater 
expansion should have been observed in this series of experiments, 
since a 4 cm. spark length between the balls would demand a break- 
ing potential much larger than assumed above. I have been unable 
to find data for explosive potential difference for balls of this diam- 
eter above 1 cm. spark distance. From a comparison of the curves 
of spark lengths drawn from data given in the Smithsonian tables, 
page 244, it is probable that potentials above 1 50 C.G.S. units were 
used before rupture of the glass. If K for this particular glass 
were the average, namely, about 7.5, this expansion would be in- 
creased in the ratio of 1.8 to i or an amount of .000043, which is 
certainly far within the limits of possible readings upon the instru- 
ment. A displacement of one-fourth of one band width was unques- 
tionably in excess of any observed except where heating was fairly 
certain, and this corresponds to an increase of length of .000007 cm. 

Another trial was made with a tube 86 cm. long, 3.5 cm. exter- 
nal diameter, and i mm. thick. This was silvered on the inside and 
covered with tin foil outside. Various potentials were used up to 
the point of rupture of the glass, without effect other than that 
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plainly due to temperature change. Not the least motion of the 
bands could be detected when connection was made to a set of 
highly-charged jars. 

The results given by Kortweg and Julius for hard rubber indi- 
cated an expansion greatly in excess of any observed in the case of 
glass. [Of the order io~® instead of io~".] Several tubes were 
accordingly secured for a trial on this material. These tubes were 
about 100 cm. in length, 2 cm. external diameter, with walls ap- 
proximately 2.5 mm. in thickness. An attempt was made to 
copper-plate one of these, but it was found difficult to get a coating 
on the inside. A tube of tin foil could be readily inserted and 
made smooth, and such a tube 85 cm. long was used. The out- 
side was covered over the same length with light foil. One end 
was entirely plugged with hard rubber cement, and mica collars 
were cemented on the ends of the foil to prevent leakage along the 
tube. The first trial was made with a Wimshurst machine, as the 
use of the dynamo static machine had been subject to some criti- 
cism. A slow and steady movement of the bands was observed, 
followed by a slow and complete return after discharging. From 
8 to 18 bands crossed the field in from 30 seconds to one minute. 
About ten minutes were required for complete return. 

This was repeated several times and several observers noted the 
movements. All the conditions were favorable for accurate read- 
ings, as the bands were broad, distinct and absolutely steady. The 
large machine was then used and much more marked movements 
of exactly similar nature were produced. When the spark length 
between 2 cm. balls was gradually increased from 2 cm. to 4 cm. 
the motion increased very rapidly and the tube ruptured. 

Another tube was then arranged as follows : A long piece of very 
fine copper wire was passed between metal rollers giving a thin flat 
ribbon of copper. This was wound spirally around the tube and 
the ends soldered to two heavy copper rings. A thin layer of 
shellac served to hold the wire in place and to insulate it from the • 
outer tin foil tube. Heavy copper leads with well amalgamated 
ends joined the rings to mercury cups from which connections were 
made to a Wheatstone bridge. One copper ring was connected to 
the tin foil to avoid puncture. 
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When the machine was operated with only part of the coils active 
only a slight movement was noted, except that when the Leyden 
jars were discharged a sudden backward jerk was seen. This was 
shown to be due to an air wave by firing a blank cartridge in an 
adjacent hall, which reproduced the jerk in direction and amount 
when the proper distance was secured. 

It was observed that a slight decrease in the resistance of the 
spiral resulted when the machine was operated even when the con- 
denser tube was entirely disconnected. Doubtless due to a slight 
coherer action at the various junctions in the circuit. When the 
connections were arranged so as to give a 2 cm. spark between balls 
of that diameter the same slow motion of the fringes was seen. As 
soon as possible the tube was discharged, connections were made 
with the bridge and a distinct increase in resistance was noted. 

Sample readings are as follows : Temperature of room very con- 
stant. Bands clear and steady. Resistance of spiral 14.80 ohms 
before starting machine ; after running machine a few minutes before 
it was connected to the tube a deflection of the bridge galvanometer 
to the left .5 div. indicated a reduction of resistance. Later runs 
gave no change in this. On connecting to the plates of the cylin- 
drical condenser until 20 bands passed the cross wire a deflection 
of 8 divisions to the right was noted. When 25 bands more went 
by a farther deflection of 1 2 scale divisions in the same direction was 
observed. It was found that a change of .01 ohm gave a deflection 
of 24 scale divisions so that the resistance increased .005 ohm while 
25 bands crossed the field. A lighted match held two or three 
inches from the tube for two seconds reproduced the movement of 
the bands in amount and direction and an increase of resistance very 
nearly the same as before. 

Assuming the tempeiature coefficient for copper as .004 

14.8 X .004 X /° = .005 [for 25 bands displaced], 

Giving / = .086° approximately, 

Effective length of dielectic 85 cm., 

Coefficient of expansion for hard rubber .00007, 

85 X .00007 X .086 = .000512, 

25 X .000029= .000725, 
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SO that the displacement observed was of the same order as that 
computed from the change of temperature. It could hardly be ex- 
pected that extremely close agreement should be found, as some 
time elapsed while discharging the condenser and connecting to the 
bridge. 

The general conclusion from the foregoing experiments would 
seem to be that all the observed changes may be readily accounted 
for without reference to anything other than heat and the slight dis- 
tortions due to an unsymmetrical distribution of charge. The phe- 
nomena of residual charge and of variations in dielectric resistances 
are entirely consistent with the idea of the passage of initially weak 
conduction currents into or through the dielectric. That these would 
cause a slight heating could hardly be denied. When this current 
attains any appreciable value in a small region, owing to accidental 
irregularities in potential difference, or to slightly higher local con- 
ductivity, a sudden rise of current with a rapid development of heat 
would result, causing unequal thermal expansion and possible vapor- 
ization of material, thus rupturing the dielectric. 

In most of the above experiments a movement of ^^ of a band 
width could have been noted with certainty so that movements as 
large as often reported could hardly have escaped detection. 

In view of the great vaftiation in the results of different observ- 
ers, and of the fact that all work on the theoretical side has been 
based on experiments more or less in dispute, it would seem that the 
production of changes of form and dimensions in matter by purely 
electrostatic strain is extremely improbable. 

In conclusion, the writer wishes to express thanks to Mr. Ernest 
Blaker, Instructor in Physics at Cornell University, for assistance in 
construction of the machine; to Mr. Frank Allen, Fellow in 
Physics, for aid in making readings ; and especially to Professor E. 
L. Nichols for his kind interest and assistance in the work. 
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A CARBON ELECTROLYTIC INTERRUPTER. 
By a. H. Taylor. 

AWEHNELT interrupter using a platinum point in a solution 
of sulphuric acid has the great disadvantage that when 
carrying large currents the platinum wears away. This suggested 
the substitution of a cheaper metal for the anode. 

An interrupter can be made by using a lead plate as cathode in 
a solution of sulphuric acid, and as anode a heavily insulated copper 
wire. The tip of the wire is laid bare for about i.o to 1.5 mm. 
However, this interrupter works poorly and requires constant ad- 
justment on account of the wearing away of the copper and the 
tearing of the insulation. Other experiments were tried with indif- 
ferent success. Under suitable conditions lead, iron, copper, brass 
or carbon may be used as anodes, and, as has been pointed out by 
others, many different solutions may be used as electrolytes. An 
acid seems to give a little the best results, but is open to the objec- 
tion that obnoxious fumes are then emitted by the interrupter. 

The critical voltage below which an interrupter fails to work 
satisfactorily seems to vary with different metals. 

Although the critical voltage for carbon is rather high, it gave by 
far the most satisfactory results. The first form of carbon anode 
used was a 3 mm. carbon rod in a close fitting hard rubber jacket, 
covering it to within a few millimeters of the tip. However, this 
overheated with a current of four to six amperes, and fused the rub- 
ber jacket. The type shown in Fig. i was then devised : C is a 
carbon rod 3 mm. in diameter, and copper-plated to within a few 
millimeters of the tip. This rod fits loosely in a thistle-tube, T^ 
which in turn fits the cork K of the lead jar L and dips into the 
electrolyte, in this case a solution of KOH. 

The end of the tube T has a little stirrup 5 drawn out on one 
side of it. Upon the point of this stirrup rests the carbon rod C. 
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The rod has a binding post at B and the jar one at 5'. The copper 
plating, by increasing the conductivity of the rod prevents excessive 
development of heat in it. As the rod wears away it slides down 
the tube and the copper wears off. The cork K has 
a small opening to allow the escape of any gases 
generated. 

Such a size of interrupter as this one, where the 
rod is 3 mm. in diameter and projects below the 
tube T 1.5 mm., is adapted for use with a 6-inch 
spark coil directly on a loo-i 10- volt direct or alter- 
nating current circuit without the use of a resistance 
in series. The size of the lead jar and the quantity 
of solution vary with the facilities for disposing of 
the heat developed in the interrupter. If some simple 
cooling device is used, such as immersing the jar in 
cold water, it may be of the dimensions shown in the 
sketch, e. g.^ about 2.J cm. in diameter and 8.0 cm. 
high. 

To allow automatic adjustment, the carbon rod fits 
the tube T rather loosely and during operation the 
liquid is forced up into the bulb of the thistle tube 
until equilibrium is attained. The period of the in- ^^2- l- 

terrupter may be varied as with other interrupters, by varying 
the depth of the solution. The concentration of the solution affects 
the current strength only by a limited amount after a certain point 
is reached, beyond which the current strength may be regulated by 
the length of the projecting stirrup 5 and the size of the carbon rod. 
With a solution of one part concentrated KOH to four of water, the 
above dimensions give a current of about 5 to 6 amperes on 100 
volts with a 6-inch spark coil intended for use on an 8 -volt circuit. 
This easily gives the required spark length and shows some pecu- 
liarities in the spark which will be spoken of later. 

By adjusting the stirrup S or varying the size of the rod, an inter- 
rupter may be made to give almost any spark length up to the 
maximum spark length which the secondary of the coil will stand. 
Similarly, interrupters may be adjusted for different coils. 

For use with X-ray tubes the direct current is preferable, but for 
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many other purposes, as for wireless telegraphy, etc., the alternating 
current is preferable, because with it the interrupter works more 
evenly. This interrupter requires a minimum D. C. voltage of 
about 65-70 volts to give satisfactory results and works best be- 
tween 85 and 1 10 volts. With the alternating current the minimum 
voltage is lower, just how much has not been determined. 

For any given interrupter on a constant voltage there seems to be 
a critical spark length at which the interrupter works best. 

When this spark length is attained the ordinary ragged, bright 
discharge is accompanied by a smooth, curved, red or violet dis- 
charge, which rapidly oscillates from point to point of the discharge 
knobs. This part of the discharge is more easily deflected by a 
blast of air than the bright ragged part. By shortening the spark 
gap and introducing a capacity such as a Leyden jar into the 
secondary circuit, an intensely bright and noisy spark of great 
energy is produced, while the Leyden jar, if suddenly disconnected, 
is found to be charged so as to give a spark of 2 to 5 millimeters. 

Most of these peculiarities of the spark are characteristic of 
electrolytic interrupters, and are only mentioned here to show that 
this interrupter, which is cheap and simple in construction, can be 
used in almost any case where the platinum interrupter can. 

One striking peculiarity is noticed when the interrupter is used 
on an alternating current circuit, with an alternate and a direct cur- 
rent ammeter in series. On several occasions when the A. C. am- 
meter read from 5-7 amperes the D. C. ammeter read 0.3 to 0.4 
ampere. 

This was not accidental, but could be repeated, not with exactly 
the same current readings, but the D. C. instrument invariably gave 
a reading showing a sHght excess of current from the carbon to the 
lead. A copper voltameter in the circuit gave a result correspond- 
ing to 0.38 ampere while the total current as measured by an 
electro-dynamometer was about 4.0 amperes. This voltameter also 
showed the excess current to be from carbon to lead. 

These results suggested that possibly there might be a rather 
high E.M.F. of polarization and a D. C. or A. C. voltmeter was 
used giving on a loo-volt circuit, 108 volts fall across the inter- 
rupter, and SS volts fall across the coil. To determine whether 
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these results were altogether due to phase differences, a D. C. volt- 
meter was used This showed about o. i volt on the whole circuit, 
about 0.2 across the coil, and about 0.7-0.8 across the interrupter. 

These results are necessarily only approximate since the action of 
the interrupter is to a slight degree intermittent, and causes un- 
avoidable quivering and oscillating in the voltmeter needle. Such 
as they are, however, they do not justify the assumption of any very 
large E.M.F. of polarization in the interrupter. The readings of the 
D.C. voltameter are only what would be expected on account of the 
0.3 or 0.4 ampere excess current from the carbon to the lead. 

This excess current is probably due to the fact that the current 
is interrupted a less number of times in passing from carbon to lead 
than when passing from lead to carbon. For in the first case the 
break is probably caused mostly by the accumulation of oxygen on 
the anode, and in the second case mostly by the accumulation of 
hydrogen, although analysis shows that both gases appear at the 
anode when a direct current is used. But since the hydrogen 
accumulates the faster it is not unfair to assume that the interruptions 
would be more frequent in one direction than in the other with the 
alternating current. 

A wattmeter indicated a consumption of 62.5 watts for a six-inch 
spark, but the spark was plainly of much greater continuity and 
energy than that produced by any mechanical interrupter. 

In conclusion, this interrupter may be recommended as a cheap, 

simple, self-adjusting instrument well suited for continuous service. 

Physical Laboratory, Michigan Agricultural College, 
November 6, 1901. 
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NEW BOOKS. 

The Experimental Study of Gases. By Morris W. Travers. 8vo, 

pp. xiii, 323. London, Macmillan & Co., 1901. 

The field covered by the work of Dr. Travers is well indicated by its 
title — The Experimental Study of Gases. But the title alone gives no 
indication of how comprehensive the book is in its discussion of experi- 
mental methods and in the description of important investigations. 
The great advances that have been made in recent years in our knowl- 
edge of gases, and especially of the gases of the atmosphere, make such 
a book peculiarly appropriate at the present time. It is a matter for 
congratulation that the work has been prepared by one who, on account 
of his experience as an investigator in this field, is unusually well pre- 
pared to undertake the task. 

After two pages devoted to a statement of the fundamental laws of 
Boyle and Gay-Lussac and Avogadro's hypothesis, the author begins at 
once an account of experimental methods and apparatus, the first subject 
considered being that of mercury pumps. A somewhat extended ele- 
mentary knowledge of the general properties of gases is presupposed. 
No time is devoted to a duplication of work of this character that has 
been well presented elsewhere. This is especially true as regards the 
theoretical side. In fact, the author has confined himself so closely to 
the experimental side of the subject that theoretical discussions occur 
only in cases where experiment and theory are so closely related that it 
is almost impossible to separate them. 

It will be impossible here to do more than touch upon the many topics 
treated. The following headings of chapters will give an idea of the 
scope of the book in dealing with apparatus and methods: Mercury 
Pumps; Gas Manipulation, Stopcocks, Collecting and Storing Gases, 
etc. ; the Preparation of Pure Gases ; Gas Analysis ; Determination of 
Density ; Relationship of Temperature, Pressure and Volume ; the Lique- 
faction of Gases, and Manipulation of Liquefied Gases ; Vapor Pressure 
and Critical Constants ; Specific Heats ; Spectrum Analysis. 

Among the portions of the book that are devoted to investigations of the 
properties of gases, rather than to apparatus and methods, may be men- 
tioned the chapters on the Composition of Atmospheric Air, and the Gases 
of the Helium Group. An interesting account is here given of the dis- 
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covery of argon and helium, as well as of the more recently discovered 
members of this remarkable group of gases, krypton, neon, and xenon. 
When it is remembered that Dr. Travers is one of the discoverers of the 
three gases last named, and that he has been associated with Professor 
Ramsay and others in a large part of the work done in this field since the 
discovery of argon, it is natural to expect that the book before us should 
be especially strong in its treatment of the helium group. And this is 
in fact the case. The methods used in obtaining these gases, especially 
the very generally applicable method of fractional distillation, are de- 
scribed in detail ; while numerous tables are given of data regarding their 
properties and constants. Probably nowhere except in the original papers 
of Rayleigh and Ramsay, Ramsey, Ramsay and Travers, and the other 
investigators in this field, can so complete an account of the recent work 
be found. 

As the author says in the preface, the breadth of the subject does not 
permit of its complete treatment within the limits of a single volume. 
In many cases, therefore, it has not been possible to go into such detail 
as the importance of the topic would make desirable. This is true, for 
example, in the chapters dealing with the liquefaction of gases, gas analy- 
sis, and spectrum analysis. But each of these subjects deserves a volume 
for itself if its treatment is to approach completeness. The author has 
been forced to restrict his consideration to the most essential points ; the 
choice of those points that are to be regarded as essential appears to me 
to be an excellent one. In the chapter on the liquefaction of gases a 
brief historical account is first given. Reference is then made to the 
apparatus of Linde and Hampson for liquefying air, the latest form of 
the Hampson apparatus being described in detail. The dependence of 
such methods of liquefaction on the Joule-Thomson effect is clearly 
brought out, as is also the failure of the method when applied to hydro- 
gen, under ordinary conditions of pressure and temperature, on account 
of the fact that the Joule-Thomson effect is negative for this gas. The 
method may be used, however, if the hydrogen is first cooled to about 
— 200*^ C. since the Joule-Thomson effect changes sign somewhere be- 
tween — 80° C. and — 200*^ C. Apparatus for liquefying hydrogen is 
described in detail. 

A very satisfactory feature of the book is the frequent citation of original 
articles. In only a few cases do such references seem insufficient. Men- 
tion of the numerous tables of important constants connected with the 
gases, which appear throughout the book, should also not be omitted. 
Dr. Travers' work can only be regarded as an important addition to the 
literature of physics. 

Ernest Merritt. 
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Leichtfassliche Vorlesungen uber Flektrisitdt und Uckt, By Dr. G. 

Jaumann. Leipzig, Barth, 1902. Pp. xii 4- 375. 

This volume has as its basis a series of university extension lectures ; its 
special object as expressed in the preface being to introduce to students 
in the high schools the Maxwellian theories of electricity and light and 
to assist teachers in the lower schools in their endeavors to modernize 
their instruction. The author places a certain limit upon the modernity 
of his own treatise, however, in that he expressly omits from considera- 
tien all theories involving ions, electrons, or other corpuscular concepts 
and he is consistent in this matter even to the point of regarding Rontgen 
Rays as a variety of light of extremely short wave-length, cathode rays 
as electro-magnetic rays produced by longitudinal vibrations accompanied 
by circular magnetic alternating currents, etc. With these exceptions the 
treatise is for the most part in accordance with the accepted theories con- 
cerning the nature of light and its relations to the phenomena of elec- 
tricity. 

The standpoint of the whole treatise is that of flux. The phenomena 
of the magnetism of iron are treated in lecture I., under the title of The 
Magnetic Flux. Electrostatics to which the second lecture of the course 
is devoted has the heading, The Electric Flux, The voltaic current is 
designated as a new form of electric flux brought about by the action of 
the voltaic element or of some analogous generator in which the lines of 
flux are closed curves, forming electric whirls or vortices. In pur- 
suance of the same system we find the sixth lecture devoted to the 
magnetic whirl of a voltaic current, in other words to the magnetic ef- 
fects of the current, while electromagnetic induction is treated as an 
electric vortex motion. 

To introduce concepts of this sort to the general public and to 
beginners in the study of physics, such as those for which this book is 
intended, without producing utter perplexity of mind, is a task of the 
greatest difficulty. To prepare the reader for the conceptions of electric 
and magnetic flux Professor Jaumann has written an introductory chapter 
on the flow of water. By the use of stream lines a number of very 
interesting diagrams are worked up and discussed and the consideration 
of these which are selected on account of their close analogy to the 
most important kinds of electromagnetic and electrostatic fields the reader 
is undoubtedly assisted in the consideration of electric and magnetic 
phenomena. This introductory chapter is of great interest and the stu- 
dent who succeeds in working through it consistently will doubtless be in 
position to comprehend more readily the corresponding cases in the 
electric and magnetic portions of the book. It is, however, by no means 
easy, although the treatment is elementary throughout in the sense of 
not demanding extensive mathematical preparation, and it is to be feared 
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that a comparatively small proportion of readers who are without previous 
scientific training will be able to cope with it. 

Professor Jaumann's treatment of the phenomena of electricity and 
magnetism by the method of electric and magnetic flux is worked out 
with all the completeness possible and with as high a degree of consist- 
ency as this purely artificial hypothesis will permit. The author errs on 
the side of giving his system too great a semblance of reality. Why 
rescue the student of electricity from the old idea of the electric current 
and from the still older one of the two electric fluids only to imbue him 
with equally artificial conceptions of electric and magnetic flux ? The 
drawing of lines of force pure and simple as originated by Faraday and 
developed by Maxwell and his followers affords a system capable of 
yielding all that can be obtained from this newer modification and it has 
the great advantage of being frankly geometrical in its character. The 
treatment of electric and magnetic phenomena as though they were 
fundamentally phenomena of flux instead of "utilizing flux simply as a 
convenient but avowedly artificial means of computing magnetic and 
electric field is surely open to objections no less serious than were the 
methods of our forefathers. E. L. N. 

A Laboratory Manual of Electro-therapeutics. By W. J. Herdman 

and F. W. Nagler. 8vo., pp. 128. Ann Arbor, Mich., George 

Wahr. 

It is hardly to be expected that many readers of the Physical Review 
will be in a position to take an appreciative interest in this manual from 
the standpoint of the physician. Nor is the book one that would attract 
attention from the physicist as a laboratory manual of electricity for gen- 
eral use. But as indicating the character and extent of the legitimate 
applications of electricity in medicine I think the text-book of Doctors 
Herdman and Nagler will be found of much interest. 

Probably no department of medicine has offered such opportunities to 
the deliberate or ignorant ** quack** as the therapeutic use of electricity. 
That the current and the electric spark produce well marked physiolog- 
ical effects has long been known. That the physiological action of elec- 
tricity, if properly directed, might be of important assistance in the treat- 
ment of disease seemed obvious. But strangely enough this very fact 
resulted in retarding the scientific development of the subject. Popular 
expectation in this branch of medicine went far in advance of systematic 
knowledge. In the early days there was a general impression abroad 
that electricity could accomplish anything ; and the physician who used 
this new curative agent only in those few cases where its efficacy had 
already been well established was looked upon as not up-to-date. The 
unscrupulous were not slow in taking advantage of this condition of 
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affairs. The most extravagant claims were made regarding the applica- 
tions of electricity, and it was used in absurd and reckless ways, with re- 
sults more often harmful than beneficial. Finally public credulity could 
stand it no longer, and a natural reaction came. Among intelligent 
people the whole subject fell into disrepute, and there was a tendency to 
regard the employment of electrical methods with suspicion. We have 
not entirely outgrown this feeling yet. It has certainly deterred many 
physicians from proper and legitimate experiments in this field, with the 
result that this branch of electricity has progressed less rapidly than 
would otherwise have been the case. Those who have continued the 
scientific and conservative study of electro -therapeutics in spite of the 
prejudice against the whole subject are all the more deserving of credit. 

From the manual before us the reader has a chance to learn the char- 
acter of laboratory instruction in electricity and electro-therapeutics in a 
medical school of recognized standing. Probably there is no better way 
of finding what are regarded by those competent to judge as the present 
legitimate and established medical applications of electricity. 

Among these applications are many in which the physiological effects 
of the current play no part ; for example the use of incandescent lamps 
for illuminating the nasal and other cavities of the body, the electric 
cautery, the use of Rontgen rays, etc. In order to employ electricity 
for these purposes the physician needs an elementary but practical knowl- 
edge of fundamental electrical laws. Such knowledge the authors aim 
to impart by means of simple experiments, often performed directly upon 
apparatus intended for the physician's use. In this respect the plan of 
the book seems to me excellent, while the experiments are well suited to 
give the student a good practical grounding in those parts of the subject 
of electricity with which he needs to be familiar. 

In the portions of the book that deal with the physiological effects of 
the current the same plan is followed of using direct experiments when- 
ever this is possible. Reference to a few such experiments will indicate 
their character : For example, the measurement of the current that is 
just sufficient to produce muscular contraction on make or break under 
specified conditions ; the effects of electrolysis when current is sent 
through fresh meat ; the resistance of the body under various conditions ; 
the introduction of cocaine into the tissues through the skin by means of 
electric osmosis. In all the experiments of this kind stress is laid on the 
desirability of actually measuring the current used. This feature of the 
book can scarcely be too highly commended. 

In many parts of the subject it is of course impossible to illustrate the 
therapeutic principles involved by experiments suited to the laboratory. 
In such cases the effects are described and the method of procedure in 
using the current is briefly indicated. The mode of treatment resembles 
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in some respects the account of the use of some drug in a book on 
materia medica. Chapters are devoted to the therapeutic uses of the 
induction coil discharge, the high potential sinusoidal current, the Tesla 
high frequency discharge, the influence machine, etc. It is interesting 
to learn from these chapters the results that are accomplished by the use 
of the current, as well as the differences between the physiological effects 
produced by the different forms of current. For example, a short spark 
discharge from a static machine is used to produce local irritation and a 
stimulating effect on the skin ; while the ** spray " or brush discharge is 
soothing in its effects and is used to relieve nervous excitement, head- 
ache, and insomnia. The sinusoidal current (the ordinary alternating 
current) is regarded as the current par excellence '* for exciting to vig- 
orous action muscular tissue, whether it be of the voluntary or involuntary 
variety," and is used for general muscular weakness, local paralysis, etc. 
The discussion of the effects and uses of the high frequency currents is 
especially interesting. In general these currents are found '*to impart 
an extraordinary activity to nutritive changes and to cellular life.*' The 
method of treatment is to enclose the patient, without contact, in a large 
solenoid traversed by the current, so that the currents that are effective 
are those produced by induction in the body itself. It will be recalled 
that remarkable results were obtained by d*Arsonval a few years ago by 
this method. It appears that these results have since been in the main 
confirmed. Experiments are described indicating that the same pro- 
cedure with currents of ordinary frequency produces similar but less 
marked results. Ernest Merritt. 

A Manual of Laboratory Physics, By H. M. Tory and F. H. 

Pitcher. First Edition. New York, John Wiley & Sons, 190 1. Pp. 

284. Price, $2.00. 

This book is intended for instruction in elementary laboratory work 
in sound, light, heat, magnetism and electricity. No experiments are 
given in mechanics. The manual is based on the experience of the 
authors as demonstrators in actual laboratory work with elementary 
students, and is arranged so as to present those experiments and sub- 
jects first which appeal most readily to the beginner. 

Under each experiment some notes are given on the theory involved 
which are more or less complete according to the capacity of the stu- 
dent. The formulas to be used are given and in some cases are worked 
out very fully. Especially is this true in the part of the work devoted 
to heat, magnetism and electricity. With each experiment is also given 
a complete list of references to standard text-books which will be 
found of much value in supplementing the theory given in the manual. 
Following the theory there are found complete directions regarding 
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THE 

PHYSICAL REVIEW. 



THE ELASTIC PROPERTIES OF HELICAL SPRINGS. 

By Joseph Warren Miller, Jr. 

I. Historical Note, — In 1814 M. J. Binet* noticed the fundamen- 
tal principle that helical springs act chiefly by torsion. Appar- 
ently nothing was done in this line between that time and 1848, 
when James Thomson * showed that a helical spring, of infinitely 
small slope, acts exactly as a torsion balance using the same wire 
straightened. He verified his theory by experiments. The fact 
that a spring acts as a torsion balance means it follows Hooke's 
law. It is this close accord with Hooke's law that is utilized in the 
ordinary spring balance. Apparently a complete statement of the 
theory of helical springs was first given by Kelvin and Tait in 
their "Natural Philosophy/** 1867. Certain aspects of the theory 
were also given by Clebsch * and Kirchhoff.* Some of the most re- 
cent contributions upon this subject are those of Prof A. E. H. 
Love, who devotes several pages of his "Theory of Elasticity,"* 
to helical springs, and who also published a paper on ** The Prop- 
agation of Waves of Elastic Displacement along a Helical Wire," 
which appeared in the volume of " Memoirs on the occasion of 
the jubilee of Sir George G. Stokes."^ 

> Jouraal de L*fecole Royal Polytechnique, Tome X., p. 419. 

*Camb. and Dub. Math. Journal, Vol. III., p. 258. 

«Vol. II., Arts. 604-607. 

* Vorlesungen iiber Mathematische Physik, Mechanik, 1876. 

•Theorie der Elasticit&t fester Kdrper, 1864. 

•Vol. II.. Chapters XIV.-XVI., 1892. 

^p. 346, 1900. 
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The purpose of the present paper is to set forth the results of a 
research conducted in the Department of Mechanics in Columbia 
University. The original object of this enquiry was to learn whether 
helical springs could be used to determine the acceleration due to 
gravity. Early experiments showed the need of a more extended en- 
quiry into the behavior of springs under static conditions. Thus the 
following investigation refers chiefly to the static constants and prop- 
erties of a set of helical springs of different dimensions and metals. 
2. General Theory. — To define the bending and twisting essential 
in a wire whose elastic central line assumes the form of a helix of 
slope a on a cylinder of radius r, consider the relations shown in 
the accompanying diagram. 

At any point O on the elastic central line draw in the plane tan- 
gent to the cylinder the tangent to the helix 0X\ the element OZ, 
the horizontal line OX, and the line OZ' 
perpendicular to OX' . Let ds be an element 
of the elastic central line measured from O 
towards X' , The angular rotation about 
the axis of the cylinder corresponding to 
this element, or what is the same thing, 
Fig. 1. the angle between two meridian planes 

through the ends of ds, is ds cos a/r. 
This rotation is equivalent to its components about OZ' and OX' 
that is to ds cos a cos a/r and ds cos a sin a/r. The first of these is a 
pure bending and the second is a pure twisting when applied to the 
wire. Thus for a right cylindrical helix the amounts of bending 
and twisting per unit length of the wire are cos^ a/rand cos a sin ajr 
respectively.^ The potential energy of a wire of length s, meas- 
ured along its elastic central line, bent into a helix of slope a and 
radius r is hence easily deduced. For the part due to bending is 
proportional to (cos^ a/r)^ per unit length, and the part due to twist- 
ing is proportional to (cos a sin ajrf per unit length. Therefore 
the work done in producing the helix is 

f ,cos' a sin* a ^ cos* a\ 
* Compare Thompson and Tail's Natural Philosophy, Part II., Art. 602, p. 137. 
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where A is the nodulus of twist, and B is the nodulus of bend- 
ing. 

If we write 

-^ = ^ sin a, wr^s cos a, 

(0 

^0 = ^ sin a^, f^r^ = s cos a^ ; 

where z^ is the axial length of the helix, r^ is the radius of the 
cylinder containing the elastic central line of the wire, and f^ the 
angle between two planes through the ends of the helix and its axis 
in the unstrained condition ; and, similarly, ^, r, and if the corre- 
sponding quantities for the strained condition, then the curvature 

cos* ajr = if cos ajs 

and the change in curvature, per unit length, is 

{ip cos OL — (f^ cos a^js. 

The potential energy per unit length, due to the bending, is propor- 
tional to {<p cos a^ <pQ cos a^^/s^, and hence this part of the energy 
for the whole wire is 

i - (f cos a - ^, cos «,)l 

Similarly the change in twist per unit length is 

cos a sin a cos a« sin a„ . . . ^ , 
= (<P sm a - ^^ sm a^)/s ; 

whence the potential energy due to twist alone is 
Jy (^sina-^^sinaj. 

Calling the entire potential energy FJ it follows that 

A B 

^= ^ 7 (^ sin a - f^o sin a^f + i j, {^ ^os a - f ^os a^)\ (2) 

Let 

P = longitudinal pull 
and 

L = torsional moment. 
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• Then wc have 

p^dV^dVda^ _i dV 

dz dadz s cos a da ' 
or 

Pm» ^ (f sin a — y^^sin a^)f + ^ (fo^^^^ a^ — f cos a)f tana, (3) 

and 

L ^ -r- ^ — (f sin a ^ f^sin a^) sm a 

(4) 

H — (f cos o. — ip^ cos a^ cos a. 



If the applied couple L is zero equation (4) gives 

A cos a ip^ cos «!, — f cos a 
B^ sin a ' f sin a — y^ sina^ * 

If we introduce (5) in (3) there results 



(s) 



-^ « (f sin a — f ^ sin a^ if sec* a. (6) 

Expanding the second member of this by Maclaurin's series and 
solving for P we get 

Aip} { dip 

PtMM — ^ sec* a -j sin a — sin a^ + (2 sin a — sin a^ — ^ 

.^\ec«a{.-^. + (2.-,,)^+.(^)*|. (8) 

From (8) we see that /^ varies nearly as (-? — jbt^) sec* a, since — ^ 

is generally small. If we divide (3) by B and then introduce (5) 

we get 

P^ 

-^ = {if^ cos ao - f cos «)f (tan a + cot a), ^^^ 

= (f cos «!, — f cos a)2f /sin 2a. 
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As before, expanding the second member by Maclaurin's series, 

P^ -0_ J cos a — cos a. + (cos «« — 2 cos a) — ?- 
r sm 2a ( « x u / ^^ 

(10) 

From (7) and (10) we have 

I ^*sec*a f . . /^ • ' \ ^9 

s ^P — ^ sm a — sm a^, + (2 sm a — sm a^ — ^ 

(") 



+ sin 



■"-(m 



I 2^0* 



^- P^ Sin 2a 1 *=°" "«'-*=°' " -(^ cos «-cos a.) — 

(12) 



-'^"''"(^H- 



In case Jf> is negligible these formulas give A and B indepen- 
dently. In general, however, terms in A(p may not be neglected in 
(12). For springs of small slope (11) will usually g^ve a close ap- 
proximation to A, Either formula may be used for exact compu- 
tations when A<p or AjB is known, as shown below. 

From (5) we get 

ip B cos a^ + A sin a^ tan « __ ^ cos a cos a^ + A sin a sin a^ 
ip^ B cos a 4- .^ sin a tan a B cos* a + A sin* a 

(13) 

^ cos (a — a,,) + ^ cos (a + a^) 
I + X cos 2a ' 

wherein 

B-A 
^~ B + A' 
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Also from (5), if ^ = (p^, 

A ^ COS a cos a- — cos a tan i(a+ aj , ^ 

— = $ = ? = ^ — - — ^. (17) 

B sin a sin a — sin a^ tan a ^ ' ^ 

From A, B and ^ we get 

E = Young's modulus, 

n = rigidity, or slide modulus, 
and 

37 = Poisson's ratio = ratio of lateral contraction to longitudinal 

extension. 
Thus, if a is the radius of the cross section of the wire,* 

2A 
A = ^na^n, whence n = — ^ ; (18) 

aB 
B = irra^R whence £= - ^ ; (10) 

2n(i -\- 7j)^ E, whence ;y = — — i ; (20) 

and 

o<r!<h whence f<$<i. (21) 

3. Methods of Observing and Apparatus, — Most of the commer- 
cial helical springs are ''closed" ; that is, the coils of wire are in 
close contact and sometimes require considerable force to separate 
them. Before " opening/' that is, before giving the spring a per- 
manent set which leaves the coils open, or apart, when hanging 
under no load, the radius of the cross section of the wire, a^ can be 
found by measuring, with an ordinary standard scale, the lengths of 
several different sets (in hundreds) of coils. The radius of the cyl- 
inder, r^, which envelopes the elastic central line of the wire, when 
hanging under no load, can be found if we know the external diam- 

^ The modulus of twist is equal to the modulus of rigidity times the polar moment of 
inertia of the circular cross section of the wire ; and the modulus of bending is equal to 
Young's modulus (or the engineer's modulus) times the moment of inertia of the same 
cross section with respect to its diameter. For the relation between E^ n and rj see, for 
example, section 3 of Saint- Venant's edition of Clebsch, Th^rie de I'^lasticit^ des 
G>rps Solides, Paris, 1883. 
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eter of the helix and the radius of the wire. The external diameter 
of the helix was measured with a Brown and Sharpe micrometer 
screw- gauge. Thus 

r^ =s ^ (external diameter of helix — diameter of wire). 

In order to avoid the uncertainty as to where the helix began 
and ended small dots of india ink were placed on the wire nearly in 
the same vertical plane, one several turns from the top and one 
several turns from the bottom. The number of turns from one dot 
to the other multiplied by 2it gives ip^. The ends of all the springs 
were annealed and drawn out straight, thus bringing these ends 
into the axis of the cylinder of the helix. The method of suspension 
was to clamp the straight part of the wire in a vise which was 
fastened to a stable wall. By means of the micrometers of the tele- 
scopes of a Geneva cathetometer of precision used in the work it 
was possible to determine the exact positions of the dots with respect 
to one another, and thus obtain a correction to the value of ip^ men- 
tioned above due to the fact that the dots were not usually quite 
in the same vertical plane. 

The vertical distance between the dots was determined by setting 
the movable parallel wires of the cathetometer telescopes on the 
upper and lower dots respectively and then turning the shaft, upon 
which the telescopes are mounted, until a standard meter of white 
bronze, which was mounted beside the spring, came into view. 
This meter is divided into millimeters and was made vertical by 
means of a plumb line. Although we do not -know the absolute 
length of this meter an examination has shown that there are no 
graduation errors large enough to affect the work here considered. 

A hollow brass cylinder with a three-jaw chuck enabled me to 
apply any load P up to six kilograms. Shot of small size were 
used to secure loads of the desired amounts. 

The method of finding the position of maximum twist was as fol- 
lows : On the straightened part of the lower end of the helix a 
small cork was slipped. Through the cork a straight piece of fine 
wire was thrust, thus forming an index. The cork was twisted 
until the index pointed to a plumb line suspended nearby. The 
empty cylinder was then clamped on the wire protruding through 
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the cork and in every case the index indicated a twist in accord with 
the law defined by equation (14). The index was then moved back 
until it again pointed to the plumb-line. The cylinder was then 
gradually loaded with shot, the index meanwhile being turned back 
successively to the plumb line. The rate of twist is quite rapid at 
first but as the position of maximum twist is approached the rate 
becomes less and less. The amount of twist was small in every 
instance, in no case did it exceed 40°. However, a considerable 
error in the elongation of maximum twist produces only a slight 
error in the value of $ as shown by equation (16). 

To find the position of no twist the index is not moved from its 
original position, in which it points to the plumb line, but shot are 
added until the index again points to the plumb line. 

Thus, knowing ip^, r^, z^, and s, we find a^, s, and a from the fol- 
lowing formulas : 

tan «„ = Vf o^o» ^ = Vsin «o» 

(") 
sm a = zjs, s = f^rjcos a^, 

4. Specimen of Computations of Constants of a Spring. — For a 
copper-plated steel spring the following data were observed : diam- 
eter of wire 0.1223 cm., external diameter of helix 0.8515 cm., 
number of turns 295, mean axial length of helix under no load 
39.615 cm., axial length at position of maximum twist 54.250 cm., 
axial length at position of zero twist 68.955 cm., produced by load 
-P= 5495-9 grams. 

{a) Computation of r^, a^ and J, with check for s, 

^0 = i(^-85 1 5 — o. 1 223) = 0.3646 cm. 
Log 295 = 2.46982 



Log 27r =0.79818 




Log ipQ = 3.26800 


^0= 1853.S 


Log r^ =9.56182 




Log if^r^ = 2.82982 




Log z^ = 1.59786 




Log tan a^ = 8.76804 


a,= 3°2i'i7.3" 


Log sin a^ = 8.76730 




Log-s', = 1.59786 
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Therefore 

2f — I = 0.72838 f, 
or 

1.2716? = I. 
Now 

l/f — I = BjA — I = jy = 0.2716 
and 

f = AjB = 0.7864. 

if) Computation oi A, 

Log 2 =0.30103 

Log sin \{a — a^ = 8.33728 ► Log (sin a - sin a^). 

Logcos|^(a + a^ = 9.99860 

Log sec* a =0. 0045 3 

LogfoV-^ =0.87488 

cologP =6.25996 

Log i/^ = 5.77628 i/^ = 0.000059742. 

Log^ =4.22372 ^=16739. 

{d) Computation of j5, E and n. 

Log i/^ = 5.77634 (Mean of five measures.) 
Log AlBr==, 9.89570 

Log i/j5 == 5.67204 

Log ^=4.32796 ^=21280. 

Log 4 = 0.60206 

Log 4^ = 4.93002 

Log;ra* = 5.64274 

Log -£=9.28728 ^=1937700000. 

Log E = 9.28728 n^\^E, 

Log? = 989570 

Log f£= 9.18298 

Log 2 = 0.30103 

Log n = 8.88195 n = 762000000. 
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{e) Computation of —^ at position of maximum twist. 

;r = (i-f)/(i+f) e = 0.7865. 

Log (I -?) = 9.32940 
Log(i +f) = 0.25300 
Log X = 9.07740 

i(3« + «o) = 8^34'2o".5 

K«-«o) =o°37'i5".3 
2a =9*'ii'35".8 

Log X = 907740 

Log sin \{za + a^ = 9. 17336 

Log X sin \{ia + a^) = 8.25076 x sin J(3a + a^) » 0.017814 
Log sin J(a — aj = 8.03490 sin \{a — aj = 0.010836 

X sin ^(3a + aj — sin ^{a — a^) = 0.006978 

Log sin \{a — a^ = 8.03490 
Log 2 = 0.30103 

Log 0.006978 = 7.84373 
Log numerator = 6. 17966 

Log X = 907740 

Log cos 2a = 9.99438 
Log X cos 2a = 9.07178 

I + X cos 2a = I.I 180 

Log (i + ;r cos 2a) = Log denominator = 0.04844 

Aip Aw 

Log — ^ = 6.13122 — =0.00013528. 
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(/) Table of values for -4f/f and dip for different values of a. 



a 


A*/<^0 


A^ 


a^^y>iv\iy' 


-f 0.00000000 


-f 0.0« 


3 59 17.3 


H- 0.00008635 


-h 9.2 


4 17 17.3 


-f 0.00012701 


+ 13.5 


4 35 47.9 


+ 0.00013528 


-1-14.4 


5 00 17.3 


-f 0.00012047 


+ 12.8 


5 25 17.3 


-f- 0.00005711 


+ 6.1 


5 50 47.3 


— 0.00002802 


— 3.0 


7 00 17.3 


-0.00037801 


— 40.2 



5. Tables of Observed and Derived Results. — The following tables 
give the numerical results appertaining to seven steel and three brass 
springs subjected to examination. 

Table I. gives the observed data for these springs. The quanti- 
ties measured are all linear. They are expressed by five significant 
figures ; and it is believed that the precision of the measurements is 
correctly indicated by that number of figures. 

Table II. gives the computed constants (p^, a^ and s for the springs. 
As explained above (section 3), the value of ip^ is 27r times the num- 
ber of turns of the helix used, plus a small correction for the excess 
or defect of that number of turns from a round number. The pre- 
cision of the data here given is also supposed to be represented with- 
out exaggeration by the figures used. 

Table III. gives the observed and mean values of the modulus of 
twist A, and the ratio of the latter to the modulus of bending B or 
A/B. The probable errors attached to the mean values are derived 
from the discrepancies between the individual values and their mean 
for any spring, equal weights being assigned to the individual values. 
The values of A/B were derived mostly from the observed elonga- 
tions of maximum twist {Jf = a max.). A few values were derived 
from the observed elongations of zero twist (J<p = o). Such values 
are designated by the letter b in parenthesis following them. Ap- 
parently, the results by these two methods are of about equal weight, 
and hence no distinction is made among them. 

Table IV. gives the computed values of the modulus of bending 
B, the modulus of rigidity «, Young's modulus £, and Poisson's 
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Table I. — Continued, 

Observed Data of Springs. 



Number and 

Metal 
of 8prine«> 


Radius of 

CroM- Section 

of Wire. 

a 


Radius of 

Unstrained 

Helix. 


Unstrained 

Len^h 

of Helix. 

2o 


Strained 

Lenfl^th 

of Helix. 

z 


Attached 
Mass. 

m 




Centimeter. 


Centimeter. 


Centimeter. 


Centimeter. 


Grams. 


6. Steel. 


0.10328 


1.10480 


23.689 


43.529 
43.820 
43.496 
43.406 
43.407 


3384.3 
3402.2 
3348.3 
3332.0 
3333.3 


7. Steel. 


0.15315 


1.8395 


30.621 


35.895 
36.478 
41.855 
42.343 


2070.0 
2298.0 
4368.1 
4452.0 


8. Brass. 


0.06526 


0.4174 


57.135 


63.650 

80.890 

82.753 

,88.940 


341.2 
1246.2 
1338.5 
1660.9 


9. Brass. 


0.08239 


0.5716 


58.050 


63.000 
76.211 
89.380 
92.587 


341.2 
1246.2 
2135.5 
2347.8 


10. Brass. 


0.10280 


0.8494 


52.860 


57.444 
70.030 
71.106 
84.245 


341.2 
1246.2 
1338.5 
2163.9 



Table II. 

Computed Constants of Sp'ings, 



Number of Sprinfl:. 



Anfl^le Between Ends 
of Sprint:. | 

^0 I 





Radians. 


1 


2054.6 


2 


1847.3 


3 


1690.2 


4 


1853.5 


5 


955.04 


6 


596.90 


7 


307.88 


8 


2600.9 


9 


1947.8 


10 


1400.9 



Slope of Unstrained 
Spring:. 

«0 


Length of Spring: 
Kiong Elastic Central 
Line s. 


/ // 


Centimeter. 


3 33 46.5 


665.03 


3 42 38.2 


603.12 


3 32 43.0 


616.99 


3 21 17.3 


676.96 


1 58 43.2 


964.92 


2 03 26.5 


659.90 


3 05 4L5 


119L10 


3 00 45.0 


1087.20 


2 59 05.0 


1114.90 


2 32 36.7 


1191.10 
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Table III. 






Ohserved and Mean Values of A and AjB, 




Number ef 
apriac. 


ladividaal 
Values of A. 

11910 


Mean Value Individual 
ot A. Values of .4 \ff. 

.7781 


Mean Value 
otAB. 


1 






11900 


.7776 






11900 


, .7751 






11890 


' .7761 






11900 


11900 ±2.1 .7770 


.7768 ±.00036 


2 


12020 


.7794 






12010 


.7789 






12010 


.7783 






12000 


12008 =b 2.5 .7778 
1 .7779 








.7786 (6) 


.7785 ±.00017 


3 


16660 


.7798 






16640 


1 .7792 






16650 


! .7789 






16650 


.7799 






16660 


1 .7794 






16650 


.7793 






16640 




.7814 






16620 




.7781 






16590 




.7776 






16570 


16633 d= 6.5 


.7806 


.7794 ±.00024 


4 


16760 
16740 
16730 
16730 
16720 




.7872 
.7859 
.7856 
.7871 
.7869 








16736 dr 4.5 


.7864 (6) 


.7865 ± .00018 


5 


92120 
92090 
92150 
92473 
92130 




.7835 
.7794 
.7791 
.7802 
.7795 






91830 


92130 ±51 


.7799 (6) 


.7803 ± .00045 


6 


137000 
135700 
136400 
135700 
135700 




.ins 

.7716 
.7697 
.7724 
.7723 




_ 


- _ _ _ ^_ 


136120 ±260 


.7723 (6) 


^77i6±.ooaw_ 



C^ 
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Table III. — Continued, 

Observed and Mean Values 0/ A and AfB. 



Number of 


Individual 


I Mean Value 


Individual 


Mean Value 


Spring. 


Value* of yf. 


1 of^. 


Values of AjB. 


of AIB. 


7 


752000 
751500 
743900 


i 
1 


.7845 
.7832 
.7814 






743000 


! 747600 ± 1600 

1 


.7754 


.7811 ± .0013 


8 


9914 
9873 
9855 
9854 


1 

i 

1 

t 


.7489 
.7437 
.7510 
.7432 
.7496 
.7471 
.7427 








9874 ±9 


.7442 


.7463 ± .0007 


9 


25100 
24970 
24760 
24670 


1 
! 

1 


.7448 
.7462 
.7509 
.7486 
.7420 








24875 ±66 

1 


.7433 


.7460 dr .0009 


10 


65410 
62270 
62860 
61430 


1 
! 

1 
1 

i 
I 


.7500 
.7434 
.7414 
.7468 
.7471 
.7449 
.7498 
.7419 
.7424 









! 61742 =b 350 


.7437 


^7452 ±^0006 



Table IV. 

Computed Values of B^ E^n and 7. 



Number and 
Metal of 
Spring. 



L Steel. 

2. ** 

3. " 

4. " 

5. " 

6. *• 

7. '* 

8. Brass. 

9. ** 
10. " 



Modulus of 

Bending. 

B 



15320dr 7.6 
15420rb 4.6 
21340ifcl0.6 
21280± 7.5 
118100 ir 94 
176400:^343 
957100^:2594 
13230i=17 
33340:t97 
82850tb474 



Young's 
Modulus. 

E 



Dynes per 

Square 
Centimeter. 

(1837dz0.9,xl09 

(1951dr0.6)<109 

(19334z0.9)xi09 

(1899d=0.7)xi09 

(1949d:L6)xi09 

(1939±3.8)X10» 

(2171dz5.8)xiO» 

(911^1.2)X109 

(904di2.6)xi0« 

(938r^5.4)xi09 



Modulus of 
Rigidity. 



Dynes per 

Souare 
Centimeter. 

(7134± 1.3)X10« 

(7592=b 2.0 )x 108 

(7533^1 2.9)X10« 

(74694= 2.0)X108 

(7604zb 4.2)X108 

(7481d:14.3)xi08 

(8479±18.1)X108 

(340d= 0.3)X109 

(337 =b 0.9)X109 

(345± 2.0)X109 



Poisson's 
Ratio. 



0.2873±6 
.2845zb3 
.2830±4 
.2715^3 
.2816di7 
.2960d=5 
.2802i22 
.3400±:13 
.3405^16 
.34194^10 
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From equation (18) it is seen that the probable error of n is the 
same fraction of n as the probable error of A is of it ; and similarly 
from (19) the probable error of -£" is the same fraction of -£" as the 
probable error of B is of it. 

Finally, from equation (20) it appears that the probable error of 
Tj is equal to the probable error of the reciprocal oi AjB ; and this 
is the same as {B\Af times the probable error of AjB. 

It will be observed from Table IV. that the precision is highest, 
and of about the same order, for the first four steel springs ; the 
probable errors of A and n being about 1/3500 part, those of B 
and E about 1/2000 part, and those of ^ about 1/700 part. 
This higher precision is most likely due to the fact that the springs 
in question were the best as to uniformity, temper and finish of all 
the springs used. Next in order of precision are the constants for 
the steel springs Nos. 5 and 6. These are inferior in quality to 
Nos. 1-4 as regards uniformity and finish. Steel spring No. 7 is 
markedly different from the others in being " open-wound,** of large 
diameter, of heavier wire than the others, and relatively short in 
axial length z^. The means at hand did not permit a sufficient 
elongation of this spring to attain results of higher precision for A^ 
and the ratio AjB was also less definitely measurable than in the 
cases of the other springs. 

The precision is relatively low, as would be expected, for the 
constants of the brass springs, although they are surprisingly uni- 
form as to slope and diameter for commercial products. The well- 
known instability of brass as compared with steel is undoubtedly 
the source of this lower order of precision. 

7. Summary of Conclusions, — From the details of the investiga- 
tion given above the following conclusions appear to be established : 

(a) The static theory of helical springs as expressed by equations 
(i) to (4), and given for the first time by Kelvin and Tait in the first 
edition of their Natural Philosophy, 1867, has been experimentally 
verified. Starting from this theory the above paper shows that : 

{b) To a high order of approximation the force required to elon- 
gate a helical spring varies directly as the product of the elongation 
of the spring and the square of the secant of its slope. The exact 
law for finite elongations of any such spring is expressed in a simple 
form by equations (7), (8) and (14). 
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{c) When such springs are elongated by an axial pull, with no 
applied torsional couple, they undergo a twist about the axis of the 
helix. This twist increases as the pull increases up to a maximum, 
and thereafter decreases continuously with increasing pull. 

(d) The law connecting the elongation of a spring with the ap- 
plied force furnishes a ready method of finding the modulus of twist 
and hence the modulus of rigidity of the wire of the spring. 

{e) Observations of the elongations of maximum twist and zero 
twist furnish independent methods of deriving the ratio of the mod- 
ulus of twist to the modulus of bending. 

(/) By a combination of the results furnished by (^) and {e) the 
modulus of bending, Young's modulus, and Poisson's ratio are 
readily derived. 

(^) By ^^ methods explained it is easily practicable to attain, in 
the case of a well-made steel spring, a precision indicated in round 
numbers by a probable error of one part in three thousand for the 
modulus of twist, of one part in two thousand for Young's modulus 
and of one part in five hundred for Poisson's ratio. 
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tions to the officers of the Department of Physics as well as to 
those of the Department of Mechanics of Columbia University for 
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ON THE BOUNDARY CONDITIONS OF THE 
ELECTRICAL FIELD. 

By William Duane. 

I. In the method of presenting the modern theory of electricity 
suggested first by Heaviside/ and several years later by Hertz,^ the 
laws and definitions represented by the following equations are 
taken as a basis, and from them are deduced many of the laws and 
facts that are suitable to direct experimental verification. The 
fundamental equations are : 

-curlP, = 47r/^ (i) 

curl P^ = 4;r/; (2) 

^.= 8^/^J (4) 

^•=-^-- (5) 

I dKP 
^ ^K dt ' ^ ^ 

in which the letters represent the quantities printed opposite to them 
in the following table. 

P^ s electric force. 

P^ = magnetic force. 

i^ = electric current density. 

i^ = magnetic current density. 

E^ = electric energy density. 

E^ = magnetic energy density. 

» Electrician, 1885. 

«\Vied. Ann., 36, p. I, 1889. 



Digitized by 



Google 



1 50 WILLIAM DVANE, [Vol. XIV. 

K = electric inductivity. 

fi = magnetic inductivity. 

C = electric conductance. 

For points where there is impressed electric or magnetic force 
equations 3, 4, 5 and 6 must be modified slightly. The modifica- 
tions, however, do not affect the following conclusions. 

2. In reasoning from these equations it is customary to deduce 
the usual expressions for the electric, magnetic and vector poten- 
tials, and from them the general laws and the phenomena. The 
author has found some difficulty in following the reasoning without 
making special assumptions as to the character of the electromagnetic 
field at the boundary of the electrical system, or at infinity if the 
system is not bounded. In fact it would appear impossible to prove 
the relations between the potentials and the densities of electricity, 
magnetism and current without some boundary condition or its 
equivalent. 

3. In the electrostatic case the line of reasoning is somewhat as 
follows : Since the currents are zero, curl P^ = o, and hence the 
line integral of the electric force taken from any point /^ to a fixed 
point is independent of the path along which the integration is 
performed, u e,, is a function of the coordinates of P only. The 
value of the potential VdX P is defined to be this line integral, the 
potential at being chosen as the zero of potential. From this it 
follows that the electric force at any point is minus the space deriv- 
ative of the potential at the point taken in the direction of the 
force, and if Jf, Fand Zare the rectilinear components of /*,, 

X^^Z F=-^^ Z=-^^ 
dx * dy ^ dz' 

The density e of free electricity is defined to be the divergence of 
the electric force divided by 4^ or in symbols 

^ = -ldiv.P = --Lv^K 

In order to deduce an expression for Fin terms of e, it is first shown 
that if e is given at every point in space the potential can have but 
one value at each point, the potential at being zero, as follows : 
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Assume there are two values V^ and V^ of the potential at every 
point, and let ^ = f^i — f^. In Green's Theorem substitute ip for 
both the functions, and apply the theorem to the space inside a sphere 
of radius p, the center of which is in or near the electrical field. 
Thus : 



/[(g) 



"Ml)'Mi)> 



.dy\ 

^Jf%dS-j<p^'ipdT. (7) 

The last volume integral vanishes because 
and therefore 

everywhere. If the surface integral approaches zero as the spherical 
bounding surface is taken larger and larger, the first volume inte- 
gral taken throughout all space is zero. Hence since it is a sum 
of terms each of which is positive, each term must be zero itself, 
and 

d(p d<p d(p 

dx dy dz 

(f is therefore independent of x, y and z, and since at the point of 
zero potential ^ = o, if must be zero everywhere, and Fj= f^. 
Hence if the above surface integral vanishes for /? = cx>, the poten- 
tial can have but one value at each point in space, the density of 
free electricity being given everywhere. 

4. There is nothing, however, in the fundamental equations (i)-(6) 
to indicate that this surface integral vanishes. In order to prove 
the solution unique it is necessary that some boundary condition or 
the equivalent should be given. In fact the potential is not com- 
pletely determined by the value of 

^= — V^F, 
47r 

and the potential at any point of reference ; for any function of 
the form 



Digitized by 



QiOo^z 



1^2 WILLIAM DiTAXE. [\'OL. XIV. 

f{xyz) ^Ax + By -^Cz + D 

in which A, B, Cand Z?are constants, can be added to F, and, if the 
constants are detennined so that / is zero at the point 0, V+ / 
satisfies the equation 

^=~' v^(r+/) 

and the conditions at O. 

5. The gap in the reasoning may be filled in some such way as 
the following : Assume that the electrical system has a finite 
quantity of energy ; an assumption that evidently is true in all ac- 
tual cases. The quantity of electrical energy in a spherical shell of 
thickness dp and radius p is 

the integration extending over the surface of the sphere. The 
whole energy is 

Since the surface integral is always positive, and £^ is finite, the 
surface integral expressed as a function of p must vanish for /> = cx> . 
The surface integjral may be expressed in the form 



/ 



Kpydto, 

in which da) is the solid angle subtended at the center of the 
sphere by dS, K is always positive (for energy is never negative), 
and becomes unity for points in free space. Hence, as the integral 
is the sum of positive terms, each term must vanish for /> = 00 , 
and the electric force P^ must vanish at infinity in such a way that 
pP^ = o, for /> = 00 . This then is the condition equivalent to a 
boundary condition that the electric forces must fulfill at infinity. 

6. From equations (i)-(6) we cannot tell whether the potential 
has the same or different values at points on the infinite sphere ; but 
a condition for the potential may be obtained from the finiteness of 
the energy as follows : The difference of potential between any two 
points -Pand P* on the sphere of radius p is 
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Vp,^ Fp= r P^ cost dl, 

dl being the element of length of the great circle passing through 
P and P' , and e, the angle between dl and P^, If dip is the angle 
subtended at the center of the sphere by dl, dl = pdtp and 

Fp, - Fp = r P, cos e pdip. 
The integral is numerically less than or equal to the integral 

in which P^ is the maximum value of P^ on the great circle. Hence 

or 

(p being the angle subtended by the radii drawn from the center 
of the sphere to P and P' respectively. Since this angle cannot 
be greater than 2;r, and Pj) approaches zero as p increases, we have 

Fp, — Fp = o for ^ = 00 , 

/. e,, the potential at all points on the infinite sphere has the same 
value. 

7. In a similar manner it can be proved that the potential at infinity 
is finite, the potential at any point O being zero. If we integrate 
along a straight line from O to infinity the potential at infinity is 



"-P- 



cos e dp. 



Since cos e is never numerically greater than one, F, is numerically 
less than or equal to 

p,dp. 



r 
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P^ is never infinite, and vanishes for /> = oo more rapidly than 

-, A being a constant. Hence the integral is finite and F«is finite. 

8. It follows from these conditions for the potential that as p in- 
creases the surface integral in equation (7) approaches the value 



''•/' 



S"^ 



in which 

and is finite and constant. By a well-known theorem (a particular 
case of Green's theorem) 



/^^^5 = /vV^- 



These integrals are zero, since vV = o everywhere. Hence as p 
increases the surface integral approaches zero, and V is completely 
determined by the values of e^ and the conditions at infinity. 

9. Heaviside's proof* that the electric field is uniquely determined 
by the values of e is expressed in terms of vector analysis. If the 
two vectors R and K have no curl and the same divergence, their 
geometric difference R^ R! has zero curl and zero divergence 
everywhere. It does not follow from this, however, that the vector 
R" ^ R^ R* is zero. Any vector, for instance, that is constant in 
magnitude and direction has zero curl and zero divergence and is 
not zero itself. Nor is the simple statement of the condition " if 
R* vanishes at infinity" sufficient, for, in the first place, no proof is 
given that K* vanishes at infinity, and in the second, it does not 
follow from the vanishing of K' at infinity that its lines must form 
closed curves. The truth of the latter is evident in the simple 
case of the electric field of force due to a single charge. 

10. That R" is zero, however, follows immediately from the con- 
ditions that the potential has the same value at all points on the 
infinite sphere. As Heaviside says, " the lines of R!' can neither 
form closed curves nor end at any point." Further, they cannot run 
off" in both directions to infinity, for if they did the line integral of 

»" Electrical Papers," Vol. I., p. 217. 
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R!' taken along any one of them would not be zero, and the above- 
stated conditions for the potential would not be fulfilled. Hence 
R" must be zero. 

II. We know from the theory of the Newtonian potential func- 
tion that the expression 

satisfies the equation 

V V = — 4^^ 



and that it vanishes at infinity. Hence (p + k approaches the con- 
stant value k at infinity, and is the only function that can represent 
the potential. The value of k depends upon the point chosen as 
the zero of potential. 

1 2. In the general case of an electro-magnetic field in which the 
electric current and the free magnetism are not necessarily zero, the 
magnetic force P^ satisfies the equations 

curl/;^ = 4^/., (2) 

div./>^ = 4^/«; (8) 

equation (8) being the definition of the density of free magnetism m. 
If i^ and m are given these two equations do not determine P^ com- 
pletely, as any vector whose curl and divergence are zero (for instance 
one constant in magnitude and direction) can be added to P^ and the 
resulting vector satisfies equations (2) and (9). We can find, however, 
a third condition that must be satisfied by the magnetic force by rea- 
soning from the finiteness of the magnetic energy. The condition is 
as before, that P^ must vanish at infinity in such a way that pP^ = o 
if ^ = 00 . This holds even in variable states. In these there may 
be radiation of energy in any or all directions, but it can be proved 
from the fundamental equations that the energy travels with finite 
velocity, and hence the radiation does not affect the conditions at 
infinity. 

13. The condition pP^^o, if />= 00, together with equations 
(2) and (8), if /, and nt are given, can be shown to determine P^ 
completely as follows. We know from the Newtonian potential 
theory that the vector PJl, the rectilinear components of which are 
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d rmdz ^, d rmdr , d C^dr , ^ 

«' = --^^J— ' ^'--Tyj—' r'--r,j— (9) 

satisfies the equations (8) and 

curl PJ = o, 

and that PJ vanishes at infinity in such a way that pPJ = o, it 
p ^ CO. From the vector potential theory we know that PJ\ the 
components of which are 

,, dH dG ^,, dF dH ,, dG dF 

dy dz' ^ dz dx' ^ dx dy ^'^^ 

in which F, G and H are the integrals 

^=J-' ^'J-T' "-]— ^") 

«, 2/ and w being the rectilinear components of i^, satisfies the equa- 
tions (2) and 

div. P^' = o, 

and that P^' vanishes at infinity in such a way that pPJl' = o, if 
/> = 00 . Hence the sum of the two vectors 

HI] m ' m 

must fulfill the conditions />/^^ = o, if jO = 00, and must satisfy the 
equations (2) and (8). P^ can be shown to be equal to P^ ; for 
their difference 

must satisfy the equations (2) and (8) and the above-stated condi- 
tion at infinity. From equation (2) it appears that P^ , if not zero 
everywhere, must have a potential ip. By using Green's theorem 
as before, it follows that f must be constant, and therefore P^ = o. 
Hence P^^ P^^ and the magnetic force is determined completely 
by the values of m, i^ and the condition at infinity, P^ being given 
by equations (9), (10), (11) and 

P ^P^ ^ P»', 
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14. The same reason is applicable to the electric force in the 
variable states, and it, therefore, is determined completely by the 
values of /^, e and the finiteness of the energy. 

Hale Physical Laboratory, University 
OF Colorado. 
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NOTE ON KIRCHOFF'S THEORY OF MAG- 
NETOSTRICTION. 

By S. Sano. 

" I "HE medium treated by Kirchoff^ in his theory of magneto- 
-■- striction is supposed initially to be an isotropic elastic solid, 
which in the magnetized condition is completely free from hysteresis 
and time-lag, and to be such that the components of the intensity of 
magnetization in the medium are not only dependent upon the mag- 
netizing force, but are also linear functions for the strain components. 
The object of the present investigation is to make a slight extension 
of Kirchoff's theory to the case where the susceptibility k and two 
strain coefficients k* and >&" are functions of the strength of the 
magnetizing force, the other assumptions made to the elastic medium 
being retained. I shall first find the expressions for the components 
of the intensity of magnetization in the medium, and then discuss 
the mechanical forces acting on the elastic solid. 

Let H be the strength of the magnetizing force, and A, B, C the 
components of the intensity of magnetization, and «, v, w those of 
the displacement at a point {x, y, z) in the elastic solid, referred to 
rectangular coordinate axes. At first take the axis of z parallel to 
the direction of the magnetic force at the point (x, y, z) ; then A, B, 
C take the following forms : 



^ = 



du 



dv dw I 

+ «» ;,,. + ^^4 \ 



A 



dw 



B = 






dx 
dv 

d7V 



+ 



dz 

d'z 



^ dw / 

du 



dv 

dz' 

du 
dy 

dv 
Tz 

du 



dtv 

'dy 

dv^ 

dw 



■^'Asx^-d'z)-^'Ady^dx)' 

JSitzber. d. k. Acad. d. Wiss. zu Berlin, p. 137 (1884) ; Wied. Ann., Vol. XXIV. 



(I) 



p. 52 (1885) ; Gesammelte Abhandlungen, Nachtrag, p. 91, Leipzig (1891). 
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du 

'3x 



^= ^0 + ^1 ^ + ^2 ^. + ^JilTJ + ^. 



dv 
fdw 



dw 



(dv dw\ 
Tz'^'dy) 

(dw du\ /du dv\ 



where the a's, b's and c's are dependent on H but not on the strain 
components. Next introduce a new set of rectangular coordinate 
axesy, y' , z', the axis of ^^ coinciding with the old axis oi z. Let 
{A', B', C) and («', v', w') be the intensity of magnetization and 
the displacement referred to new axes, then we have 



^' = 



dx' 



dv' 



dtt/ 



dz' 



7 + 






dv* dw' 



+ 



\ 



3/ J 



, {dw' du' \ , idu' dv'\ 

^<\M^dz')^<\dy^di'\ 



B' = 



, ,du' , ,dv' . , dv/ , . idz/ 

'^'d.' + '^'dy' + '»'w + '*'(dz' + 



.du' 



dy 

'dw' 
\dx' 

dv' 



dzi/ \ 



, , I (}W ^u' \ , I du' dv' \ 






du' 

dJ' 



+ c, 



,i3w^ du^\ ,(du^ Sv^\ 



where the a"s, ^'s and ^"s have significations similar to those of the 
^*s, ^'s and r's. Denoting the angle between the axes x and x' by 0, 
which we shall suppose to be positive when the angle between the 
axes^ and y diminishes by increasing 0, the new coefficients, ^/, 
^2', a^ •" are related to the old coefficients a^, a^ •-, c^y c^ ••• by the 
following equations : 

a/ = a^ cos^ e ■Jt{b^+ 2a^ cos* » sin » + 

{a^ + 2^g) cos sin* d + b^ sin^ 0, 

a^ = a^ cos* ^ + (^^ — 2a^ cos* tf sin ^ + 

{a^ — 2b^ cos » sin* /? + ^j sin' tf, 

^3' = a^ cos ^ + ^3 sin /?, 

al = ^^ cos* » + ( — a^ + ^J cos » sin ^ — b^ sin* tf , 
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a^' = a^ cos^ + {a^ + b^ cos tf sin ^ + ^^ sin* 0, 
a^ = a^ cos^ ^ H- ( — ^1 + ^2 + ^«) ^^^* ^ sin ^ + 

( _ ^^ - /^^ + ^^) cos d sin' « - <Jj sin^ d, I- (2) 



r/ = Tj cos' /? + 2r^ COS ^ sin tf + c^ sin' /?, 
c^ = Tj cos' ^ — 2c^ cos ^ sin d '\- c^ sin' tf, 
^/ = ^s» 



r/ = Tj cos <? + r^ sin &, 

r^' = c^ cos' ^ + ( — ^1 + ^2) ^^^ ^ sin ^ — c^ sin' d. 
The supposition that the medium is originally isotropic leads to 
the following relations among the coefficients : 



/ 



whence by (2), 

^1 = ^2 = ^3 = ^6 = ^ I = ^2 = ^8 = ^« = ^4 = ^5 = ^6 = o, 






^2=^P 



A 



dw du \ 



Thus (i) may be written 

f dv dw ^ 
dy 

, idv dw\ tdzv du\ 



(dv div\ , idw du\ 



dy 
„ du dv 



dw 



^ dx^ ^^ dv ^ ^ dz' . 
Putting r, = kH, ^1 = - >&'//, 2^, = - k^'H, 

and changing the coordinate axes, we have from (3) 



(3) 



I 
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du dv dw\ 



- k"H I 

- lk"'H\ 



n idw 



du 

dx^ 2\dx 

du ^dv 



/;" + ^(,„ + 



du\ m i 



m idu dv 
dy'^dx 



dx 



.dw 



)} 

dv div 



+ '^i+""k+""'(5i+5, 



) 

idw du\ , idu dv\^ 



Imldzv 
~~2\dx'^ dz 



dz^ dy ^ 
dii\ nl idu dv 



(4) 



z\dy~^ dx) 

with analogous expressions for B and C, where /, m, n are the di- 
rection cosines of the magnetic force at the point (jr. )\ z). 

Let a, /3, ;- be the components of the magnetic force, so that 
a = IH, ^ = tnH, y = nH. The absence of hysteresis in the medium 
gives the following equations : 



dr~ d^~ da~ dr~'d^~ da~ °- 



(5) 



The necessary and sufficient conditions that (4) may satisfy (5) are 
easily found to be 

^ ~ 2 dH' 

y" = o. 
Hence we have finally 

< , ,, idu dv dw\ 

-""Vdx^hKTx + dzl^zydy + dx)] 

-jHdH{'^dx+^'dy^r^Tz+^r(y^+ ,^) ^(6) 

(div du\ / dn dvK'S 

dx^dz)^''''\-d, + dx)\' 

5 = 
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When ^' is independent of H (6) takes the forms identical 
with Kirchoff's corresponding equations, though k and k! may de- 
pend on H, The essential difference between the above expressions 
for the components of the intensity of magnetization and those of 
Kirchhoff is due to the presence of the terms involving the differ- 
ential coefficient of kf' with respect to H. These terms represent a 
magnetization in the direction of the magnetic force whose intensity is 

being proportional to the linear dilatation 

(dw du\ ^ idu dz' \ ) 

^j + ^-.) + «'^(^ + ^Jl 

of the solid in the direction of the magnetic force. Thus (6) may 
be considered to represent a magnetization which is obtained by 
superposing the magnetization given by Kirchhoff 's equations upon 
that whose direction is parallel to that of the magnetic force and 
whose intensity is proportional to dk''jdH and the linear dilatation 
in the direction of the magnetic force, with the due coefficient 
of proportionality. As has been already stated, the extension of 
Kirchhoff's theory to cases in which k* depends on H but k" does 
not, requires no change of the forms in the components of the in- 
tensity of magnetization. But this is not the case for the expres- 
sions of forces acting on the solid, as will be seen later. 

The expressions for the mechanical forces acting on the elastic 
solid can be obtained by proceeding in a similar way as Helmholtz ^ 
and Kirchhoff,' or we may proceed in the following manner. 

Let us consider a system at rest, consisting of a permanent mag- 
net and the elastic magnetic solid separated by air. The whole 

»HclmholU, Wicd. Ann., Vol. XIII., p. 385; MonaUber. d. Berl. Akad , v. 17, 
Feb., 1881; Wissenschaftliche Abhandlungen, Vol. I., p. 798, Leipzig (1882). 
« Kirchhoff, 1. c. 
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system is supposed to be at an uniform temperature. It is conven- 
ient to assume the continuous transition in the boundary of the 
different media, as is usually done in similar discussions. Consid- 
ering the thin stratum of transition from the solid to the air to be a 
portion of the solid, we have ^ = ^' = >^' = o at its boundary. 
Let a, 6, c he the components of the magnetic induction at the 
point (x, 7, z), and let dr^, dr^, dz be the volume elements of the 
permanent magnet, the air. and the solid respectively. 

Now the work done by external forces to produce the magnetic 
field reckoned per unit volume is 



-^ ( {ada + ^db + rdcl 

where the integral is to be taken from the state H^o, Hence 
the total work done by external forces to produce the magnetic 
field in the system under consideration is 

W^ — (rJt^ + — fRdr + - fRdz, 
47: J "• "•^4n-J « "4^ J 

where R^, R^, R denote the values of C[ada + ^db -f- ydc) in the 
permanent magnet, the air, and the solid, respectively. 

Let the element of the elastic solid at {x, y, z) make an infinites- 
imal virtual displacement {du, dv, dw), while the permanent magnet 
is completely fixed. The virtual displacement is supposed to take 
place so slowly that the temperature of the system remains unaf- 
fected. The variation of IV which the system acquires during the 
virtual displacement is 

dW^-^- fsRdr +^ fdRdr-i^ ' CdRdr. 
A^J "" " 4'T./ " A- J 

^-Lj(ada + ^d6^r^)dT^ 

^ 1 f{a3a + im + r^r)dz^ + -I CdRdz, (7) 



smce 



SR^ = a8a + ^Sd + ydc, 
8R^ = aSa + ^86 + r^c. 
8R can not be expressed in a simple form as dR^ or 3R^. 
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The absence of electric current in the system warrants the ex- 
istence of the magnetic potential V at the point {x, y, z). If we 

multiply 

dia ddb ddc __ 

dx dy dz 
by Fand integrate the result over the whole space we have 

r. i\ada + ^db + r^c)dz^ + f{ada + ^8b + r^f^yr^ 

(8) 

+ J{ada + ^db + rdc)dT = o. 
With the aid of (8), (7) may be written 

dW^- ({dR^{a3a + ^$b + r9c)}dT, (9) 

Now a, b, c and R are explicit functions of a, ^, ;*, ^, ^, >P', 

(and dk''jdH), and the strain components —, ^'i^ 1 35- "^ ;f ) ^"'y» 

while ^, ^', k" are again functions of jr, ^, ^, and /T. Hence the 
variation d may conveniently be considered as taking place in three 
different stages : During the first stage there is neither deformation 
nor change of position of elementary portions, so that the only 
varying quantities are a, /?, y^ and k, k\ k!\ since the latter are de- 
pendent on //. During the second stage of the variation the mater- 
ial point at {x^du,y-^dv, z— dzv) arrives at {x,y, z) after the virtual 
displacement, the magnetic field and the strain components being 
supposed invariable. Thus it corresponds to the mere effect of the 
change of position without deformation. The variation of the 
strain components in constant field and without the change of 
position forms the third stage. Let these three kinds of the vari- 
ations be respectively donated by 3^, d^, and 8^ ; then we may write 

dR = ad^a -h ^d^b + yi^c -f- ^^ + 3Ji, 
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aba + ^ib + yic = aH^a + /9^/ + ;-^,<: 
Hence (9) becomes 

aW^ 1 J 1\{R - (aa + b^ + cr)) + d,{R - (aa + bfi + cr})dT 

(10) 
= -Ji^SdT -Jd^Sdr, 



where 



4" 

=^^ J{ada + bd^ + cdr). 

No by virtue of equations (6) (i i), and the well known relations 

^ = a + 4Ty4, 

* = ^ + ^B, 

c = r + 47rC, 
we get at once 

We have immediately 

M-/!(S)/»+(l')/-(fcVK 

where (3~)>(t~)»(^) represent the differential coefficients 

of 5 with respect to x, y, s, respectively, keeping a, ^, y constant 

during the differentiation. The suffix H implies in the following a 

similar signification. Also 

^ In the above-cited paper KirchhofT denotes by C7 a certain expression which requires 
a modification, when the susceptibility i is dependent on the strength of the magnetizing 
force. 



Digitized by 



Google 



1 66 S, SANO, [Vol. XIV. 

(ddw ddv \ ^ iddu ddv\ ) 1 , 

since >& « it' = >&" = o at the surface of the solid. Hence (lo) Ji)e- 
comes 

(12) 

If we denote the components of the mechanical force per unit of 
volume due to magnetism by X, V, Z, then we have, by the prin- 
ciple of conservation of energy, 

dW^^J{Xdu+ Ydv + ZSw)dT. (13) 

Comj>aring the coefficients of du, dv, dw in (12) and (13), we 
obtain 

(H) 
and analogous expressions for Fand Z. 
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Assume «, z/, z«/ to be infinitely small. Then (14) becomes 



+ i|(^V) + i|^(^'r«). 



(IS) 



These expressions show that we must slightly modify KirchhofTs 
expressions for the components of the mechanical force per unit 
volume, when we consider k and k' to depend upon the strength of 
the magnetizing force. When we return to the case discussed by 
Kirchhoff, we see that (15) agrees with his result, excepting dif- 
ferences in notations. The above expressions are not the only 
forms in which we can write the component forces ; they may 
sometimes be put in the following forms. When « = z; « w « o, 
we have 

dS idS\ I i da d^ dyX 

idSx I (d{aa) d{ba) d{ca)\ 

^\dx}^^ A^X dx ^ dy "^ dz j' 

making use of the equations 







dx 


da 






dx 


da 
'dz' 


da 


dy 


dz 


: 0. 



Consequently (14) becomes 

^J^ I 4'T J, 2 J 

+ £ \^ 4.^!^\ + ?. f ea kf'ra ] 
dy\ ^ 2 j dz\^ 2 J 
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The corresponding expression for Y and Z can be written down 
from (i6) by symmetry. 

The surface-traction {X, V, Z) referred to unit of area can be 
easily found by integrating the bodily force {X, Y, Z reckoned per 
unit volume) along the normal to the bounding surface of the solid 
from one side of the stratum of transition to the other. Let n be 
the normal to the bounding surface of the solid drawn inwards, and 
let a', ^', y\ H' be the components and the magnitude of the mag- 
netic force in the air. Then in the integral 

__ /•(•oUd) 

X^ I Xdn, 

*/(»ir) 

we may put 



(I k*\ 

— + ^ +— I "{« cos («,;«:)+ ^ COS («, >') + r cos («, z) } 



for the space variation of a quantity in directions perpendicular to n 
are infinitely small compared with the space variation of the same 
quantity in the direction of n. Hence 

H^ c os (n, X) N r'/A UMJJU 

-^ — cos {n, X) \ {k-— ^)HdH 

^' t , / \ o/ / N / / X . -^^ cos («, z) 
- — {«' cos («, x) + /9' cos («, y) + f cos {n, z)] + ^j, ' 

Since the tangential components of the magnetic force and the nor- 
mal components of the magnetic induction are continuous at the 
bounding surface, the above expressions for X can be easily put in 
the form, 

^= — 27r^{a cos («, x) + ^ cos («, y) + y cos («, z)}^ cos («, x) 
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(17) 



kf'a 



+ — - {a cos («, x)-\r? cos («, ^) + r cos («, ^)}. 



Here we have, as in the expressions for the components of the 
bodily force reckoned per unit volume, a term 



- cos («, x) f {k^ k')HdH 



involving an integral with respect to H, When k and ^ are inde- 
pendent of the strength of the magnetizing force, this term reduces 
to the form given by Kirchhoff. 

We may also find stress components X^, X^, , , 1^ ... in ether, 
and then find the expressions for the components of the surface- 
traction. We have, assuming the ether to be at rest, 



dx dy dz 



(18) 



Comparing (16) and (18) we obtain, as a particular solution of (18), 






('9) 



4^ 

• Let X^, XJ , XJ, X^ be the corresponding quanties in the air. 
We see at once 

x=x:-x^ 

= XJ COS (n, x) + XJ cos (n,y) + X^ cos («, z) (20) 

— X^ COS («, x) — X^ cos («, y) — X^ cos («, 2). 
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But ^ 

as is easily seen from (19). Hence (20) may be brought to the 
identical form with (17). 

In conclusion I desire to express my best thanks to Prof. A. 
Tanakadate for his useful suggestions and valuable criticisms. I 
also wish to thank Mr. K. Honda, who directed my attention to this 
problem. 

Physical Laboeatory, Tokyo Imperial Untversity. 
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THE VOWEL A^ (AS IN HAT). 
By Louis Bevikr, Jr. 

IN a former article (June, 1900) the acoustic character of the 
vowel a (as m father) was briefly discussed, as studied from the 
phonographic record. Since then these researches have been con- 
tinued on lines similar to those there described. The apparatus 
employed has been somewhat improved as shown in the accom- 
panying figure. (Fig. i.) This exhibits the essential parts of 
the tracer which I have used for the past year. The vibrating 
mirror has been more carefully mounted than before to secure 
motion about one axis only. The introduction of an extra lever 



A. 



A- Mirror. 
B- Mirror Arm. 
C-Teneion Spring. 
D 'Tension Screiv. 
£ 'Sapphire Knob. 
F' Lever. 

provides, on the one hand, for a greater degree of enlargement, and 
transcribes the elevations and depressions of the phonograph trace 
without inversion, i. e.^ right side up. In all other Tcspects the 
method is the same as in that described in the article to which 
allusion has been made. 

The curves shown in this and the succeeding articles are all made 
with the same degree of enlargement of ordinates. The lens used 
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brings the focus to a distance of about 15^ feet from the mirror, 
giving a beam of light to write with 186 inches long. The arm of 
the mirror is three-eighths of an inch long. The lever has a short 
arm of one-eighth of an inch, and a long arm of six-eighths of an 
inch. Since the long arm of the lever is attached to the arm of the 
mirror the system gives an enlargement of 5,952 times (f -5- J = 6 ; 
186 -5- 1 = 496 ; 6 X 496 X 2 = 5,952). A much greater enlarge- 
ment may be obtained if desired in two ways, first by using a lens 
with a longer focal distance, and secondly by reducing the arm of the 
mirror to two-eighths or to one-eighth of an inch. For practical 
reasons of convenience this further enlargement has not been re- 
sorted to as yet. 

The enlargement of abscissas is a matter depending obviously on 
the speed with which the wax cylinder revolves during the making 
of a record, and its transcription, and also on the speed with which 
the drum bearing the photographic paper is driven. Since the 
present studies concern only vowels at a definite registered pitch, 
there has been no need to control this matter absolutely, and the 
speeds used have not been quite the same in all cases. In general, 
however, the wave as recorded in the wax has been lengthened in 
transcription about 35 times. In the specimen curves shown in the 
accompanying plate there may therefore be noted differences in the 
apparent length of waves of the same pitch. In experiments where 
the pitch of utterance is not registered it is essential to control 
carefully the speed of each cylinder. 

The present studies have been made from the records of nine 
different voices, securing enough variety, it is believed, to elimi- 
nate from the results conclusions based on peculiarities of utterance 
that are merely individual. These voices are indicated in the table 
by the numbers at the extreme left of the page. Numbers i, 2 and 

6 are men's voices of baritone quality ; 4 and 5 are children's voices 
both of soprano quality, the former that of a boy, the latter of a 
girl ; the remaining are women's voices, 8, 9 and 10 sopranos, and 

7 a rich contralto. 

The waves were measured under a microscope, with appropriate 
attachments, and were analyzed by the ordinary method from the 
Fourier series. Generally 36 ordinates were taken, giving the 



Digitized by 



Google 



No. 3-] THE VOWEL A'. I 73 

amplitudes of the fundamental and sixteen upper partials. A 
few were measured in 24 places and the partials computed as far 
as XL In the case of fundamentals of a high pitch, when there 
was clearly no object in computing the upper partials above V. or 
VI., two waves were measured as one in 36 places, and the analysis 
gave the amplitudes of the partials from I. to VIII. These cases 
may be seen in the following table. It will be observed that the 
first column contains figures indicating the voice, as above explained. 
The second column gives the sum of the amplitudes of all the par- 
tials, a rough measure of the loudness of utterance. The third 
column, under I., shows the pitch of the fundamental by means of 
the vibration number, and its amplitude percentage. The fourth 
column, under II., gives pitch and amplitude percentage of the first 
upper partial and so on for the rest. In each record the most im- 
portant partials are indicated by the heavy -faced figures used in ex- 
pressing their amplitude percentages. 

An examination of the above table shows that, no matter what 
the fundamental or chord-tone may be, the upper partial that is 
most important by reason of its energy is that whose rate of vibra- 
tion is in the neighborhood of 1,550 to the second. If it be, as is 
assumed, an upper partial of the chord-tone, it must of course be a 
multiple of the vibration-rate of the chord-tone. Save for this 
relation, it is independent of the pitch of the chord-tone. With 
a chord-tone of 152 vibrations to the second, it will, in all probabil- 
ity, be the ninth upper partial (X.) which is more prominent, with a 
vibration rate of 1,520. On the other hand, with a chord-tone of 
500 vibrations to the second, the second upper partial (III.) with a 
vibration rate of 1,500 will be the prominent one. The pitch of the 
dominant upper partial will be actually a little lower in the second 
case than in the first. The particular upper partial which is most 
strongly reinforced by the mouth-resonance will be that which lies 
nearest to the pitch of maximum resonance of the mouth cavity for 
the (f position, u e., the nearest to 1,550 vibrations to the second. 
Examples may be taken from the table at will. The dominant upper 
partial on a fundamental of 202 will be VIII. (1,616), on 226 VII. 
(1,582), on 256 VI. (1,536), on 320 V. (1,600), and so on. The 
regularity with which this follows, no matter what the character of 
the voice examined, is convincing and conclusive. 
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It must also be noted that there are often two or even three 
consecutive partials that appear with considerable amplitude, i, e,, 
that are reinforced in the mouth cavity. This occurs particularly 
when the fundamental or chord-tone is low, and again when it is 
above 300. The explanation of the second case will appear later. 
Here let us observe the facts of the first case. When the chord- 
tone is of low pitch, e. g., under 150 to the second, the upper par- 
tials lie of course near together. Take, for example, the funda- 
mental 128 in the table. Here XH., XHL, and XIV. are all 
reinforced. In this particular utterance the pitch of maximum 
resonance was a little higher than an ordinary ^*, and XIII. with a 
vibration rate of 1,664 is most strongly reinforced, but XII. and 
XIV. (1,536 and 1,792 respectively) are also strongly reinforced. 
This is most important for the theory of the vowels, for it shows in 
a clear way what might well have been anticipated theoretically, 
viz., that the mouth cavity, with its irregular shape and walls of 
varying degrees of elasticity and softness, has no one particular and 
exact proper tone {Eigcnton\ but rather resounds to any pitch 
within certain not very narrow limits around a maximum. We have 
then a region of resonance with a not very pronounced maximum 
point, instead of a particular and exact pitch. For (f this region of 
resonance centers at about 1,550 but often extends from 1,400 to 
1,700 or even higher. Plainly then with a low fundamental we are 
to expect the reinforcement of adjacent upper partials. 

In addition to this most characteristic resonance region, as just 
explained, the vowel a* shows generally two other lower reso- 
nances. These are not so uniform and hence not so characteristic, 
but one or both of them must be present to give the <f color. 
These lower regions of resonance center respectively at 1,050 and 
650. For convenience I have indicated by full-faced type the im- 
portant upper partials, both those due to the lower resonances, and 
to the upper or more characteristic one. For detailed examination 
take the record of voice I., on the fundamental 226. Here III. 
falls at 678, very near a maximum of resonance, and has in conse- 
quence a large amplitude percentage (27.5). On the other hand, 
neither IV. (904), nor V. (1,130) lies very near the next maximum 
at 1 ,050, and while both are reinforced, and are present with note- 
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worthy percentages (9.9 and 10.9 respectively), neither is relatively 
very important. Again VI. (1,356) is not high enough to fall 
within the upper region of full resonance, and is not powerfully re- 
inforced, but VII. (1,582) coincides almost exactly with the upper 
maximum, and has a large amplitude percentage (19.5). Its en- 
ergy percentage would of course be far greater. Many records 
show distinctly the three resonance regions which I have noted, as 
for example i (192) and i (226) in the table. 

On the other hand many records, on analysis, are found to lack 
one or the other of these lower resonances. Both examples at 160 
show IV. strong at 640, but scarcely any indication of any reso- 
nance at or near 1,050, whereas the first example at 320 shows 
weak resonance at 640. The example at 202 is unusual, showing 
a*strong IV. and a weak III. and V., whereas we should normally 
expect a weak IV. and a strong III. and V. Such individual dif- 
ferences are not surprising, and our definition of any vowel must be 
broad enough to cover them. 

We are now able to understand why it is that on high fundamen- 
tals or chord-tones we often find consecutive upper-partials strongly 
reinforced. It may well happen that one upper-partial will fall within 
one of the regions of resonance, and the next within another region 
of resonance, when the pitch interval between one upper-partial and 
the next is a wide one. At 512, for example, II. (1,024) and III. 
(1,536) should both of them be strongly reinforced, and at 384 it 
may well be that II. (768), III. (1,152) and IV. (1,536) are all 
strong. It must also be observed that in general the amplitude 
percentages are higher on a high fundamental, because there are 
fewer upper partials available to take the entire resonance energy. 
It is in accord, too, with the whole theory of resonance that the 
upper partials near the fundamental are favored, other things being 
equal. Hence if the mouth cavity resounds weakly to the vibration 
rate 900, on a fundamental of 150, we shall be sure to find VI. very 
weak, but on a fundamental of 450 II. will be fairly strong. It 
often happens that, where a fundamental is of high pitch, no one of 
the upper partials coincides well with any region of strong reso- 
nance. We have then forced resonance, the resonator adjusting 
itself as best it can. Thus it comes to pass that as the pitch of the 
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chord-tone is raised, after the tones of ordinary speech are passed, 
the differentiation between the vowels becomes less and less perfect, 
until at 1,024 (soprano high c) little differentiation is possible. 
This difficulty does not arise, however, at any pitch used in the 
ordinary speech either of men's or of women's voices. 

As a result of these observations I would define our American a' 
as consisting of the following acoustic elements : 

(i) A chord-tone more or less strong according to the amount of 
reinforcement which the mouth cavity gives it, varying within great 
range. In general it is quite strong below 200, and weak between 
250 and 600, above which last point it becomes very strong, coin- 
ciding with the lowest observed mouth-resonance of this vowel. 

(2) A characteristic a"" resonance in the region of 1,550, always 
present, but not absolutely stationary, because the vowel may tend 
more or less toward a or toward e, with endless nuances. This 
characteristic resonance is not a particular point, but covers a con- 
sider able region. 

(3) A strong resonance at one or two lower regions centering in 
650 and 1,050 respectively. Both mayh^ present, but one at least 
must be. Great individual variation is shown in the relation of these 
resonances to each other and to the fundamental. 

The characteristic (t resonance at {cd) 1,550 largely determines 
the vowel character, but it must receive ** body," so to speak, by one 
or more reinforced lower tones. This gives it to the ear a certain 
fullness or openness which it requires, setting it in sharp contrast 
to the thinness of / (as in pique), whose characteristics will be dis- 
cussed later. 

These facts may be exhibited diagrammatically by plotting a reso- 
nance curve for a*. This I have done by taking all my a* records, 
at least twice as many as are shown in the table of analyses, and 
averaging their resonance percentages. The characteristic resonance- 
curve of ^, thus obtained, is shown in Fig. 2. The upper line 
of dots and dashes is the average of the records of women's and 
children's a*'s, the lower broken line that of men. The continuous 
line shows the average for all taken together. This curve shows 
the mouth-resonance rising sharply from 550 and reaching a max- 
imum at 650. From this point it declines, rising to a second max- 
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imum at 1,050. From here it once more declines and rises to its 
upper and most characteristic maximum at 1,550. The women's 
line is higher than the men*s for reasons already sufficiently ex- 
plained. 

^ ( This resonance-curve is only an average, and a^ in the case of all 
averages is not altogether true. It represents the vowel (f much as 
a composite photograph represents a human face. No individual 
utterance is likely to coincide closely with it in every part. To 
illustrate this I have introduced for comparison an individual record 
made on a fundamental or chord-tone of 226. The amplitude of 
each partial is plotted, O* being the fundamental, and O^, ©', O^, 
etc., the upper partials. It will be seen that II. is weak as it should 
be, III. is very strong, much above the average, IV., V., VI. follow 
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the men's line closely, VII. is at a maximum, VIII. is low when it 
should be, and IX., X. and XI. are negligible. If the curve were 
plotted as an energy curve (cf. Phys. Rev., X., 4, p. 200), the dom- 
inating importance of the highest resonance would be more promi- 
nent to the eye. 

It is instructive to study the actual curves obtained. The ac- 
companying plate shows a sheet of (f curves reduced to about ^ 
actual size. The upper resonance is in general easy enough to de- 
tect by the simple process of counting the small waves embroidered 
upon the fundamental wave. For example at 256 in each of the 
specimens shown there are six crests plainly marked on each of the 
long or fundamental waves, and 6 x 256 gives the characteristic 
maximum of 1,536. At 512 the crests are three in number, etc. 
As a rough and ready means of discrimination the eye is usually 
quite sufficient if the pitch of the fundamental is known. For the 
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lower resonances the eye may still suffice sometimes after practice, 

^- gy at 512, where it is evident at a glance (if it be a practiced 

glance) that II. is present in large amplitude. But for the accurate 

determination of relative amplitudes the mathematical analysis is 

indispensable. The correct analysis of a complex curve, such as 

either of the examples at 320, is entirely beyond the eye alone. 

At the lower pitches the interference of adjacent upper partials is 

often quite apparent to the eye but the determination of numerical 

relations cannot be made by the unaided eye. 

It is apparent from the above why all a*'s, whether pronounced 

by man, woman, or child, are heard by the ear as a unit sound. 

There is a large element which is substantially a constant. The 

variable chord-tone does not disguise the identity, for the ear has 

learned by long practice to disassociate this from the function of 

vowel -differentiation. On the other hand it is equally clear that no 

one a" is ever quite like any other, and that, without violating the 

essential characteristics of the vowel there is room for infinite variety 

of individual utterance. We may learn to recognize a friend's voice 

in his pronunciation of a single vowel sound. Not only so, but in 

the whispered voice, where the chord-tone is absent, and the mouth 

resonances alone are present, weakly called forth by the force of 

expiration, and accompanied by many slight noises of rushing 

breath, the same essential identity is clearly possible, with the same 

infinite variety of individual utterance. 

Rutgers College, 

New Brunswick, N. J. 
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nealed condition and especially conspicuous in the case of the 19 
per cent, nickel steel. 

** 3. In the case of most steels so far examined the effect of 
cooling magnets made of them to — 185° C. is to temporarily in- 
crease the magnetic moment after the permanent magnetic condition 
has been reached. 

"4. The exceptions of the above rule so far noted, are the 
nickel steels with percentages of nickel from 19 to 29 per cent., in 
which case the magnetic moment is always decreased temporarily 
by cooling to — 185° C. after the permanent magnetic condition 
has been reached. 

In the experiments just referred to, performed by Dewar and 
Fleming, the steels tested were magnetized at normal temperatures 
and then subjected to temperature changes through the range +15° 
to — 185° C. 

In the author's experiments described below, steel bars were 
magnetized at the temperature of boiling liquid air and their mag- 
netic moments determined at the same temperature. 

The method employed was as follows : 

Short bars of steel of equal length, having been cut from the 
same long bar, were heated together to a red heat and then plunged 
into water at 20° C. ; they were thus hardened to approximately 
the same degree. 

In order to magnetize the steel bars at — 185° C, a small 
silvered cylindrical Dewar bulb of 100 cc. capacity, was filled with 
liquid air and placed within a coil having 6,500 turns of copper wire. 
The bar of steel to be magnetized was then put into the Dewar 
bulb and kept in the center of the coil by two perforated cardboard 
disks which fitted the interior of the bulb. 

The arrangement is shown in Fig. i, in which letters indicate the 
parts of the apparatus as follows : C, coil ; D, Dewar bulb ; A^ 
liquid air ; AT, cardboard disks ; J/, magnet. 

The dimensions of the coil employed were as follows : 

-Length, 9 cm. ; inside diameter, 8 cm. ; outside diameter, 
14.5 cm. 

The coil was made of 6,500 turns of No. 24 B. & S. copper 
wire, and had a resistance of 203 ohms. 
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The magnetizing force was very strong, .29 ampere being used ; 
this procjuced 1,885 ampere turns. 

The time of magnetization was made 60 seconds in each case. 

M 

A / / 




Fig. 1. 

After the bars of steel were magnetized at —185° C. they were 
kept immersed in liquid air until the magnetic moment at the low 
temperature was determined. 

The magnetic moments of the magnets were determined with an 
ordinary magnetometer, the magnets resting in a brass tray, the di- 
mensions of which were 10 x 1.5 x 1.5 cm. 

The method is indicated by Fig. 2, in which T' is a brass tray ; 
M, a magnet ; H, a magnetometer, W\ a wooden carrier for the 
tray ; 5, a meter scale. 

When the magnetic moments at low temperature were determined 
the brass tray was filled with liquid air. 

The initial change of magnetic strength, or the first gain or loss 
in the magnetic moment, accompanying the first change of tempera- 
ture of the bars of steel after they were magnetized was determined, 
because it has been shown by Dewar and others that the change of 
magnetic strength of a permanent magnet due to a change of tem- 
perature depends partly on the previous history of the magnet. 
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Special care was taken not to jar the magnets throughout the 
experiments, and also to determine their magnetic moments im- 
mediately after magnetization ; to these precautions is probably due 
the good agreement of the results. 

I 



Nn! 



y 



V- 










s 



>' L 



40 cms. 



Fig. 2. 

The experiments were interrupted by the failure of the company 
from which liquid air was produced, but the results already ob- 
tained show some interesting facts. 

Two kinds of steel specially made for use as permanent magnets 
were tested. These steels were : 

Carbon Steel, Crescent Company, Pittsburg, containing 2.40 per 
cent, of carbon. 

Tungsten steel from Sheffield, England. (Percentage of tungsten 
not given.) The results of the experiments are given below in 
tabular form : 

Carbon Steely Crescent Company, Pittsburg — 2.4 per cent 
carbon. 
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Three bars of carbon steel, size, 83 x lox 3 millimeters, weighing 
24.45 grams, were heated together to a red heat and then hardened 
in water at 20° C. They were magnetized at — 185° C. and then im- 
mediately warmed to 20® C. The magnetic moments at these 
temperatures were as follows : 







Table I. 








Carbon Steel Magnetized at 


-185- C. 




Magnet. 


Magnetic 
Moment at 
-185° c. 


Magnetic 
Moment at 

vP C. 1 


Difference 

(lOM). 


Percentage 
Lou. 


1 


211 


131 


80 


37.9 


2 


202 


140 


62 


30.6 


3 


211 147 1 


64 


30.3 


Mean 






32.9 



Another bar of this steel of the same dimensions and weight as 
the magnets i , 2 and 3 and hardened with them, was magnetized at 
20® C. and then immediately cooled to —185® C. 

The magnetic moments at 20® C. and — 185*^ C. were as follows : 



Table II. 

Ca^-bon Steel, Magnetized at 20® C. 



Magnet. 

4 



Magnetic 

Moment at 

aoOQ. 

208 



Magnetic 

Moment at 

-185OC. 



189 



Difference 

(LOM). 



Percentage 
Lose. 



19 



9.1 



It is evident that the initial loss in magnetic moment due to 
change of temperature when the steel is magnetized at — 185® C, and 
then warmed to 20° C, is much greater than for the reverse opera- 
tion, although in either case, a considerable loss in the magnetic 
moment is the result of a change in temperature of the steel of 
205°. 

These carbon steel magnets, i, 2, 3 and 4, were allowed to rest 
. undisturbed for nine days at approximately constant temperature, 
(room temperature in April). Their magnetic moments were then 
redetermined and are given in Table III, page 186. 
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Table III. 

Carbon Steel; Total Change of Magnetic Moment at the end of Nine Days. 



Magnet. 



Original 
Magnetic 
Moment. 



211 
202 
211 
208 



Magnetic 

Moment 

after 9 Daya. 



127 
136 
138 
170 



Difference 
(Loaa). 



84 
66 
73 
38 



Percentage 
Loaa. 



39.8 
32.6 
34.6 
18.2 



Magnets 1,2 and 3 were magnetized at — 1 85° C. and then warmed 
to 20° C. The total loss of magnetic strength of these magnets 
since magnetization was approximately twice as much as magnet 4, 
which was magnetized at 20° C, cooled to —185° C. (with a loss 
of 9. 1 per cent), and then warmed to 20® C. again. 

Tungsten Steel from Sheffield, — Three bars of tungsten steel, size 
89 X 2 X 3 millimeters, each weighing 5.05 grams, were hardened 
together in water at 20° C. They were magnetized at — 185° C, 
and then warmed to 20® C. 

The magnetic moments at the two temperatures were as follows : 





Tungsten 


Table IV. 

Steel, Magnetized 


^»/-185°C. 




iagnet. 


Magnetic 

Moment at 

-iSs** c. 

212 
228 
232 


Magnetic 

Moment at 

joOQ. 


Difference 
(Loaa). 


Percentage 
Loaa. 


1 
2 
3 


179 
192 
206 


33 
36 
26 


15.5 
15.7 
11.2 


Mean 








14.1 



Magnet i , nine days after showed a magnetic moment of 1 76. 

Magnet 2 was cooled to — 185° C. immediately after the mag- 
netic moment 192 was obtained and showed a moment of 196, a 
gain of about 2 per cent, of the value 192. 

The low percentage loss (11.2), of magnet 3 may have been due 
to a slight mistake in manipulation that was made, which may have 
introduced an error of several per cent. This determination (mag- 
net 3) is therefore questionable to that extent. 
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A bar of this steel hardened with magnets i, 2, and 3 was mag- 
netized at 20° C, and then cooled to — 185° C. The magnetic 
moments obtained were as follows : 

Table V. 

Tungsten SUel, Afagnttixed at 20® C. 



Magnet. 


Magnetic 

Moment at 

10° C. 


Magnetic 1 DiflFerence 


Percentage 
Lose. 


4 


213 


200 13 


6.1 



Bundle of iron wires (not pure iron), 9 cm. long heated to a red 
heat and cooled in air at 20° C, magnetized at —185° C, then 
warmed to 20® C, showed the following loss of magnetic strength. 

Table VI. 

Iron Magnetized at —185° C. 



Magnetic Moment 
at -1850 C. 



Magnetic Moment 
at ao® C. 



Difference (Lose). 



22.3 



13.5 



8.8 



Percentage Lose. 



39.4 



Another fact is shown by these experiments ; approximately the 
same magnet moment is produced, whether the steel is magnetized 
at 20° C, or — 185° C. other conditions being equal. This is evident 
from a comparison of the magnetic moments obtained after magnet- 
izing steel bars at —185° C, with the magnetic moment obtained 
after magnetizing a bar of the same steel at 20° C. 

There is a slight tendency towards a higher magnetic moment at 
low temperature than at normal temperature, but no definite state- 
ment can be made in regard to this point with the few determina- 
tions made. 

Table VII. 

Carbon Steel, Magnetized at —185° C. and at 20° C. 





Magnet 


r 


Magnetized at. 


1 Magnetic Moment. 




1 




-185° C. 


211 




2 


! 


-185° C. 


202 




3 


1 


-185° C. 


211 




4 




+ 20° C. 


208 
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Table VIII. 

Tungsten Steel, Magnetized at -185° C. and at 20° C. 
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Three bars of tungsten steel were magnetized at —185° C, but 
the time of magnetization was made different in each case. A bar 
of the same steel hardened with these magnets was magnetized at 
20° C. for comparison. The magnetic moments obtained are shown 
in Table IX.: 

Table IX. 



Magnet. 



Magnetiied at 



Magnetic Moment. 



9 


-185° C. for Isec. 


136 


10 


-185° C. «* 6 *• 


145 


11 


-185° C. "60 ** 


145 


12 


20° C. "60 " 


145 



These experiments were for the purpose of determining if there 
was any decided lag in the production of magnetic saturation at low 
temperature, and were mainly of a precautionary nature. It is evi- 
dent that an approximate state of saturation is reached far inside the 
time of magnetization allowed (sixty seconds), in the tests of tung- 
sten and carbon steels. 

In the last experiments with tungsten steel the determinations 
were relative only, and were made with a magnetometer of special 
design. The instrument, a "differential astatic magnetometer," was 
suggested by Professor Rood and constructed by the author. 

The essential part of the instrument is the suspension system, 
which consists of two groups of small magnets, set 23 cm. apart, 
rigidly connected by a very fine glass rod. The system is sus- 
pended by a single raw silk fiber 10 cm. long. By making the 
polarity of the two groups of magnets opposite, a system that is ap- 
proximately astatic is obtained. 
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The object of the arrangement employed is partly to annul the 
effects of distant magnetic disturbing influences, such as those that 
arise from trolley car motors, etc., and partly to obtain a sensitive 
system that will act on the differential principle. 

A magnet placed within a meter of the instrument and outside of 
the neutral plane between the two groups of magnets acts strongly 
on the nearest group, producing a deflection of the system. 

In the foregoing experiments on the magnetization of steel at 
liquid air temperature, it was desirable to eliminate the magnetic 
effect of the liquid oxygen in the liquid air in the Dewar bulb, 
during the process of magnetization. It was considerd advisable to 
use a very strong magnetizing force. This produced approximate 
saturation at both low and normal temperatures, rendering the 
magnetic effect of the liquid oxygen on the magnetic moments ob- 
tained by magnetization at low temperature practically negligible. 

The permeability of liquid oxygen is comparatively low, more- 
over, as can be seen from the results of an investigation of Fleming 
and Dewar,' who have studied the magnetic permeability of liquid 
oxygen and liquid air. They find that the magnetic permeability of 
liquid oxygen is 1.00287. This number is the ratio of the mag- 
netic permeability of liquid oxygen to that of cold gaseous oxygen, 
and by the same method used in the given determination no differ- 
ence was detected between the magnetic permeability of gaseous 
oxygen at — 182° C. and at normal temperatures. The value 1.0024 
was obtained for air. 

These values are far below that of the so-called non-magnetic 
iron alloys. Twelve per cent, manganese steel, usually called non- 
magnetic, has a magnetic permeability of 1.3 or 1.4. 

As previously stated, the magnetic moments of the steel bars 
were determined with an ordinary magnetometer, but the magnets 
while being tested at low temperatures were placed in a small tray 
filled with liquid air. The magnetic effect of the liquid oxygen in 
the liquid air used in this part of the experiments was considered 
negligible also, for a tray containing liquid air alone was placed 
with several centimeters of the magnetometer and produced prac- 
tically no effect on it. When the magnets were tested, they were 

» Proc. Royal Society, 1896 Vol. 60, p. 283. 
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placed at 40 cms. from the magnetometer. Moreover, the liquid 
air in the tray being allowed to boil away, no appreciable change 
was noticed in the deflection of the magnetometer immediately 
afterwards. 

It is appropriate here to call attention to the fact that in several 
cases mistakes have been made by writers in stating the results of 
investigations on magnetism at low temperature. Among these is 
the following statement taken from Thompson's ** Elementary Les- 
sons in Electricity and Magnetism," edition of 1901, p. 104. 

"Trowbridge found severe cooling at 100® below zero to destroy 
the magnetism of steel magnets ; but Dewar has observed that when 
cooled to — 200° C. in liquid oxygen, the magnetic properties of 
iron are nearly twice as high as at 0° C." 

What Professor John Trowbridge really found was as follows : 

That a bar magnet magnetized at 6° or 8® C. when cooled from 
4° C. to — 25° lost less than 4 per cent, of magnetism. For a 
greater reduction of temperature to about — 60° C. a far greater 
percentage loss of magnetism was observed. In one case, a bar 
magnet magnetized to saturation lost 66 per cent, of its magnetism.^ 

The latter part of the statement quoted above probably refers to 
an investigation of Fleming and Dewar,* in which they found that 
the magnetic permeability of soft annealed Swedish iron decreased 
when cooled to low temperatures, but that the permeability of unan- 
nealed Swedish iron increased as the temperature diminished. 

In the case of hardened iron the permeability increased several 
hundred per cent, when the iron was cooled to liquid air tem- 
perature. 

Permanent magnets made from commercial steels containing 
various percentages of tungsten, etc., uncertain quantities of carbon, 
and having different degrees of hardness, must be regarded, in gen- 
eral, as individuals with special characteristics ; yet the following 
conclusions can be drawn from the experiments described above : 

I. That approximately the same magnetic moment is obtained 
whether a bar of tungsten steel or carbon steel is magnetized at 
normal or at liquid air temperature, other conditions being the same. 

* American Journal of Science, Vol. XXI., p. 316, 1881. 
« Proceed. Royal Soc, Vol. 60, p. 81, 1896. 
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2. That the initial loss in the magnetic moment, due to change of 
temperature, of a bar of steel magnetized at —185° C. and then 
heated to 20° C. is much greater than when the bar is magnetized 
at 20° C. and then cooled to — 185® C, a considerable loss oc- 
curring in both cases. 

3. That there is a certain amount of unstable magnetism in a 
newly made steel magnet, which tends to pass off at the first 
change of temperature in either direction from that at which mag- 
netization takes place, much more of the unstable magnetism pass- 
ing off by heating than by cooling. 

It was determined that the tungsten steel magnets, while nearly 
the same length, but only about one-fifth of the mass of the car- 
bon steel magnets, give a higher magnetic moment than the carbon 
steel. Some allowance must be made, however, for the fact that the 
latter, on account of their greater mass, were probably not hardened 
to the same degree as the tungsten magnets, the two steels being 
hardened in the same manner. Furthermore, the initial losses of 
magnetic strength due to change of temperature from —185° C. to 
20° C. and from 20° C. to —185° C. were very much less in the 
case of tungsten steel magnets than for the carbon steel magnets. 
It is evident that there is less of the unstable magnetism, referred to 
above, in the case of magnets made of tungsten steel than for 
those made of carbon steel. 

Physical Laboratory, Columbia University, N. Y. 
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NEW BOOKS. 

Outlines of Electrochemistry. By Harry C. Jones. New York, 
The Electrical Review Publishing Company, 1901. Pp. vi -f 106. 

In this little volume Professor Jones has brought together the series of 
papers recently published in the Electrical Review (New York) on Os- 
motic Pressure, the Theory of Electolytic Dissociation, Electrolysis, the 
Velocity of the Ions, Conductivity of Solutions, and the Electromotive 
Force of Voltaic Cells. This programme does not by any means cover 
all that is frequently included under the term Electrochemistry. The 
present work and the recent volume of Mr. Bertrand Blount on Prac- 
tical Electrochemistry, for example, scarcely touch each other at any 
point. What Professor Jones gives, however, is precisely what is most 
valuable to the electrician. Under various heads above mentioned he 
brings out in clean and definite form the beautiful results obtained by the 
physical chemists and shows how the theory of electrolysis has been 
brought out of chaos. The treatment is elementary without being vague 
and the reader after completing the brief chapters cannot but feel im- 
pressed with the remarkable progress which has been made in this 
domain within the last ten years. E. L. N. 
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Volume XIV. April, igo2. Number 4. 



THE 

PHYSICAL REVIEW. 



THE SPECIFIC HEAT OF SOLUTIONS. III. A FORM 
OF THE PFAUNDLER CALORIMETER. 

By William Francis Magie. 

1. In the course of my investigation of the specific heat of solu- 
tions^ the calorimeter which was employed in the earlier work 
has been considerably modified and improved. As I expect to 
use the instrument in its present form in the future, it may not be 
superfluous for me to present a brief description of it, with an 
account of the method of using it and of the results which can be 
obtained with it. In the somewhat tedious course of experimen- 
tation by which this form of the instrument was worked out, I 
have been greatly indebted to Mr. Frederick Fisher, the mechani- 
cian of the John C. Green School of Science, who has aided me by 
his practical skill, and has furnished many valuable suggestions. 

2. The Calorimetric Method, — The general plan of the instrument 
is that first. proposed by Pfaundler.^ The liquid to be examined 
and the standard liquid are contained in two similar vessels, and are 
heated by the same electric current in two coils of equal resistance. 
The specific heat is then determined from the observation of the 
rise of temperature in each vessel. In the study of solutions, the 
solvent is made the standard liquid. It is then possible to use such 
amounts of the solution and of the standard that the rise of temper- 
ature shall be nearly the same in each vessel. When this is the 
case the. two most important corrections in most calorimetric work, 
that involving the water equivalent of the calorimeter and that 

•This Review, Vol. IX., No. 2, Aug., 1899; Vol. Xlll., No. 2, Aug., 1901. 
«Wien. Acad. Bcricht, Vol. LIX., 1869. 
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depending on radiation, are practically eliminated, if only the two 
vessels are alike in mass, in shape, and in character of surface.* 

3. The Calorimeter. — The calorimeter vessel is a cylindrical cup, 
6 inches high and 4 inches in diameter, made of thin sheet silver. 
It is furnished with a cover of fairly thick sheet brass, that fits 
snugly with an exterior flange over the top of the cup. Through 
the center of the cover passes a brass tube, projecting three fourths 
of an inch above the cover and i )4 inches below it. Within this is 
fitted a glass tube, the ends of which were shrunken a little in the 
flame of a Bunsen burner, and then ground and polished on the in- 
terior so as to furnish the bearings for the shaft of the stirrer. This 
shaft is a silver rod, provided above the upper bearing with a small 
pulley, and projecting below the cover 5 J^ inches. On the lower 
end is forced a cubical block of silver. Into slots cut diagonally in 
the surfaces of this block are forced rectangular silver plates i \\ 
inches long and ^ inch wide. The paddle or stirrer thus formed 
is held in place by the pulley above and by a collar below its bear- 
ings. When it is turned at the usual rate it rotates about four 
times a second, and stirs the liquid vigorously. 

In a line yi inch from the center of the cover are placed three 
short brass tubes. The two end ones are i yi inches apart, cor- 
responding to the distance between the mercury cups of my Carey 
Foster bridge. They are fitted with rubber bushings through which 
pass stout copper wires, the upper ends of which carry removable 
binding screws. These wires within the cup are bent out and down 
again, so that in the cup they are 2 J^^ inches apart. They termi- 
nate 3 inches below the cover, where they are attached to the ends 
of the heating coil. This is a spiral ^ inch in diameter of about 40 
turns of a special German Silver wire, furnished me by Mr. Edward 
Weston. It has a resistance of 4 ohms, and is characterized by its 
small or negligible temperature coefficient. This spiral is opened 
in the middle and held down nearly to the stirrer by a glass tube 
fitted in the middle one of the three brass tubes in the cover. The 
most convenient way to arrange this tube is to heat the lower end, 

* These features of the instrument have been recognized by Stroud and Gee, who have 
described a method which is essentially the same as the one here described. £1. Rev., 
21, p. 262 ; Nature, Vol. XXXVI., p. 483. 1887. 
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pinch it flat, and make a small notch in the flat end. The wire is 
caught in this notch, and may be held there by the insulating coating. 

It may be worth mentioning that it is convenient to drill the 
holes in the ends of the copper wires, in which the heating coil is 
soldered, diagonally through, so that the adjustment of the coils to 
equal resistance may be made without cutting the wire. 

Two other tubes, i ^^ inches long, and of such a diameter that 
they will admit the thermometers used, are placed in line with the 
center of the cover and the tube carrying the glass rod. Their 
centers are ^ inch from the edge of the cover. The thermometer 
is ordinarily borne in the one that is more distant from the heating 
coil, and the other one, which is generally stopped with a cork, is 
used for filling the cup, though it also receives a thermometer when 
the two thermometers are to be compared with each other. 

The heating coils and the copper wires are coated first with 
asphalt varnish and then with ozokerite. Neither of these insulators 
could be used alone, and rubber and gutta-percha were tried also 
without success. The inner side of the cover and those portions of 
the brass tubes which project below it are coated with a thin sheath- 
ing of rubber dissolved in naphtha, to prevent possible conduction 
across the cover when it is covered with moisture by condensation. 

Each of the cups thus constructed is set upon a network of fine 
cord within a cylindrical vessel of brass, 8 inches high and 6 inches 
in diameter, and is centered by three adjustable wooden pegs. These 
brass vessels or shields are placed about 4 inches from each other 
within a wooden box, with a cover made in two parts and cut so 
that the thermometers can project through it ; the parts of the lid 
can be removed and replaced without disturbing the instrument. 
The conductors for the electric current enter through holes in the 
ends of the box. I am not sure that it would not be better to dis- 
pense with the box, when the temperature of the room can be kept 
constant. Thomsen * found it to be so ; but the temperature of my 
work-room is so changeable that it is probably safer to protect the 
cups from outside changes of temperature, and to expose them only 
to those changes which they cause themselves. These at least are 
regular and similar in all observations. 

>Pogg. Ann., Vol. 92, p. 34; Thcrmochem. Untersuchungen, Vol. I., p. 22. 
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On either side of the box rises a wooden upright sustaining a 
crosspiece, on which are fastened small wooden blocks, grooved to 
receive the upper ends of the thermometers. When the cups are in 
position, the thermometers are held in place in these grooves by 
stout brass springs. In appropriate positions are fastened to ihe 
crosspiece the magnets and circuit-breakers of two small electric 
bells, the hammers of which have been replaced by longer handles 
carr>'ing on their ends small corks. The magnets are actuated 
by a pair of Edison- Lalande cell, and when in action the cork ham- 
mers keep up a lively tapping on the tops of the thermometers. 
The contact-maker used with this circuit is fixed in a convenient 
place on the side of the box. 

The paddles are turned by a belt passing over both of their pul- 
leys and over a 4-inch pulley carried on an offset in front of the box. 
The belt enters the box through two notches in the front, into 
which it falls when the front part of the cover is not in place. To 
admit of this the front part of the cover is made removable and is 
not hinged like the back part. The belt is a rubber cord about 
yi inch thick. 

4. The Cooling Vessels. — Before beginning an observation it is 
necessary to cool off the cups to some temperature below that of 
the room. This is done in cylindrical vessels 8 j4 inches in diam- 
eter and 6 inches high. Within these are placed cylinders of 
coarse wire netting, held in place in the vessels by three projecting 
arms. They are ust large enough to admit the cups, which rest 
on cross-pieces of wood about an inch from the bottom. The space 
outside these cylinders is packed with broken ice or with snow, and 
the vessels are filled about half full of water. When the charged 
cups are placed in position in these coolers, the paddles may be 
turned with the fingers sufficiently to bring about a regular fall o 
the thermometers, and after a little experience the cups can be re- 
moved so that the temperatures indicated after the cups have been 
wiped dry do not differ by more than two or three hundredths of a 
degree. If they differ by more than that, it is easy to equalize 
them by warming one. of the cups with the hand. 

5. The Current. — The current for the heating coils is furnished 
by a dynamo machine or a storage battery. It is led into the box 
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by Stout copper wires, which are sufficiently flexible to admit of 
being pushed aside when the cups are to be removed. The connec- 
tion between the cups is made by a straight piece of the same wire. 
The circuit contains an ammeter, a variable resistance of coarse 
wire, and a snap switch, placed conveniently on the front of the 
box. Ordinarily a current of 5 amperes is used. 

6. The Thermometers. — The thermometers were made by Fuess. 
They are of Jena glass. No. 59, III., and are similar in size and 
shape. The graduation extends from 12° to 33° in the one and 
36° in the other. A degree covers about 2 cm. and is divided di- 
rectly into fiftieths. The graduation is marked in beautifully fine 
and even lines on a scale of opaque glass placed ust behind 
the thermometer tube. By the help of the reading microscopes, 
which are arranged to slide on the external protecting tubes, an 
estimate of the temperature can be made to thousandths of a degree 
with considerable accuracy. The bulbs are long and narrow. A 
short piece of rubber tubing is slipped over each thermometer and 
supports it at the proper height in the cup. The bottom of the 
bulb is brought as close as is safe to the paddle, and the upper end 
of it is below the surface of the liquid in the cup by ^ inch when 
700 grams of water are used. 

It is a feature of this method that the corrections of the ther- 
mometers to a standard need not be accurately known. All that is 
necessary is to have a comparison of one with the other. To ob- 
tain this, both thermometers were placed in the same cup, and com- 
pared at different temperatures. The curves of comparison ob- 
tained from three independent sets of observations nowhere differed 
from each other by more than y/jp^ degree. From them a mean 
curve was constructed from which to correct the readings of one 
thermometer to the scale of the other. Since . the comparison is 
made under the conditions of service, the corrections for stem ex- 
posure and lag are included in the results. 

7. Method of Observation, — The course of an observation is as 
follows : After the cups are filled, usually with 700 grams of water 
and with the appropriate amount of the solution, they are placed in 
the coolers until the temperature falls about 5° below the room 
temperature (say to 15°). They are then wiped dry, the tempera- 



Digitized by 



Google 



198 



WILLIAM FRANCIS MAG IE, 



[Vol. XIV. 



tures being adjusted if necessary to be nearly equal, and are placed 
in position. At the beginning of a minute the tappers are set 
going, and the stirring is begun. Stirring is kept up in one sense 
for twenty seconds and then in the reverse sense for twenty seconds. 
The tappers are allowed to run five seconds longer, are then 
stopped, and the readings are made. This process is repeated usu- 
ally twice and oftener if the differences of reading of the two ther- 
mometers show signs of a progressive change. At the beginning 
of a minute, after the last reading has been made, the current is 
thrown into the heating coils and is maintained usually for six min- 
utes ; with the current used the rise of temperature is then about 
10°. During this period the stirring is continued, being changed 
in sense at the end of each minute. At the end of six minutes the 
current is cut of, the tappers set going, and readings are made as be- 
fore. Nothing remains but to determine from the average tempera- 
ture differences the most probable value of the rise of temperature 
in each cup, and to calculate the specific heat s* of the solution 

directly from the formula, s' — - , ^, • The cups may be cooled 

off again and another observation made. Such an observation can 
be made in twenty minutes or a little over. 

As an illustration we may take an observation on a 5^^ milk- 
sugar solution. The mass of water in cup A was 700 grams, of 
solution in cup B was 736.57 grams. The thermometer correc- 
tions fall on the temperature in B ; those due to errors in reading 
on that in A, 



Reading*. 


il 


L 


Diff. 


B 


Corr. Reading. 




Corr. Reading. 


Before heating. 


15.110 




14 


15.124 






15.130 


15.130 


14 


15.144 


15.115 


After heating. 


25.324 


25.324 


-5 


25.319 


25.309 




25.296 




-4 


25.292 






25.272 




-5 


25.267 




Rise of temp. 


i^aO.294 


^MO.294 






= 1.0000, 1^ = 0.9504 



Heat capacity of 200 mols. water -f 1 mol. milk-sugar or of 3942 grs. soIutioD, 3746.4. 
Apparent molecular heat of milk-sugar in solution, 146.4. 
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8. Correction for Evaporation. — The most important change 
which has been made in the construction of this instrument from 
that previously described * consists in the use of covered calorimeter 
cups instead of open ones. In the 25 minutes required in the earlier 
work for an observation, 500 mg. of water were lost from each cup 
by evaporation. This not only made it necessary to weigh and 
refill the cups after each observation, but introduced an element of 
uncertainty in the work that is at least partially avoided by the use 
of covered cups, in that any inequality in the amount of evaporation 
from the cups involved a considerable inequality in the amount of 
heat lost by evaporation. This possible difference in the amount 
of heat lost was included in the probable error, but it no doubt con- 
tributed to increase the magnitude of that error. Even with the 
covers, the evaporation is not wholly checked, as the tempera- 
ture of the liquid changes, and is different from that of the cover, 
but it is at least rendered more uniform. In working with alcohol 
as a solvent or in determining the calorimeter constant with water, 
the first observations were always more divergent than the later 
ones from the mean, unless the precaution was taken to carry the 
temperature through its ordinary range before beginning the ob- 
servations. 

9. Correction for Radiation. — When the cups are so charged 
that the rise of temperature is about the same in each, the cor- 
rection for radiation is negligible. This can be seen from the uni- 
formity with which the temperatures in the cups rise or fall while 
the readings are being made. When the temperature changes in 
the cups are quite different, as in the observations for the calorimeter 
constant, the radiation has to be determined and allowed for. This 
may be done completely by determining the rate of loss of heat at 
different temperatures ; but it is generally sufficient to judge from 
the differences in the temperature changes observed during the pre- 
liminary and final readings as to how much more heat one of the 
cups loses than the other, and to express this in terms of tempera- 
ture change. This method is not suitable when the temperature 
changes differ greatly. 

10. Corrections for Errors in Stirring. — In the ordinary case, the 

» This Review, Vol. IX., No. 2, August, 1899. 
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errors which are most difficult to control are connected with the stir- 
ring of the liquids. It is necessary to make the pulleys that turn 
the paddles exactly of the same diameter, and to make the paddles 
themselves geometrically similar ; and even when they are as simi- 
lar as they can be made, it is advisable to turn them in opposite 
senses for equal times. Even with the utmost regularity, it is not 
possible to be certain that the liquids are thoroughly and equally 
mixed, and I believe that the remaining error is more largely due 
to unequal mixing than to any other cause. The condition, which 
is important, that the paddles should extend as near the sides of the 
cup as possible, introduces an occasional difficulty, when the pad- 
dles, owing to imperfect fitting of the cover or to too great a strain 
on the belt, touch the sides of the cup. Fortunately when this 
happens it can usually be detected by the ear. An observation in 
which such a condition has existed is worthless, the heat developed 
by the contact being always sufficient to cause too great a rise of 
temperature in the cup in which it occurs. 

1 1 . Correction for Calorimeter Constant. — A difference in the 
water equivalents of the two cups may exist which must be exam- 
ined and allowed for. This can scarcely be due to differences in 
the cups themselves, if they are carefully constructed, but may be 
introduced by the use of thermometers which are not sufficiently 
alike. The amount of this difference may be determined by a series 
of observations with equal quantities of water in the cups. If we 
represent by ip the heat capacity of the water used, by i?j the rise of 
temperature in cup No. i, by C^ the water equivalent of that cup, 
and use similar symbols with the subscript 2 for the quantities per- 
taining to cup No. 2, and remember that the same quantity of heat 
is contributed to each cup, we have, 

whence 

f-f»r ^ " '■ 

Since /?, is nearly equal to <?j, and Cj and C^ are small in compari- 
son with if, this equation gives approximately 



^(.-||) = C,-C.. 
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from which by the observations just mentioned C^ — C^ may be de- 
termined. This difference is all that is needed for correction, when 
the temperature change is nearly the same in each cup. 

The value of the water equivalent, when it is the same for each 
cup, is got by using different quantities of water, so that tp^ and ip^ 
are not the same. We then have 

Even if the water equivalents differ, this equation will determine 
a value that is correct enough for use when the temperature changes 
are different, and the difference between the water equivalents may 
be got as before. 

1 2. Effect of Condensation. — In the damp summer weather, the 
moisture which condensed on the outside of the cups, when they 
were cooled below the room temperature, affected the changes of 
temperature during the period of the initial readings, so that they 
were very irregular and uncertain. Successful observations could 
not be made at such a time. 

1 3. Test with Water. — It is an advantage of this form of calorim- 
eter that its performance can be tested by the use of equal quan- 
tities of water in the two cups. If the water equivalents and the 
radiation losses are the same for each, the mean ratio of the ob- 
served temperature changes should equal i. The first set of results 
which follows was obtained for this case on October 10, 1901, before 
the laboratory was heated, and while there was a slight condensa- 
tion on the cups of moisture from the atmosphere. The second set 
was obtained on November 9, 1901, when the laboratory was 
heated. The numbers given are the ratios of the temperature 
changes in cups A and B. 



0.99987 


1.00005 


0.99974 


1.00004 


1.00004 


0.99995 


1.00030 


1.00002 


0.99963 


1.00030 


0.99991 




Mean, 0.99992 


1.00007 
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The mean of both sets is 0.99999. ^^^ indicates that the correc- 
tion for difference of water equivalent is negligible. In these ob- 
servations the rise of temperature was over 10°. Another set of 
observations, in which the rise of temperature was about 3.5^, gave 

the following results : 

1.0003 
0.9996 
1.00025 

Mean, 1.00005 

Although the variations are no larger than in the other sets of 
measurements, and although there are good reasons for restricting 
the temperature change within as narrow limits as possible, yet in 
view of the larger effect of errors in reading the thermometers, I do 
not think it best to use so small a temperature change. 

14. The Calorimeter Constant, — ^The water equivalent or constant 
of the calorimeter was determined as the mean of the following 
results : 700 grams of water were used in one cup, and 800 grams 
or 850 grams in the other. 



22.6 


1.0002 


24.1 


0.9998 


24.3 


1.0002 


21.7 


0.9997 


23.4 


1.0000 


Mean, 23^2 





The numbers in the second column represent the specific heat of 
water, calculated from the observations with the mean value of the 
constant, and indicate the range of error when the constant is 
known and the difference of the temperature changes is about i° 
in io°. 

15. Examples, — The following numbers under I. are the ratios 
and the molecular heats obtained from observations on a ^-^ gram- 
molecular solution of an anhydrous form of milk-sugar. The amount 
of water used was 700 grams, of the milk-sugar solution 735 
grams. Under II. are given the corresponding numbers for a simi- 
lar solution of another form of milk-sugar. The amount of solu- 
tion used in that case was 736.57 grams. 
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I. 




1 


II. 




0.9978 


146 


1 


0.9998 


145 


0.9979 


146 




0.9999 


146 


0.9986 


149 


' 


1.0000 


146 


0.9982 


147 


; 


0.9997 


145 


0.9978 


146 




0.9995 


144 


0.9981 


147 




0.9999 


146 


0.9983 


148 


1 


1.0003 
1.0003 


147 
147 




147~~ 


i Means 


1.0000 


146 


Means, 0.9981 


0.9999 


146 









The water equivalent of the calorimeter apph'ed to such cases as 
those under I., where the difference between the temperature changes 
was about 0.02°, does not appreciably modify the results. 

Physical Laboratory, Princeton University. 
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ON SOME OPTICAL PROPERTIES OF ASPHALT. 

By Emward L. Nichols. 

\ T 7HEN a thin layer of asphalt varnish is spread upon glass and 
^ ^ allowed to dry and some luminous source, such as the 
filament of an incandescent lamp, is observed through the film, it is 
found that a considerable amount of red light is transmitted, the 
unusual purity of which is readily ascertained by means of a spec- 
troscope. The suddenness with which the rays beyond the red are 
cut off indicates the existence of a well-defined absorption band 
with a very steep gradient on the side toward the greater wave- 
lengths ; and one would expect to find a considerable degree of 
perviousness in the infra-red and anomalous dispersion in the region 
where the change from transparency to opacity occurs. 

It is the purpose of this paper to describe some studies of this 
interesting substance concerning the optical properties of which 
nothing appears to have been recorded. 

SpECTRO- PHOTOMETRIC OBSERVATIONS. 

For the purpose of determining the transmitting power of asphalt 
m the visible spectrum, films of the requisite thickness were obtained 
by dipping a piece of thin plate gla.ss into asphaltum varnish and 
allowing the coating to dry ; after which one side of the glass was 
carefully cleaned. The film thus obtained covered about one half 
of one face of the glass plate. The instrument employed in the 
determination of the transmitting power of the film was a one-prism 
spectroscope provided with a Vierordt slit. The spectroscope was 
securely clamf)ed above the table with the circle Cm a vertical plane, 
the collimator tube horizontal, the slit horizontal and the observing 
telescope moving in a vertical arc. Light for the comparison 
spectrum was introduced through the right hand half of the slit by 
means of a total reflection prism /'(Fig. i). The source of light 
was an acetylene flame {A^ in front of which, in order to reduce 
the intensity, two thicknesses of ground glass {G) were interposed. 
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Fig. 1. 



Light from a similar acetylene flame {A^ which was mounted in 

the line of the collimator, entered the left half of the slit directl}'. 

The glass plate (/), with the 

asphalt film, was interposed in j 

the path of this ray near the slit. j 

By giving the plate a lateral I q 

movement of about two centi- / ' I "^p 

meters, the ray could be caused ^^ 

to pass alternately through the 

glass and asphalt and through 

the glass alone. A comparison 

of the absorption spectra thus 

obtained with the spectrum from 

(y4j) furnished data for computing 

the transmitting power of the 

asphalt film. 

Measurements were made in 
five regions of the spectrum lying 
between .73 // and . 589 //. The transmission of light of wave-lengths 
shorter than the latter was too faint to be measured. The thickness of 
this film, determined by measuring with a micrometer gauge the 
thickness of the glass and of the glass and asphalt together was found 
to be 0.003 c'"- Table I. gives the percentage of light transmitted 
by the asphalt and the extinction coefficient of this substance for 
the regions of the spectrum in which measurements were possible. 

The extinction coefficient was computed in the form used by 
Knut Angstrom * with whose results with films of lampblack it 
was desired to compare the present measurements. 

The equation has the well-known form 

where I^ is the intensity of the incident ray, / that of the ray trans- 
mitted by a film of thickness / and k is the extinction coefficient. 

The transmission curve for the visible spectrum is shown in Fig. 2. 
It will be seen from these data that a film of this thickness becomes 
almost completely opaque in the yellow, the transmission in the 

* Angstrdm, Wiedemann's Annalen, 36, p. 715 ( 1889). 
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Table I. 

Transmission in the visible spectrum of a layer of asphalt .003 cm, in thickness. 



Wave-lengths. 



/o 



0.730 II 
0.680 /i 
0.656 II 
0.617 /i 
0.589 11 



0.0233 

0.0088 

0.0044 

0.00085 

0.00038 



Extinction Coefficients* (/(). 

1256 
1558 
1813 
2362 
2631 
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Fig. 2. 



*To convert these coefficients into the extinction indices of Wernicke (Pogjjendorflf's 

4^ 



Annalen, Erg. Bd., 8, p. 67 [1877]), ^^^7 ™"^^ ^ divided by 
in centimeters. 



, where A is expressed 
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region of the D line being less than .0004 of the incident light ; 
also that the transmission of yellow light is less than two per cent, 
of the transmission of the full red of wave-length .73 //. The opacity 
of this film was too great to permit of the location of the position 
of the maximum of the absorption band and measurements were 
accordingly made upon much thinner layers, prepared in the fol- 
lowing manner. A cell having the form of a hollow wedge with 
sides of plane glass was filled with asphalt varnish and then emptied 
of what could be poured out and immediately inverted and left to 
dry with its mouth resting upon a sheet of filter paper and the af)ex 
of the wedge uppermost. 

The downward flow of the slowly drying film of asphalt gave in 
this case a regular gradation to the layer which at the top of the 
cell was so thin as to show scarcely any color, while at the bottom 
it was nearly opaque. The light transmitted by this cell with its 
double layer of asphalt at distances of 2.5 cm. and 6.5 cm. from the 
apex was then compared spectrophotometrically with that trans- 
mitted by an uncoated cell made of the same glass. 

The color of this layer was a red, changing gradually to a pale 
amber, tending at the apex to a greenish yellow ; indeed the varia- 
tion of color with thickness might be likened to that of a dichoric 
liquid. 

A comparison of the transmission of the two portions of these 
films subjected to measurement showed the substance to be optic- 
ally perfect, or at least not appreciably turbid. That is to say the 
relation 

"log;- = log ^» 

where n and m were the relative thicknesses in the regions measured 

was found to be approximately true. The ratio — was determined 

tn 

from the distances from the apex of the wedge of the two regions, 
under the assumption that the films were themselves wedge-shaped, 
tapering uniformly towards the apex. The agreement which was 
at least as close as my knowledge of the relative thicknesses, was 
however not sufficient to establish this fact completely and measure- 
ments were accordingly made upon two layers of different thick- 
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nesses placed upon glass plates in a manner similar to that employed 
in the specimen used in obtaining the data given in Table I. The 
relation of transmission to thickness in this case also was found to 
fulfill the law for optically perfect media with a degree of approxi- 
mation equal to that of my knowledge of the thickness of the 
films. 

It was found that while each pair of films was comparable in this 
respect between themselves, the sets could not be compared with 
one another and that neither gave correct values when compared 



.ea 



.20 



TRANSMISSION OF AN ASPHALT LAYER 
0.00005 CM. IN THICKNESS 



/ 



y 



/ 



.5^ 



Fig. 3. 



with the film of Table I. This discrepancy was due to the fact that 
the thickness of such films continues to diminish for a long time 
after they appear to be dry. 

The two last mentioned films, for example, measured with the 
micrometer gauge about twenty-four hours after deposition, were 
found to be .0122 cm. and 0.0069 cm. in thickness. The next day 
they had fallen to 0.0026 cm. and 0.0009 cm. respectively. The 
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effective thickness of the former, computed from its transmitting 
power, in terms of that of the film of Table I., which had been 
measured after drying for several weeks was however only .00195 cm. 

The extinction coefficients in Table I. refer to films which have 
been thoroughly dried and not to freshly deposited layers of asphalt 
varnish. 

The thinner region of the double, amber-colored film near the 
apex of the wedge-shaped cell would have had a thickness when dry 
of only 0.000055 cm. 

The transmission curve of this region (thickness 0.000055 cm.) 
is given in Fig. 3, from which it will be seen that the transparency 
was still diminishing at wave-length 0.45 //. The maximum of the 
absorption band must therefore lie at some still shorter wave-length ; 
perhaps in the ultra-violet. 

The Anomalous Dispersion of Asphalt. 

In order to determine the dispersion of asphalt for those wave- 
lengths for which it is transparent a prism was made by placing 
some fragments of solid asphaltum between two plane-parallel 
pieces of glass and heating carefully in a gas oven until the 
asphaltum began to flow, when the plates were firmly pressed 
together at one edge. After many trials a prism of small angle 
was thus obtained thin enough to transmit red, yellow and a trace 
of green light near its edge. 

This was set up, as nearly at minimum deviation as possible in 
the path of the dispersed rays of a spectrometer with two prisms and 
the displacement of four bright lines was carefully measured. 

The source of light was an electric arc plentifully supplied with 
lithium and sodium. 

The angle of the prism was 1° 50' 2". 

The results of these measurements are given in Table II. 

Table II. 

Dispersion of a prism of asphalt. 



Wave-lengths. 



Li (;^ = 0.6708/i) 
Li (;i = 0.6104//) 
Na(X = 0.5896/4) 
Na(X= 0.5682^) 



Index of Refraction. 


;; 


=r 1.6209 


n 


^ 1.6282 


n 


= 1.6351 


n 


= 1.6339 
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It will be seen that anomalous dispersion begins to manifest itself 
between the yellow and green. It was not possible to make meas- 
urements at shorter wave-lengths by this method on account of the 
opacity of the material. 

Measurements in the Infra-red. 
The transmitting power of asphalt in the infra-red was studied by 
interposing alternately the coated portion and the uncoated portion 
of a strip of glass, prepared like that used in the measurements 
given in Table I., in the path of the rays from an acetylene flame 
and comparing the deflections of a Nichols radiometer exposed to 
the absorption spectra thus obtained with the deflections produced 
by the spectrum of the uninterrupted rays from the flame. The 



t.oo 




Fig. 4. 

apparatus used was one employed by Mr. W. W. Coblentz in meas- 
urements of the absorption of solutions of iodine the results of which 
have not yet been published. It consisted of a mirror spectrometer 
with bisulphide prism, the radiometer being mounted in place of the 
eye piece so that its vanes would receive radiation of any desired 
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wave-length. From the observations upon the absorption in the 
coated and in the uncoated glass the absorption of the asphalt alone 
was computed. The measurements extended over the range of 
wave-lengths from i.o/i to 2.8 /i. The transmission increased 
rapidly from zero at i.o/i to about .80 at 2/i, beyond which only 
slight changes in the transparency of the film were noted. There 
is apparently a slight maximum of transmitting power in the region 
2.2//. Measurements could not be carried with the apparatus used 
beyond 2.8 /i on account of the rapidly increasing opacity of glass 
and carbon bisulphide, and on account of the small dispersion of the 
bisulphide prism for the greater wave-lengths. In order to extend 
the investigation to the still longer wave-lengths of the infra-red 
spectrum it would be necessary to repeat the measurements by 
means of layers of asphalt placed upon a plate of fluorite or rock 
salt and to make use of a prism of similar material in the spectro- 
meter. 

The results of these measurements are given in Table III. from 
the data contained in which the transmission curve shown in figure 
4 is plotted. The thickness of the film employed was 0.0 10 cm. 
Its opacity was so complete that the disk of the sun could not be 

distinguished through it. 

Table III. 

Transmission of an asphalt film (0.010 rw. in thickness) in the infrared. 



Wave-tength. 


Transmission. 


Extinction Coefficient. 


1.0 
1.2 


.000 
.333 




104. 


1.4 


.550 


59.8 


1.6 


.644 


44.0 


1.8 


.718 


33.2 


2.0 


.786 


24.1 


2.2 


.809 


21.2 


2.4 


.805 


21.7 


2.6 


.791 


23.4 


2.8 


.788 


23.8 



Conclusions. 
There is much about the optical behavior of asphalt to suggest 
that its color may be due to the presence of carbon particles dissolved 
or perhaps suspended in some other medium, but the differences 
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between the two substances are scarcely less striking than their 
resemblances. We find the same transition from opacity, to trans- 
parency and this change occurs in the same region. For purposes 
of comparison, a portion of one of the curves given by Knut 
Angstrom in the paper already cited has been inserted in Fig. 4. 
It is the transmission curve for a layer of lampblack the thickne.ss 
of which was estimated at .0009 cm. in thickness. There is no 
significance in the comparison of a layer of asphalt with that of 
lampblack as regards thickness. It has been shown both by Ro- 
sicky * and by Stark ^ that lampblack obtained by smoking glass 
in the flame of a candle is of very loose structure, being equivalent 
to a layer of solid carbon of not more than three or four hun- 
dredths of the thickness. Angstrom's values are therefore not 
strictly comparable with that computed for asphalt. It will be seen 
however that the change from opacity to transparency in the as- 
phalt layer is much more abrupt than is the case with lampblack 
and that the former is more nearly transparent in those portions of 
the infra-red included in my measurements. A layer of lampblack 
.01 cm. in thickness would for example transmit only about .09 of 
the incident radiation of the wave-length 2 //. Asphalt of the thick- 
ness of Angstrom's layer of lampblack would on the other hand 
transmit .98. It has been shown by Wood * in a recent paper that 
lampblack exhibits anomalous dispersion in the visible spectrum 
and in this respect the two substances therefore have similar proper- 
ties. The maximum of the absorption band for carbon lies in the 
case of some varieties of lampblack and also of layers of carbon 
deposited in vacuo as, for example, upon the inner surface of the 
bulb of incandescent lamps, in the brightest part of the visible 
spectrum.* The measurements by Rosicky and by Stark seem to 
indicate however that in some specimens the center of the absorp- 
tion band must lie further towards the violet. 

That the coloring matter in asphalt varnish consists of minute 
particles, possibly of carbon, which are held in suspension by the 
liquid may be shown by means of the following experiment : 

« Rosicky, Wiener Berichte, 78, II., p. 407 (1878). 
•Stark, Wiedemann's Annalen, 62, p. 351. 
*Wood, Philosophical Magazine, 6, Vol. 1, p 405 (1901), 
< Nichols and Blaker, Physical Review, Vol. XIII., p. 378. 
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If a wire ring be dipped into the v^arnish and withdrawn it carries 
with it a flat film of liquid, which is very similar to a soap film in 
appearance. The coloring matter in this film is not uniformly dis- 
tributed, as in a solution, but tends to gather into streaks and 
patches as if by capillary action, and it is very speedily drawn to the 
boundaries of the film leaving a layer which shows only the colors 
of interference. Upon drying it leaves behind a nearly colorless 
sheet of resinous material. 
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THE VOWEL E. 

By Louis Bevier, Jr. 

THE vowels a, as xn father, and (t, as in pat, are quite uniform 
sounds in the mouths of most Americans. It is true that a 
is often sharped in New England, and that a^ is frequently nasalized 
more or less, but still it is easy, by pronouncing either in the pres- 
ence of a speaker from whom one desires to get a record, to secure 
from him a pretty accurate reproduction. 

Of the subject of the present study this is not the case. In the 
first place e itself varies considerably in different combinations of 
actual speech, from an open e (f), not differing greatly from «* to a 
close e, approaching the French e {e). In the second place speakers 
are accustomed to pronounce it short in most words, as in net, pet, 
etc., and it is difficult to get them to prolong it in singing at a regis- 
tered pitch without a noticeable alteration of its timbre, the very 
matter of our study. Great care, however, has been taken in this 
respect, that all records analyzed should sound true, when produced, 
and when reproduced, and the quality is, I believe, sufficiently uni- 
form to give trustworthy results. 

The vowel here to be analyzed is the open e (r) of pet. It has 
not seemed necessary to attempt an examination of a still more 
open e, as for example the German a, because this nuance is not 
normal in our speech, and because the analysis of a* and f are so 
similar that the intermediate may be constructed theoretically with 
sufficient exactness. On the other hand the vowel in pate is not 
here considered because it is not a simple sound, and must be re- 
served until the question of diphthongs is reached. 

The following table gives a sufficient number of analyses to furnish 
a safe basis of generalization. For full explanation of the arrange- 
ment of facts in the table the reader is referred to the discussion of 
the vowel a*, printed in the March number of this journal. 

An examination of the table reveals that the upper partial, which 
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is most characteristic for e, and always present, lies higher in the 
musical scale than for ^' by an interval somewhat greater than a 
whole tone. The frequency of this characteristic and strongly rein- 
forced upper partial is in the neighborhood of i,8oo, whereas that 

of rtMay as we saw (1. c.) at about 1,550 I *^ -<-|. The actual 

frequency of this important upper partial varies within not very 
narrow limits, according to individual differences of utterance, and 
acccording to the pitch of the fundamental of which it must be an 
exact multiple. Thus in the table we find on I. 152, 1,824 (XH) 
with an amplitude percentage of 9.2; on I. 160, 1,760 (XL) with 
8.2 and 6.0 respectively in the two examples ; on I. 181, 1,810 (X.) 
with 14. 1, and so on to the highest tones analyzed. 

This region of resonance extends over a considerable range, so 
that on low fundamentals two consecutive upper partials may be 
strongly reinforced. For example, I. 192 of voice 6 shows both 
IX. and X. (1,728 and 1.920) strong, and so in many other ex- 
amples. The limits may be approximately set at 1,600 and 1,950 
with the maximum generally at about 1,800. 

Besides this resonance there is always present at least one other, 
and often two others of lower pitch. These coincide very closely 
with those described in the study of a^ save that the lower centers 
at about 620 (cf. 650 for cf). The upper has a frequency of about 
1,050 as for a\ A good example in the table which shows both of 
these resonances, in addition to the principal one above described, 
maybe seen in I. 272 of voice i. Here II. (544) is strong (15.8), 
IV. (1,088) is also strong (14.8), and VII. (1,904) predomi- 
natingly strong with an amplitude percentage of 23.7 The real 
strength of the last may be best appreciated if the same record is 
computed in energy percentages, which would give the following 
results: I. 0.2; II. 2.3; III. i.i , IV. 8.0 ; V. 0.5; VI. 12.1 ; VII. 
63.3; VIII. 6.2; IX. 3.9; X. 1.8; XI. 0.5. 

More frequently the analysis shows but one of the two lower 
resonances at all important, either that in the neighborhood of 620 
or a compromise between the two. The essential point for the 
character of the vowel is that there shall be, in addition to the 
uppermost resonance, a certain fullness of resonance at one or more 



Digitized by 



Google 



2 18 LOUIS BEVIER, JR, [Vol. XIV. 

lower points. This can best be made plain by a detailed examina- 
tion of several concrete cases. Take for example the two specimens 
at 1 60 by voices i and 6. Each shows the characteristic high 
resonance at XI. (1.760). This is a little below the point I have 
designated as the normal maximum, but is nearer to it than the 
next upper partial (1,920) would be. Still many examples may be 
found where 1,920 would be the dominant upper partial, represent- 
ing presumably, other things being equal, a slightly closer e. Fol- 
lowing the records down the scale toward the fundamental, X., IX. 
and VIII. are weak, as they should be ; VII. shows in each a greater 
amplitude percentage, but not quite as much greater as we should 
usually find at that pitch (1,1 20) which is quite near a region of 
resonance. Again VI. and V. are weak, which is according to the 
rule, and IV. is strong. In the second case it is very strong, much 
more so than is usual. 

Compare next the five examples by different voices on the funda- 
mental 320. Here II., which falls near the lowest resonance maxi- 
mum, is strong in all, varying from the high amplitude percentage 
37.8 to the moderate 13.8. On the other hand III. falls a little too 
low for strong reinforcement in most normal utterances. Still the 
first and second examples show considerable reinforcement, par- 
ticularly the second where III. is very strong, At IV. all are rela- 
tively weak, as they should be. At V. the resonance begins to be 
important again in the case of the second and third examples, but 
not in the others. VI. falls near the resonance maximum and is 
consequently strong in all. Even VII. in the first and second ex- 
amples is quite strong, although considerably above the usual i\ 
resonance. 

From a careful study of the table, and from numerous other 
analyses, the definition of e may be formulated as follows : The 
vowel f is a composite sound containing: (i) The chord-tone, or 
fundamental, varying within wide limits of loudness. In general it 
is strong below 200, but not so strong as that of ct. From 200 
to 600 it is weak, but not so weak as that of (f. Above 600 
it falls within a region of strong resonance and is very strongly 
reinforced. 

(2) A characteristic e resonance in the region of 1,800. Tl.is 
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resonance is always present, and is most important, but its pitch 
varies within moderate limits, as explained. 

(3) A strong resonance at one or two lower points, centering at 
about 620 and 1,050 respectively. Both may be present, but at 
least one of them must be. 

As was done for (f, these facts may perhaps be best shown by 
plotting a resonance curve of amplitude percentages, obtained by 
averaging all the analyses made. This curve shows the women's 
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E RfcfcOKANCE CURVE 

Fi«:. 1. 

line, the men's line, and the average of both as for a\ We ob- 
serve that the resonance begins to rise very rapidly at about 550, 
reaches a very pronounced maximum at about 620, descends thence 
and rises to its second maximum at 1,050. From this point it 
descends abruptly, to rise gradually once more and reach its final 
maximum at about 1,800. Here a noteworthy difference appears 
between the women's line, and that of the men's voices, the latter 
showing the maximum on the average at about 1,700 and the 
former at about 1,850. This is true as an average result, but 
many records of men's voices show the resonance maximum as high 
as 1,900, and vice versa, many individual examples of women's 
voices as low as 1,700. There does, however, seem to be a tendency 
on higher fundamentals, both of men's and women's voices, to pitch 
this resonance a little higher. 

As before, (1. c), an individual record is plotted for the sake of 
illustration. It follows the average very closely. The fundamental 
is 152. I. (iS2),IV.(6o8).VII. (1,064), VIII. (1,216), XI. (1,672), 
and XII. (1,824) 2irc important, and the rest weak. The maxima 
are in this case at IV., VIII. and XII. respectively. 

For comparison a sheet of ^-curves is added. The most casual 
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iiispection will show that the characteristic resonance is of higher 
pitch than for a\ A sim^:)le count of the minor crests is the most 
obvious test. Thus at 320 these minor crests number six, giving 
a frequency of 1,920; at 384 five, again 1,920; at 256 seven, giv- 
ing a frequency of 1,792, etc. 

It may be interesting to compare two similar records lying an 
octave apart in fundamental pitch. The comparison will be most 
striking in the case of 320 by voice 7, and 640 by voice 10. the 
former a contralto, the latter a soprano. The record on 320 is 
essentially a succession of triplets, two to each fundamental wave, 
while that on 640 is a succession of simple triplets. The elements 
640 and 1,920 are common to both, and hence their great similarity ; 
but in the 320-record V. (1,600) is also present, and makes the one 
triplet different from its fellow. The fundamental at 320 is too 
weak to count so far as the unassisted eye can discern. These 
curves have for convenience of publication been reduced to one- 
third of their size as recorded by the transcribing instrument. 
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THE VELOCITY OF IONS FROM HOT PLATINUM 
WIRES. PART I. 

Bv C. D. Child. 

MANY investigations have been made on the discharge from hot 
wires, but none on the velocity of the ions carrying this dis- 
charge. As far as the writer is aware no quantitative measurements 
of any kind have been taken. The fact that the discharge from a 
positive platinum wire is greater than from a negative one led the 
writer to suspect that the positive ions move more rapidly than the 
negative ones, and for this reason, if for no other, the subject seemed 
worthy of study. Since this investigation was commenced an article 
has been published by Rutherford * concerning the velocity of ions 
from a hot platinum foil. His article covers some of the ground 
which is included in this. The methods used were not, however, 
identical and the objects in mind were different, so that this 
investigation confirms his, but does not to any great extent dupli- 
cate it. 

Irregularities in the Rate of Discharge. — The writer imagined be- 
fore beginning the work that the discharge from a hot platinum 
wire through which a constant current is flowing would be constant. 
Examination showed that it would be much nearer the truth to say 
that the discharge is never constant. The investigation proved to 
be little more than an attempt to find the different causes for the 
variations. 

The wire used was heated by passing through it an electric cur- 
rent produced by a storage battery. Resistance was placed in 
sefies with the wire and the potential was varied by varying the 
position of a ground connection on this resistance. A shunt was 
placed about the hot wire and a point midway on this shunt was 
assumed to have the same potential as the wire. The potential 

• Phys. Rev , 13, 321. 
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difference between this point and the ground was measured by a 
voltmeter. 

The outer cyclinder was connected to the electrometer and also 
to the ground. In making an observation of the discharge the 
connection to the ground was first broken and after a given length 
of time the electrometer was disconnected from the cylinder. The 
deflection of the electrometer would then show the amount of dis- 
charge which had passed to the cylinder. 

There was one cause of difficulty which must be ascribed to lack 
of care in making observations. The current through the wires was 
produced by a storage battery. It was assumed that the electro- 
motive force of the battery was constant. It happened, however, 
that it was slightly variable. It also happened that at certain tem- 
peratures very slight changes in the temperature of the wire pro- 
duced large changes in the rate of discharge and the first obser- 
vations were made at just these temperatures. As a result the 
varying changes of current through the wire made large changes in 
the rate of discharge. Later, of course, proper care was taken to 
keep the current constant. 

Rate of Discharge at first Decreases. — It was found that in general 
the discharge from the wire was at first large, decreasing for a short 
time rapidly, and then increasing slowly. The following are the data 
taken in one case when the wire was heated for the first time. The 
length of the wire was 6.5 cm., the diameter was .3 mm., the diam- 
eter of the surrounding cylinder was 48 cm., its width 6 cm. The 
current through the wire was 3.8 amperes. This was sufficient to 
heat the wire to a dull red. The potential difference between the wire 
and the cylinder was 35 volts, the wire being charged positively. 
In such a case the discharge is carried by positive ions and will be 
called the positive discharge. This is contrary to the usage which 
some have adopted, but in the light of the facts to be described 
later it seems best to use this terminology. The discharge carried 
by the negative ions will be called the negative discharge. Column 
I gives the time of the observation after the current was commenced. 
Column 2 gives the deflection which took place in four seconds. 
There was a deflection of 1.9 scale divisions per volt. The capacity 
of the electrometer and of a small condenser placed in multiple with 
it was 4.43 X ID"* micro-farads. 
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Table I. 
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It seems probable that this large discharge at the beginning was 
caused by impurities of some sort in the wire which were soon burnt 
out, or possibly by gases that had been absorbed by the platinum. 
The wire here used was weighed just before the observations were 
made and again afterwards. If there was any loss in the weight, it 
must have been less than . i mg. But the fact that there was no 
appreciable loss of weight proves nothing, since the extra amount 
of discharge could be carried by an amount of matter far too small 
to be detected by weighing. 

The decrease in the rate of discharge when the wire was first 
heated was very irregular, and in some cases it was scarcely notice- 
able. This decrease was more noticeable when the temperature was 
not very high. 

This decrease was followed by an increase, and this increase was 
much more noticeable when the wire was white hot. In one case 
a current of 5.5 amperes was passed through a wire .3 mm. in 
diameter for 20 minutes and the rate of discharge increased during 
that time at least 50 per cent. When this increase was first ob- 
served it was thought that it might perhaps be due to an increase 
in the temperature of the wire occasioned by an increase in its re- 
sistance. On investigating the matter it was found that the resist- 
ance did indeed increase on account of a slight lengthening of the 
wire, and on account of a decrease in weight. The increase in 
length was, no doubt, due to a small tension that was put upon the 
wire to keep it straight. 

However, it was afterwards found that raising the temperature 
did not cause an increase in the rate of discharge and other causes 
producing large changes in the discharge were found. The data 
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that were taken of the increase in length and decrease in weight 
have, therefore, no bearing on the matter in hand. 

The real cause of the increase in the discharge can be much 
better considered after other experiments have been described. The 
discussion of this will, therefore, be postponed for the present. 

This continual change in the rate of discharge made it impossible 
to secure accurate data in much of the work, but by allowing the 
current to flow through the wire for a short time before making 
observations it was possible to have the discharge nearly constant 
and to secure data approximating the truth. 

Dependence of the Rate of Discharge on the Current flowing through 
the Wire. — As has already been stated the rate of discharge at cer- 
tain temperatures of the wire was largely influenced by small changes 
in the current flowing through the wire. Table II. shows this depen- 
dence. Column I gives the current flowing through the wire. 
Column 2 gives the rate of discharge in amperes with positive dis- 
charge, column 3 those with the negative. The potential difference 
between the wire and surrounding cylinder was 40 volts. The 
diameter of the cylinder was 4.8 cm. and its length 6 cm. 

Table II. 
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The observations were not carried further, because with larger 
currents the wire melted. In no case was the negative discharge 
found to be as large as the positive, although these observations 
were taken many times. 

The positive discharge passes through a maximum. Rutherford 
states that the discharge from a hot platinum sheet in like manner 
passes through a maximum. The observations regarding the rate 
of discharge from a wire were made before Rutherford*s article was 
published, so that the reality of this decrease is fully established. 
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In explanation of the discharge the following may be said. When 
the temperature is barely sufficient to produce a few ions the amount 
of discharge is limited by the number of ions present. The number, 
no doubt, increases rapidly as higher temperatures are produced, 
but the discharge is soon checked by the effect of the ions on the 
field about the wire. The charges on the ions change the potential 
about the wire, until the potential gradient at the wire becomes very 
small and no more ions are then drawn out than are sufficient to 
keep the field in this condition. When this occurs the rate of dis- 
charge is not limited by the number of ions, but by the rapidity 
with which the ions move out of the field. If under these condi- 
tions the average velocity of the ions should decrease, the rate of 
discharge from the wire would decrease. 

Rutherford explains the decrease in the rate of discharge ob- 
served at higher temperatures by supposing that at those tempera- 
tures ions begin to be sent off differing from those which had pre- 
viously carried the discharge and that those ions move more slowly. 
Other facts bearing on this explanation will be given later. 

Rutherford has investigated fully the position of the maximum 
rate of discharge under different conditions. The facts observed by 
myself were in harmony with those recorded by him, but no very 
extended investigation was made concerning the matter. 

It is to be noticed that the negative discharge begins at nearly 
the same temperatures as that at which the positive decreases. 
This will be considered in connection with other facts. 

Dependence of Discharge on Potential Difference. — The variation 
of the rate of discharge with the variation of the potential difference 
is shown in Table III. Column i gives the potential difference be- 
tween the wire and the cylinder, column 2 the positive discharge ; 
column 3 the negative. The current through the wire was 6.2 am- 
peres. The other conditions were the same as those in Table II. 

Table III. 
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Velocity of Ions. — Having thus investigated some of the peculi- 
arities of the discharge from a hot wire, the investigation of the ve- 
locity of the ions carrying this discharge was undertaken. Four 
different methods were employed. In general those who have 
studied the ionization of gases have found that the negative ions 
move more rapidly than the positive. The only exception to this 
rule which has heretofore been found was in the case of discharge 
produced by the electric arc. The present case, however, presents 
another exception. It, therefore, seemed well to have as positive a 
proof as was possible that this was an exception. Moreover the 
different methods brought out several facts of considerable interest. 

These methods have all been used in the examination of ions pro- 
duced by the electric arc, and were described in that work.* 

First Method. — In the first method the only necessary measure- 
ments were those of the rate of discharge from the wire to the 
cylinder and of the potential gradient between these. 

When discharge is carried by ions of one sign only which pass 
from an inner to an outer cylinder. 



dV 
dr 



V l4^/. C* 



where V is the value of the potential at any point, k^ is the velocity 
of the positive ions for unit potential gradient, r the distance from 
the center of the cylinder, /, the current through unit area at a 
unit's distance from the center and C a constant of integration. If 
there is a very large source of ions at the surface of the inner 
cylinder, C= — V where r^ is the radius of the inner cylinder and 
the equation becomes 

dr"^ S K V^ r^) 
When a small platinum wire is used as the inner cylinder the term 
■\ may be omitted and we have 



dV _ \^I^ 
dr- S K, ' 



and 

» Phys. Rev., 14, 65. 



Digitized by 



Google 



No. 4.] IONS FROM HOT PLATINUM WIRES, 227 

if we assume zero potential at the wire, or 

where b is the radius Df the outer cylinder and V^ is the potential 
difference between that and the wire. 

If we are dealing with discharge produced by ions having differ- 
ent velocities we may substitute K^ for ky^ where 

«, being the number of ions per unit volume which have the velocity 
k^ and e^ the charge which each one of these have, the summation 
being extended to all the positive ions. This K^ we may call the 
average velocity of the positive ions. 

Potential About the Wire. — The potential was found by a water 
dropper, the same that has already been described.* The wire 
was . 3 mm. in diameter, the same size which has been used in the 
preceding experiment. A current of 6.3 amperes was passed 
through the wires. A cylinder 20 cm. in diameter was placed 
about the wire. The potential at different points is shown in Table 
IV. The first column gives the distance from the center of the cyl- 
inder, and the second the potential difference between the center of 
the cylinder and the point considered. 

Table IV. 





No. of cms. from Center. 


Pd. Between Wire snd Point. 




1 


10 




2 


20 




3 


29.5 




4 


41 




5 


51 




6 


59 




8 


78 



The potential was found to fluctuate somewhat, due no doubt to 
the convection currents about the wire. These variations amounted 

>Phys. Rev., 12, 68. 
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to about one volt on either side of the potential which was recorded. 
The recorded readings were, therefore, liable to an error of about 
one volt. This table was at first taken when positive discharge was 
passing from the wire, but it was practically the same when the dis- 
charge was negative. Thus it was found that if a ground on the 
shunt placed between the wire and the cylinder was shifted until the 
water dropper was at zero potential, the water dropper would re- 
main at very nearly the same potential when the potentials of wire 
and cylinder were reversed. The variations caused by reversing the 
discharge were no greater than the continual fluctuations. A test 
was made in this way at each of the points given in Table VI., and 
the above statement was found to hold for each. These data, 
therefore, as truly represent the potential gradient in the case of 
negative discharge as in that of positive. 

The potential is practically proportional to the distance from the 
center, showing that we have a right to say that 

and consequently 

In other words the current is directly proportional to the average 
velocity of the ions. 

Ions Produced at or Near the Wire, — This shows conclusively 
that the ions are produced at or very near the surface of the wire. 
If they were produced at the surface of the cylinder surrounding the 
wire or between the wire and the cylinder, there would be an en- 
tirely different potential gradient from that which actually exists. 
That which exists could only be caused by ions starting from the wire. 

Positive Ions Move the More Rapidly. — No further proof than this 
is needed to show that the average velocity of the positive ions is 
greater than that of the negative, since it has already been shown 
that the positive discharge at these temperatures of the wire is 
greater than the negative. This follows immediately from the 
formula 

^1— 1/2 

^ b 
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The potential between the wire and a cylinder 12 cm. in diameter 
was examined and again the potential difference between the point 
examined and the wire was found to be practically proportional to 
the distance from the wire, whether the charge was positive or neg- 
ative. Other cylinders with different diameters were tried with the 
same result. 

Rate of Discharge to Cylinders of Different Diameters, — ^The 
values of /j for a few different cylinders were then found. Very 
similar work to this has already been done by Rutherford, so that 
only a few observations were taken. In finding /^ the outer cylinder 
was connected to an electrometer and the change of potential 
taking place in a given length of time was noted. The exact 
method of doing this has already been described.^ From this 
change of potential the total current flowing to the cylinder could 
be found by dividing the change of potential of the electrometer by 
the time, here 8 seconds, and multiplying by the capacity of the 
electrometer. The electrometer was the same as that already used, 
and its capacity was 4.43 x lO"' microfarads. From the total 
current /j is found by dividing by 2t. times the width of the cylin- 
der and from this K^ may be computed by the use of the formula. 

The results of this work are given in Table V. Column i gives 
the radius of the cylinder, column 2 the total positive current flow- 
ing to the surrounding cylinder, column 3 the total negative cur- 
rent, column 4 the computed velocity of the positive ions, column 

5 the velocity of the negative ions. The potential difference be- 
tween the wire and cylinder was 40 volts. The length of each of 
the cylinders was 6 cm., and the length of the hot wire was also 

6 cm. The current through the wire 6.3 amperes. 





Table V. 






Rttdius of Cylinder. 


Positive Dischttrge. 


Negative Dischttrge. 


K, 


K^ 


2.4 
6 
10 


3.5 xiO-» 
.43 " 
.13 '* 


2.4 X10-* 
.30 *' 
.10 " 


3.8 
2.4 
1.9S 


2.6 
1.7 
1.S 



These values for K^ agree well with those found by Rutherford. 
> Phys. Rkv., 12, 74. 
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It will be noticed that the values for K^ and K^ decrease as the 
distance from the source of ionization increases. This agrees with 
what has already been found in the case of discharge from flames 
and from the electric arc and with what Rutherford has found from 
a hot platinum foil. 

The variation of the rate of discharge with the different potential 
differences has already been studied in one case. According to the 
theory the rates of discharge should vary as the square of the 
potential differences. In reality it increases more rapidly than this, 
showing that at higher potential differences the velocity of the ions 
is greater than at lower. This again agrees with what has already 
been found in other cases. All of these facts are in agreement with 
the general statement that the longer the time that the ions have 
been in existence, the more slowly they move. 

Velocity of the Ions, Second Method. — ^A second method used to 
find the velocity of the ions was a modification of one employed 
by Zeleny * to find the velocity of ions produced by X-rays. 

First Modification of Zeleny' s Mehod. — Practically the same modi- 
fications of Zeleny* s method were necessary here as were necessary 
in the investigation of the electric arc* In the case studied by him 
a lamina of gas perpendicular to the axis of the cylinders was ionized. 
In the case here studied a portion of the gas along the length of the 
inner cylinder was ionized. Consequently his method must be 
somewhat modified and this may be done in either 
of two ways. In the first let AB, Fig. i , be the 
hot wire, the wires at each of its extremities hav- 
ing such conductivity as to remain comparatively 
cool. This wire is surrounded by two cylinders, 
CC and DD\ placed concentrically with the 
wire and insulated from each other at LL . A 
blast of air is blown in the direction of the 
^^' ^- arrow. 

When the potential difference between the wire and the outer 
cylinder is small, no discharge will go to DD\ but it will be blown 
to the upper cylinder, the ions from B moving in some such line as 

I Phil. Trans, of Roy. See, 195, 193. 
«Phys. Rev., 14, 66. 
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indicated by the dotted line in the diagram. As the potential differ- 
ence is increased, the discharge will move more directly across to 
the lower cylinder. If the velocity of the ions is great per unit 
potential gradient, the discharge will begin to pass to the lower 
cylinder with smaller potential differences than it will, if the velocity 
of the ions is small. In this way the velocities of the positive and 
negative ions can be compared. 

As has been already pointed out * this method shows the velocity 
of the most rapidly moving ions. There is reason to suppose that, 
at least in the positive discharge, there are different kinds of ions 
aiding in the discharge. This will be explained more in detail 
shortly. If this be so, this particular arrangement will give no in- 
formation concerning the slower ones. They will at all times be 
carried to CC , 

An exact determination of the velocity is not possible by this 
method because the field between B and DD' cannot be mathemat- 
ically discussed. Furthermore, the point B could not be deter- 
mined with accuracy. B is supposed to be the point where the hot 
wire ends and the cold one begins, but manifestly the heat from the 
hot wire will be conducted off" by the cold one, so that no abrupt 
change in temperature occurs at the point where the two unite. But 
though the field is thus irregular and the point -ff somewhat indetermi- 
nate, it is still true that the greater the velocity of the ions, the smaller 
the potential difference necessary to cause them to pass to DD* . 

In making observations one might either keep the potential dif- 
ference between the wire and the outer cylinder constant, and move 
AB one way or the other, until the discharge ceases to pass to DD\ 
or one could leave AB fixed and change the potential difference. 
This latter procedure is the simpler in practice. 

It is not possible, however, to determine absolutely the potential 
at which the discharge begins to pass to the lower cylinder. As 
may be seen in Table VI., a very small discharge passes to Diy 
even with small potential differences. As the potential difference is 
increased this discharge does not at first increase rapidly, but at 
length a potential is found at which it does. This may be taken as 
the potential at which the discharge begins. The discharge with 

«Phys. Rkv., 14, 67. 
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smaller potential difTerences may be due to irregularities of the field, 
or possibly a very few of the ions have a greater velocity than the 
others. 

In making observations it is necessary to note the rate with sev- 
eral potential differences, to plot a curve with the data thus taken, 
and to determine the potential from this curve at which the dis- 
charge may be said to begin. 

Such data are given in the following tables. The gasometer used 
and the arrangement of the apparatus was, as far as possible, the same 
as that previously described.* In all of the following data the inner 
wire was .3 mm. in diameter, the outer cylinder 4 cm. in diameter. 

With the data given in Table VI. the velocity of the air blast was 
23.7 cm. per second. The point B was approximately 1.7 cm. 
below ee' , Column i gives the potential difference between the 
wire and the outer cylinder, columns 2 and 3 give the correspond- 
ing deflections of the electrometer for the positive and negative dis- 
charges. The current passing through the wire was 6.2 amperes. 





Table VI. 

Rttte of + Dltchttrge. 

i 8.5 
5.2 

.7 
.2 

.1 




Potential Difference. 


Rttte of— Dlechttrge. 


48.4 
35.2 
20.9 
17.6 
9.9 


3. 
.4 
.2 
.1 
.1 



These data are plotted in Fig. 2, lines i and 2. From the dia- 
gram we see that we may consider the positive discharge to begin 
at 18 volts, the negative at 33 volts. 

A set of observations were then made with B 3 cm. below ee' . 
This set is given in Table VII. 

Table VII. 



Potential Diffierence. 



45 
33 
19 

14 
11 



Rate of + Discharge. 


Rate of — Diechari 


20.4 


6.3 


10.4 


3.7 


3.1 


.4 


.8 


.1 


.1 


— 



>Phys. Rev., 14, 69. 
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These data are plotted in Fig. 2, lines 3 and 4. Here we may 
consider the positive discharge to begin at 1 2 volts and the negative 
at 18. 
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Observations were then taken with the same conditions as in the 
preceding set except that the air blown between the cylinders has 
twice the velocity that it had in the other experiments. The ob- 
servations are given in Table VIII. 





Table VIII. 




Potential Diiference. 


Rate of + Discharge. 

18.4 

17.5 

1.5 

.3 


Rate of — Discharge. 


45 
34 
21 
18 
11 


1.6 
.4 
.1 

* 



These data are plotted in Fig. 2, lines 5 and 6. We may here 
consider the positive discharge to begin at 17 volts and the negative 
at 30.5. In all of these cases the data indicate that the more rap- 
idly moving ions of the positive discharge have a greater velocity 
than such ions of the negative discharge. 

Third Method of Comparing the Velocities, — The arrangement for 
a second modification of Zeleny's method is indicated in Fig. 3. 
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This is the same as the preceding except that the hot wire AB is 
placed entirely below LU , In this case the discharge would all pass 
to DD\ if the air were stationary and if the field were not modified 
by the presence of ions. When the air is blown past AB some of 
the discharge will be carried to CC , provided 
the potential difference between the wire and 
the cylinder is not large. If it is large, the 
ions should all be drawn to DD' before the air 
could drive any of them past Diy , The more 
rapidly the ions move for the same potential 
gradient, the smaller will be the potential differ- 
ence necessary to keep the ions from passing to 
Fig. 3. Diy. 

As has been previously pointed out, if there are ions present hav- 
ing different velocities, this method does not give us information 
concerning the average velocity of the ions, but concerning the 
velocity of the slowest moving ones. 

If CC be connected to an electrometer, and the potential differ- 
ence between the wire and the cylinder be increased from zero, the 
electrometer would be expected to show at first a discharge passing 
to CC , This should afterwards decrease and finally cease. This 
at least would be what we should expect if no account were taken 
of the modification of the field due to the ions drawn out from the 
wire. But as has already been shown the presence of the ions distorts 
the field, so that the lines of force are no longer perpendicular to the 
axis, but run from A up to CC . Furthermore the field may be 
changed materially by the ions carried by the convection currents. 
In spite of these difficulties the investigation disclosed a most in- 
teresting fact. It was found that when the wire was hot enough to 
produce positive discharge, but not hot enough to produce negative, 
the positive discharge increased at first as tlK pMHlial difibncnce 
was increased, and then decreased^ soon ceasing ahogeCher, but 
when the wire was hot enough to allow either positive or negative 
discharge, the rate of discharge increased continuously with increas- 
ing potential difference. That is, at lower temperatures the ions 
behaved very much as they did in the case studied by Zeleny, but at 
higher temperatures, they behaved in an entirely different manner. 
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In order to find the conditions under which this difference in 
temperature began, several sets of observations were taken with dif- 
ferent amounts of current flowing through the wire. These are 
given in Table IX. The discharge here is positive in each case. 
The velocity of the air was 5.5 cm. per second. The distance from 
A to the plane ee' was 4.5 cm. 

Table IX. 



Potential 
Diflference. 



Deflection 
of Needle. 



Potential 
Dliference. 



Deflection 
of Needle. 



Current = 4.5 Amperes. 



7 

10 
14 
17 
22 



1.3 

1.8 

1.0 

.6 

.2 



Current ^^ 5.5 Amperes. 



7 

12 
20 
24 
31.5 
34 



I 



2.9 
3.9 
2.6 
1.8 
.4 
.2 



Current = 5 AmpAres. 



7 

11.5 
16 
22 
27 



2.8 
3 

2 
1 
.3 



Current = 


6 Amperes. 


6 


2.4 


10 


3.9 


16 


5.4 


25 


4.4 


37 


2.4 


45 


1.3 



DefUctien 
of Needle. 




Current = 6.5 Amperes. 



9 

18.5 
27 
37 
45 



3.3 

8.5 

10.9 

15.4 

22 



The data of these curves are plotted in Fig. 4. 
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Possible Cause for Peculiarities of these Data, — There are three 
causes which could conceivably have produced the effect here ob- 
served. There might be more ions about the field as the wire be- 
comes hotter and consequently greater distortion of the field ; the 
convection currents might become stronger and more ions be car- 
ried up by them ; or some of the ions might move more slowly at 
the higher temperatures and occasion a smaller rate of discharge. 

The first explanation does not seem reasonable, for in all proba- 
bility the space about the wire contains at all of these temperatures 
the same amount of electricity. By referring to Table 11. we see 
that the rate of discharge from the wire ceases to increase when the 
amount of current passing through the wire was over 4.5 amperes. 
With any greater current than this the field appears to contain as 
many ions as was possible. But in the observations the current 
through the wire was at least 4.5 amperes. 

Possibility of Error Due to Convection Currents, — In order to ex- 
amine further the action of the convection currents, the apparatus 
was turned the other side up, the air from the gasometer being 
forced downward from above. The discharge seemed to show even 
less tendency to decrease with higher potential differences. This does 
not prove that the convection currents have no effect, since even 
with this condition of the apparatus the convection currents would 
mix the air somewhat and it might easily be that the slowly moving 
ions would be affected more by such currents than by the electric 
field. But when one considers the fact that reversing the direction 
of the convection currents does not change the result, that there is 
no reason to suppose that there is any great change in .these cur- 
rents at this temperature and that we have other reasons for thinking 
that there is a decided change in the condition of the ionization at 
this temperature, it seems most reasonable to explain these curves 
by saying that at these higher temperatures at least some ions move 
much more slowly than those produced at lower temperatures. 

Discltarge at Higher Potentials, — ^The distance from A to ee^ was 
increased to 10 cm. But there was no decrease in the rate of dis- 
charge at higher potentials as compared with those of lower poten- 
tials. Still higher potentials were then used. In order to do this 
with the means at my command it was necessary to keep the wire 
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at zero potential and to change the potential of the outer cylinder 
by means of a water battery. This is the same method as that 
which has been used in studying the discharge from the electric 
arc* Observations were taken up to 150 volts. These are given 
in Table X. Both the positive and negative discharges were noted. 
The current through the wire was 6.3 amperes. Column i gives 
the potential difference between AB and Diy , Column 2 the posi- 
tive discharge and column 3 the negative. 





Table X. 




Potential Difference. 


Positive Deflection. 


Negative Deflection. 


40 


2.4 


2.0 


70 


3.4 


3.0 


100 


5.0 


3.6 


150 


7.0 


3.2 



There is here no tendency for the rate of discharge to become 
smaller at the higher potentials. But the negative discharge shows 
more indication of decreasing than the positive. This is not in any 
way inconsistent with what has already been found. We have 
heretofore been comparing the average velocities of the positive 
and the negative ions or the velocities of the most rapidly moving 
ions. Here the velocities of those which move the least rapidly are 
compared, and apparently the positive discharge contains ions mov- 
ing more slowly than any of the negative. It may well be that 
with the more rapidly moving ions of the positive discharge there 
are also a few very slowly moving ones. If there were but few of 
these they would have but little effect on the average velocities 
which were found by the first method and would not show at all in 
the second method. 

Ions Produced Wit/iout a Field. — However, the fact that it was 
so difficult to get rid of these ions by drawing them out in a strong 
field suggested that we were not dealing with ions but with some 
sort of "emanation." The first attempt to test this was made by 
keeping the cylinder DD\ Fig. 3. at the same potential as the wire 
and testing the condition of the air blown into CC , It was thought 

' Phvs. Rev., 14, 70. 
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at first that any emanation would thus be blown into CC , but that 
no ions would leave the wire, if there was no field about it. It was 
found that as soon as sufficient current was sent through the wire 
to bring it to a temperature at which the positive ions could be pro- 
duced, the air blown into the upper cylinder from about the wire 
allowed a discharge to pass through it. Table XI. gives the data 
taken in this case. Column i gives the current through the wire in 
amperes, column 2 the deflection of the electrometer produced 
by the positive discharge to CO , column 3 that produced b}' the 
negative. Through this series of readings the cylinder was kept at 
the potential of the wire. The distance from A to ee' was 4 cm. 
The velocity of the air was 24 cm. per second. 

Table XI. 



Current Through the Wire. 

5^ 
5.8 
6.2 
6.5 



+ Discharge to CO, \ — Dischttrge to CC. 

_ __, 



.8 
2.5 



.0 

.8 

2.3 



3. I 3. 



The positive and negative discharges were practically the same. 

Further thought, however, showed that this was not a proof that 
there was an emanation sent out from the wires, for if the air about 
the wire was ionized to more than molecular distances, these ions 
might be carried by convection currents away from the wire and, 
mingling with the air, be carried into cylinder CC , This would 
account for the discharge which has been noted. 

To test the matter further the distance from A to ee' was made 
12 cm., and the size of DD' was reduced to 2 cm. in diameter. 
There was then no discharge to CC that could be detected. But 
this on the other hand did not prove that there was no emanation, 
since the emanation might quickly lose its power of producing 
ions. 

To test this still further the cylinder was divided 6 cm. above A 
and the upper part insulated from the lower. The lower one about 
the wire was kept at the same potential as before but the upper was 
kept at the potential of the wire, so that there was no field in this 
part to draw the ions. If, however, the effect was due to some kind 
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of emanation, this emanation would lose its power of discharging 
as soon as before. It was found that with the conditions as 
described we again had a discharge to CC , This discharge ceased 
as soon as the middle cylinder was raised to the same potential as 
the outer cylinders. This showed conclusively that the cause of 
the discharge in this case was something which could be destroyed 
by an electric field. It does not prove that there was no emanation 
whatever having a very brief period of activity, but it shows that 
we have no evidence of such emanation. Moreover I was not able 
by any method with which I am acquainted to show the existence 
of such emanation. 

The cause of the decrease in the velocity of the positive ions will 
be considered after the fourth method of finding the velocity of the 
ions has been discussed. 

Fourth Method, — The last* method was one which has been em- 
ployed by Rutherford.* It depends on the distance from the wire 
to which ions will pass under the action of an alternating potential 
difference. There are not as serious difficulties to be incurred in 
applying this method to the hot wire as there were to the arc. 
There are no such irregularities in the potential about the wire as 
there are about the arc. Nevertheless I have not been able to find 
a mathematical solution determining the distance to which ions will 
move under the influence of a given alternating potential difference. 
When the number of ions between the two cylinders is so small 
that the potential gradient is not affected by their presence, the dis- 
tance can be easily computed. But the matter is very much com- 
plicated when there are many ions present, and even if a solution 
could be found where only one kind of ion is present, it would 
help but little when both kinds of ions are present. 

Ordinarily the solution for the negative current can be superim- 
posed on that for the positive and it gives the solution for the two 
combined, but here when the positive ion comes in contact with a 
negative one, the two combine and the effect of the two combined 
is not the same as that of the two separate. When separate one 
would move a certain distance in one direction and the other a dif- 
ferent distance in the opposite, the relative distances depending on 

» Proc. Camb. Phil. Soc., 9, 401. 
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the relative velocities. When combined they would not move at 
all. The resultant effect of the two combined, would, therefore, be 
different from the resultant of the two when separate. A combina- 
tion of solutions for the positive and negative ions would not give a 
solution for the two. These difficulties taken in connection with 
the fact that the velocities of the ions appear to diminish according 
to some law not definitely known and that we are dealing with sev- 
eral different kinds of ions, make a mathematical discussion of 
question impossible. 

But while this method can not here be used to determine the 
absolute velocities of the ions, it may be used to compare the rela- 
tive velocities. The comparison which it affords is one between 
the most rapidly moving of the positive and the most rapidly moving 
of the negative ions. 

The first set of observations were made with a cylinder 9 cm. in 
diameter and 3 cm. wide. A wire similar to those which have been 
used in the previous work was placed at the center of this. The 
current passing through the wire was measured by an alternating 
current ammeter and was 6.5 amperes. Thus it is evident that 
both positive and negative ions were being produced. The current 
was given by the secondary of a transformer which was part of the 
village lighting system. The potential of the wire was varied by 
the same method that has heretofore been used. The square root 
of the mean square of the potential of a point at the middle of the 
platinum wire was found by means of an electrometer connected 
idiostatically. There were 130 alternations of the current per sec. 

It was found that in every case the surrounding cylinder became 
charged positively. This of itself was sufficient to show that the 
more rapidly moving of the positive ions have a greater velocity 
than any of the negative. 

To determine the potential difference necessary to cause a dis- 
charge to pass to the cylinder, the rate was observed at which the 
cylinder became charged when different potential differences were 
used. Table XII. gives the deflection of the electrometer needle in 
four seconds with different potential differences. Column i gives 
the potential differences and column .2 the corresponding deflec- 
tions. 
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Table XII. 


Potential Difference. 1 


of E^leltVomeUr. '' ^^^^^^'^ ^*^—- 


Deflection 
of Electrometer. 


49 1 
43 1 
35 ' 


5 1 26 
3.5 : 15 
2.4 1 


.5 
.0 







A curve was plotted from the data here given and it was assumed 
that the discharge ceased at the potential difference indicated by the 
point at which this curve crossed the line of zero discharge. In 
this case the potential difference thus indicated was 23 volts. 

Similar sets of observations were taken with cylinders 5 cm. and 
12.5 cm. in diameter. In the former case the potential difference 
necessary to produce the discharge was 9 volts and the latter 38 
volts. 

Causes of Decrease in Velocity of Ions, — We have seen that there 
are reasons for believing that the average velocity of the positive ions 
decreases at the higher temperatures. When we attempt to suggest 
a cause for this decrease, there are two explanations which present 
themselves. One explanation would be that a new kind of ion is 
being produced at the higher temperatures. During most of the 
time that I was investigating the subject I considered this to be the 
correct explanation, and expressed this idea in a short article in 
Physikalische Zeitschrift.* I was led to this conclusion by the fact 
that at higher temperatures the gas about the wire becomes ionized. 
If, moreover, one were to suppose that the ions of the gas move 
more slowly than those coming from the metal, an explanation of 
the decrease in the velocity of the ions at higher temperatures is at 
hand. 

The fact that the negative discharge began at about the same 
temperature as that at which the gas about the wire became ionized 
also seemed to show that a new kind of ionization was being pro- 
duced. 

I have as yet no proof that such action as this may not be taking 
place, but experiments to be immediately described point to a dif- 
ferent explanation of the phenomena, namely, that the same kind of 
ions are being produced at higher temperatures as at lower, but that 

>Physik. Zeitsch., 25, 3, 158. 
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at the higher temperatures they are loaded with particles that are 
sent out from the glowing platinum. It is well known that minute 
drops of water will diminish the velocity of the ions on which they 
condense. There is no reason why matter from glowing platinum 
should not do the same. It is also known that glowing platinum 
diminishes in weight* and that it acts as nuclei for water con- 
densation.* 

The experiment which points to this as being the correct explana- 
tion was one on which I stumbled while investigating the discharge 
in other gases than air. It was found that the discharge in CO, 
was very much smaller than I had expected it to be. In fact it was 
so small as to indicate a velocity of only .025 cm. per second for a 
potential gradient of i volt per cm. This was most surprising, since 
the velocity of ions produced by X-rays in CO, was approximately 
the same as that of ions produced in air by this means. In at- 
tempting to find some error in my measurements it was found that 
the discharge to a metal cylinder enclosed in a glass tube was very 
much smaller than it was to the same cylinder when not enclosed. 
The glass cylinder was carefully insulated and the insulation tested 
until it was certain that this decrease was not being caused by leak- 
age to the ground. 

It was then found that the rate of discharge in the enclosed 
cylinder was by no means constant. When the wire was first heated 
the discharge was large, but decreased from its 
first value rapidly. When the wire was heated 
only to red heat the rate of discharge within the 
tube was nearly as large as it was in the open 
air, and at this temperature it diminished but very 
little after it had heated for some time. When 
it was heated to a higher temperature it dimin- 
ished very rapidly and the final rate of discharge 
was not more than 3 per cent, of what it was to 
the same cylinder when not enclosed in the 
tube. 

Apparatus, — These experiments were performed in a glass tube 
24 cm. long, and 4.4 cm. inside diameter, closed at the ends with 

»Wied. Ann., 31, 448. 
« Nature, 31, 268. 
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rubber stoppers as shown in Fig. 5. The Avire passed through the 
stoppers, the part between A and B being platinum. About AB 
was the cylinder CC , This was 4 cm. in diameter, and 5 cm. long. 
If is a, coil in the wire to keep AB straight. / is a hook at which 
the wire can be separated when it is desired to remove it. G is an 
opening to an air pump. The cylinder CC^ was of tin. 

A series of observations with different amounts of current flowing 
through the wire is given in Table XIII. The potential difference 
between the wire and the cylinder was 40 volts. Column i gives 
the time which elapsed from the starting of the current through AB 
to the time at which the discharge was observed, or more correctly, 
to the time at which this observation was commenced. Column 2 
gives the positive discharge in 10"*° amperes when 4 amperes passed 
through the wire. The other columns give the rates of discharge 
with other amounts of current through the wire. The last two 
columns show the rates at which the negative discharge decreases. 
The rates of discharge were computed from the deflection of the 
electrometer needle, the length of time it was receiving the dis- 
charge and the capacity of the system. 







Table 


XIII. 










Time. 




< 


8 

1 

< 
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i 

1 

< 

<0 


1 

1 


1 


Minutes. 


Seconds. 



1 




1 16 18 


7.5 


7.S 


3.3 


8.3 


3.9 




20 


14 10.8 


4.6 


4.1 


2.8 


2.3 


1.9 




40 


14.S ' 10.2 


4.1 


2.2 


2.2 


1.7 


1.1 


1 


00 


1 14 8 


3.9 


1.9 


2.2 


1.1 


1.4 


1 ' 


20 


1 14 7.5 


3.9 


1.9 


2.1 


.8 


1.1 


1 


40 


14 1 6.6 


3.9 


1.4 


2.2 


.9 


1.2 



In taking the readings the air within the tube was changed after 
each set before the discharge with a different current was commenced. 
The rate at which the discharge decreased was quite different at dif- 
ferent times. The data given in Table XIII. were taken with dry air 
and the wire heated for some time to remove any impurities. The 
smallest value given here for the positive discharge indicates a ve- 
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locity of only . 1 2 cm. per second for unit potential gradient as com- 
pared with 4 cm. in the open air. 

This condition of the gas within the tube existed for some time. 
Data bearing on this point are given in Table XIV. Six amperes 
were passed through the wire for some time, the circuit was broken 
for the length of time indicated in column i, and then 4 amperes 
were sent through the wire and the rate of discharge noted. Four 
amperes is not sufficient of itself to produce this kind of " emana- 
tion " to an amount that could be detected by the electrometer. 
It could thus be used to test the condition of the gas. Column 
2 gives the rate of discharge. 

Table XIV. 



Time. 


Rftte of Discharge. 


Time. 


Rftte of Diachftrge. 


Mln. 


Sec. 


Min. 


Sec. 







4X10->» 




40 


io.oxio-»» 




10 


3.8 " 


1 




10.6 " 




20 


7.2 " 


30 




12. " 




30 


8.0 " 









After the tube had been opened and then closed again the rate of. 
discharge was 14 x lO"*^ amperes. The discharge with the ends of 
the tube open was 50 x io~**^ amperes. 

There can thus be no doubt but that matter in some form is 
driven off from the glowing platinum and that this greatly retards 
the velocity of the ions when the gas is confined in the tube. This 
would also appear to be the cause of the smaller velocity of the 
ions in the open air at the higher temperatures. 

The mere presence of particles driven off from a hot wire is more 
definitely shown by their use as nuclei for condensation to which 
reference has been made. A few experiments of this character 
were performed. The ordinary means of doing this were used. Air 
was drawn through a tube containing cotton wool soaked in glyce- 
rine. When the tube containing the wire was connected to an air 
pump from which the air had been nearly exhausted the formation 
of fog was plainly seen after the wire had been heated. When the 
air was suddenly drawn out three or four times no condensation 
was visible, until the wire was again heated. 
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It was found that two amperes sent through the wire were suffi- 
cient to produce condensation that was clearly visible. This was 
with a wire that required 3.5 amperes to produce any discharge that 
could be detected, and four amperes to become self-luminous. 

With larger currents the fog became more dense but no attempt 
was made to take any measurements with it. 

The most interesting experiments were those showing the length 
of time that the particles were suspended in the air. The tube 
could be left for several minutes after the wire had been heated and 
the condensation then produced appeared to be as dense as ever. 
When an hour passed before the fog was formed, it was found to be 
still plainly visible. At the end of two hours after the wire had 
been heated the condensation was barely visible. When the wire 
was heated and allowed to remain over night before the air was 
drawn out of the tube no condensation could be seen. 

Another positive proof that matter is given off by the wire is 
shown by the loss of weight of the wire. With the size of wire 
here used no loss of weight could be detected when it was heated with 
five amperes for one hour. But when 6.2 amperes were passed 
through a piece weighing. 2888 grams for one hour,it lost .00 1 3 gram. 

There is of course nothing new in the fact that particles are 
driven off from a hot wire, but as far as I know no one has ever 
suggested the idea that these particles check the discharge from such 
wires. In fact the opposite has been suggested, namely that the 
discharge is carried by these particles. Such an idea would appear 
to be incorrect. The air which is enclosed and which consequently 
contains a greater number of the particles is the air which shows 
the slowest rate of discharge. Instead of aiding, the dust particles 
retard the motion of the ions, and may in an enclosed space almost 
entirely stop the discharge. 

Experiments showing the behavior of the discharge in other gases 
than air and some bearing on the nature of the emanation will be 
given in the second part of the article. 

It was stated at the beginning of this article that the rate of dis- 
charge increased when the wire was heated for some time. This no 
doubt is due to a diminution in the number of particles about the 
wire. It may be that the convection currents become stronger and 
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carry away the particles, or possibly there are fewer particles driven 
off after continued heating. 

Summary. — The discharge from a hot platinum wire at first de- 
creases and then slowly increases. 

The positive discharge commenced a little below the temperature 
of red heat, increased at first rapidly as the temperature was in- 
creased, remained nearly constant through quite a range of temper- 
ature and finally decreased somewhat The negative discharge 
began at nearly the same temperature as that at which the positive 
began to decrease. It never became as large as the positive. 

Both positive and negative discharge increased rapidly as the 
potential difference between the wire and cylinder was increased. 

Four methods were used for comparing the velocity of the posi- 
tive and negative ions. One of these compares the average velocity 
of one with that of the other. This showed the velocity of the pos- 
itive to be the greater. Two methods compare the velocities of the 
most rapidly moving of the positive ions with the most rapidly mov- 
ing negative. Both of these show the positive ions to have the greater 
velocity. One compared the slowest of the positive with the slowest 
of the negative. This showed that at the lower temperatures the 
slowest of the positive ions have a much greater velocity than the 
slowest of the negative, but at higher temperatures a slower class of 
ions are produced, and the comparison of these with the slowest 
negative ions gave no definite results. 

It was also found that at a certain temperature ionization is pro- 
duced in the gas about the wire to greater than molecular distances. 
This is nearly the same temperature as that at which the negative 
discharge commences, as that at which the positive discharge 
materially decreases, and as that at which the very slowly moving 
positive ions commence to appear. 

Experiments on a wire enclosed in a glass tube indicate the 
presence in the tube of particles which diminish very greatly the 
velocity of the ions. This "emanation" appears to load the ions 
and thus to diminish their velocity both when they are within an 
enclosed tube and when they are in the open space. Thus the 
particles driven off from a hot wire do not appear to aid in the dis- 
charge but to materially check it. This will be further discussed 
in the second part of this article. 
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A NEW FORM OF CAVENDISH BALANCE.* 
By G. K. Burgess. 

THE sensibility of Cavendish's method for the determination of 
the gravitation constant would be much increased if, while 
still preserving heavy masses hung from the balance arm, the ten- 
sion which this weight exerts on the suspension wire could be sup- 
pressed. This possible, nothing would prevent realizing a measure- 
ment as sensitive as might be desired ; the attraction between the 
two systems of spheres — the fixed and moving systems — would re-. 
main a definite quantity and allow increasing the deflection of the 
movable system by reducing more and more the diameter of the 
torsion wire. The principle that we have made use of with this 
object in view is the following : Compensate for the weight of the 
turning system by a float immersed in a mercury-bath ; eliminate 
any capillary action that may tend to hinder the mobility of the 
system, and if then the zero remains constant, we have at our dis- 
position an instrument of unlimited sensibility. 

The dimensions of such an apparatus will be subordinated to 
considerations of precision, and ease of length measurements. If 
the dimensions are too large no gain in accuracy will be had ; on the 
contrary the effects of temperature variations will be increased. On 
the other hand, with too small dimensions, exact measurements^ of 
length will be more difficult, and eccentricity effects increased. 

We chose a length of 1 2 cm. for the lever-arm — a length easy to 
measure by the dividing-engine and not necessitating a large appa- 
ratus. From the two ends of the balance-arm are hung two lead 
spheres of 2 kg. each ; the whole is buoyed by a cylinder im- 
mersed in mercury, whose surface is covered by dilute sulphuric 
acid ; a rod passing through the mercury and acid connect the 
cylinder to the balance. The points of support for the spheres are 
below the center of inertia of the system, thus giving to the balance- 

I Summtry of Thesis, Recherches sur la Constants de Gravitation, Paris, 1901. 
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arm the form of three sides of a rectangle. Thanks to this arrange- 
ment, the torsion fiber has to support only a weight of S or 10 
grams, instead of having to hold up a weight of 5.5 kg. and this 
difference allows of using a fine quartz fiber. 

The attracting masses — two lead spheres of 10 kg. each — were 
hung from an independent support, and turned in a circle of radius 
of 18 cm. 

The mobility of the suspended system was first carefully verified 
by a series of preliminary experiments. The liquid surfaces must 
be clean, and then as in the case of the Lippmann electrometer, the 
liquid surfaces were found to be mobile with respect to the glass 
surface of the supporting rod. 

Great care had to be taken to obtain a constant zero which might 
be influenced by convection currents in the mercury and in the air. 
The sine qua non of this adjustment is a constant temperature 
throughout. We succeeded in establishing a uniform action of the 
mobile system only with the greatest care and only after the appa- 
ratus had been mounted several days. 

Happily, as it was greater than one hour, we did not have to de- 
termine the exact period of oscillation of the system ; it was suflS- 
cient to know the torsion coefficient of the fiber, established by 
preliminary experiments with an auxiliary cylinder, and determine 
the deflections of the system under definite conditions. 

In our apparatus it was not necessary to place the attracted spheres 
at different levels to increase the sensibility. In fact, the apparatus 
as we constructed it, used in the most sensitive manner, gave deflec- 
tions exceeding i meter on a scale at 2.6 meters distant. 

All parts of the apparatus were symmetrically arranged about the 
central axis, in order to avoid corrections arising from secondary 
attractions. The total force of attraction was of the order of 0.0 1 
dyne. 

Besides a gravimeter, our apparatus might become accidentally 
both magnetometer and electrometer, thus introducing sources of 
error due to magnetic or electrostatic attractions. These effects 
were carefully tested for and eliminated. 
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Apparatus. 

The apparatus was installed in a cellar of the Physical Research 
Laboratory at the Sorbonne, and mounted on a stone pillar i m. x 
I m. X o. 5 m. The stability conditions were sufficiently good espe- 
cially at night. As to temperature variations they were a minimum : 
less than 0.1° C. a day, and with the change of season from winter 
to summer, the temperature of this cellar rose less than two degrees 
in three and a half months. 

As to the construction of the apparatus : the four lead spheres 
were turned on a heavy lathe from cylinders cast with great care 
taken to leave them homogeneous. Their supporting wires, arsen- 
ical bronze for the mobile system and piano steel for the others, were 




Fig. 1. 
attached as shown in Fig. i . The lead knob was equivalent in mass 
to the excavated portion of the sphere, and the wire was held by a 
small brass sphere. 

The balance-arm which supported the 2 kg. masses was of alu- 
minium bronze (7 per cent, aluminium) and of the form indicated in 
Fig. 2. The horizontal arm was 1 2 cm. long, the vertical arms 
9 cm. Lead compensating weights adjustable in position were 
placed at the ends of the horizontal arm. Immersed in a glazed 
earthenware cylindrical vessel filled with mercury was a varnished 
hollow copper cylinder of such volume that the weights of the two 
spheres joined to the auxiliary weights of the balance and cylinder 
about equaled the weight of displaced mercury. 

The cylinder was attached to the balance by a steel rod of 2 
mm. diameter which was covered by a thin glass tubing from the 
top of the cylinder to the balance-arm, for protection against the 
acid layer on the mercury surface. 
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The earthenware vessel — 12 cm. high and 9.5 cm. diameter — 
containing about 7 kg. of mercury, rested upon a brass plate, car- 
ried by a brass pillar movable vertically and in azimuth. This pillar 
was screwed into a massive circular base also adjustable in azimuth 




Fig. 2. 

mounted on three legs with leveling screws, and carrying on the 
outer circumference of 24 cm. diameter a divided circle which served 
to measure the angles turned by the large spheres. The torsion 
fiber of quartz 35 cm. long and 0.03 mm. diameter passed through 
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a glass tube with a torsion head permitting independent vertical and 
azimuth movements. Two brass pillars, nearly at right angles to 
the plane of the balance arm, carried a brass plate into which was 
screwed the torsion tube. Adjustments were provided to center the 
fiber into the axis of symmetry of the apparatus. The mirror was 
plane and circular of 2. 5 cm. diameter. 

The support for the large outer spheres, completely independent 
of the inner system, consisted of a heavy oak triangular frame, car- 
rying at its top a centrally mounted bronze arm, one end adjustable 
longitudinally and the other laterally, from which were hung the 
large spheres, adjustable vertically, so that the horizontal and ver- 
tical eccentricities of the two systems of spheres could be easily 
rendered a minimum. 

The inner system was surrounded by a glass cylinder 20 cm. 
in diameter, and two of cardboard separated by a layer of sawdust. 
The large spheres were without this, but the whole was enveloped 
by a covering of thick black cloth tacked to the oak frame. 

A glass window having plane faces permitted observation of the 
mirror with a telescope placed at 3 meters distance having a 5 cm. 
objective and a magnifying power sufficient to read ^V °^"^- ^"^ ^he 
ground-glass scale at 2.6 m. from the apparatus. The scale was 
illuminated by an incandescant lamp lighted only during the instants 
of reading. 

The dividing engine used to measure the horizontal dimensions of 
the apparatus by means of a small telescope mounted on the carriage 
was from Perreaux. Its screw was 60 cm. long, whose average pitch 
served as the standard of length, which compared with a Sevres meter 
gave 0.9998 cm. of the screw equal to i cm. international. Vertical 
distances were measured with a cathetometer reading to 0.02 mm. 

An aluminium cylinder of 30.060 grm. served to determine the 
torsion coefficient of the quartz fiber. The ratio of its diameter to 
height was i : %/3 so that its ellipsoid of inertia was a sphere. This 
arrangement has the advantage that if the axis of suspension does 
not traverse the center of inertia of the cylinder, the moment of 
inertia rests constant. 

A steel tape mounted on a board set on edge was used to 
measure the distance from the mirror to the scale. 
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Theory. 
To determine the gravitation constant, with such an apparatus, 
the following is the geometrical theory to a first approximation. 




Rg. 3. 

Let M and M be the masses of the two large spheres turning 
about the axis of the system with radius R \ m and tft!, the two 
spheres hung on the balance arm of length 2r ; Aa, the distance 
from a large to a near small sphere ; y the torsion moment ; then 
the'attraction of M or m is : 

MrnKjAc^, 
The torsion moment : 

y = MmK' AurjAc? = MmKRr sin (f\Ac?, 
But 

^ = (/? + r^ - 2Rr cos ^)*. 
Therefore 

y = MmK- Rr sin ip{R} + r* — 2Rr cos ^)-i. 

For the attraction of M ox ;//', we have similarly : 

y' = Mm'K' Rr sin tf{R? + r^ + 2Rr cos f )-«, 

and for that of M* on m* and of AV on m there are analogous equa- 
tions. The angle ip is composed of two parts 

y? = <? — a, 

where Q and a are the angles made by the attracting and attracted 
spheres with their respective equilibrium zero positions. 

In an actual computation the formulae are not quite so simple for 
two reasons : the eccentricity of the mounting with respect to the cen- 
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tral axis and the differences of level of the several spheres give rise 
to trigonometrical corrections easy to calculate. 

The mean density of the earth d may be calculated from the 
gravitation constant K, independently of the local value of g as 
follows : 

g = ^nR/K{x + a - \c){i + (|r- a)sm' ^} 

where R^ is the polar radius, a the flattening of the earth, c the 
ratio of centrifugal force to that of gravity at the equator, and ^ the 
latitude. 

Measurements. 

Let us consider briefly the series of measurements and operations 
necessary to determine the gravitation constant with this apparatus. 

The constant of torsion of the fiber was first determined in an 
auxiliary mounting by means of an aluminium cylinder. Times 
were taken with a Breguet (3030) chronometer by the telescope and 
scale method. The dimensions of the cylinder measured by the 
dividing engine were as follows: radius 1.31405^10.00059 cm., 
height 2.2519 dz 0.0012 cm., mass 33.060 grm. and its moment of 
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30 



inertia 28.545 c.g.s. This latter, corrected for the knob of the 
cylinder, mirror and screw, was /= 28.788 c.g.s. units. 

As the coefficient of torsion varies with the stretching force, the 
coefficient of the quartz fiber for any mass suspended was found by 
a series of auxiliary paraffine cylinders, with the results indicated in 
Fig. 4. Knowing the weight on the fiber in the gravitation appa- 
ratus, the proper coefficient was readily found by interpolation. 



Digitized by 



Google 



254 ^' ^' BURGESS. [Vol. XIV. 

The torsion coefficient is given by /= ^'^Ijt^, For the quartz 
fiber used in three series, the preliminary determinations gave : 

/= 5 1 ."792 d= 0.0005. /= 0.42367. 

With the Aluminium Cylinder, 
The gravitation apparatus was then set up with this fiber in place, 
and eccentricity of mounting was as nearly as possible elim- 
inated by the adjusting screws. The zero position of the mo- 
bile system was then found and set to a convenient part of the 
scale. This operation took several days, for the system remained 
in motion so long as any disturbing cause persisted. In addition to 
the precautions taken to obtain constant temperature described 
above, numerous cardboard screens cut up into as small sections as 
possible the enclosed air space about the inner spheres. 

When constancy of zero was obtained the outer spheres were 
hung in place and a series of measurements was taken, extending 
over several days, of the deflections of the inner system of spheres 
in response to the definite and subsequently measured positions of 
the outer attracting spheres. In general it took over two hours for 
the inner system to take up a very small oscillation about a new 
position. The period was one hour, ten minutes. The constancy 
of a given position is illustrated by the following, taken from the 
second quartz series, for three successive deflections to the right on 
as many days taken alternately with deflections to left : 

72.205 cm. 

72.318 

72.135 
Five minute readings were taken for four or five hours for each 
position. The total deflection was about 65 cm. on a scale at 2.6 
m. The measurements of deflection taken, the distance from the 
suspension to the scale was measured, and after removing the cover- 
ings the horizontal distances between the various spheres and the 
torsion fiber were determined with the dividing engine placed par- 
allel to the balance arm at 40 cm. distance. This gave the data also 
for horizontal eccentricity. Similarly, the vertical distances between 
the centers of the spheres were taken with the cathetometer, giving 
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vertical eccentricity corrections. The horizontal eccentricity per- 
pendicular to the plane of the balance was also measured, and also 
the angles formed by the right and left and ventral positions of the 
outer spheres by means of the graduated circle at the base of the 
apparatus and the telescope and scale. During these measure- 
ments, taken in the zero position of the inner system, the smaller 
spheres were kept in place by stops. Phosphor-bronze was also 
tried as suspension but its zero is by no means constant enough for 
this kind of work. 

For three series with the same quartz fiber, whose constants are 
given above, the following are the principal data for the determina- 
tion of K, 



Series I. 
«* II. 
" III. 



AV 



18.359 
17.950 
18.149 



Rt 



18.060 
18.630 
18.506 



6.158 
6.212 
6.188 



rt 



6.144 
6.121 
6.144 



Dia Scale to 
Suspension. 



260.80 
260.15 
260.14 



Series I 
" II. 
** III. 



Deflections = 
Attracted Masses 



Riffht. 



2«» 16'.09 
2*>05M1 
2*»05MS 



Left 



Deflections = a 
AttractioK Massvs. 



RlKht. 



Left. 



4» 6' .75 
4«» 20'.62 
4<>48'.50 



ir.35 
13<».13 



28«».67 
26<».90 
28°. 56 



Torsion 
Factor. 



0.9812 
1.0000 
0.9811 



There are four equations of this form to solve for each series ; 



'' MmRr • sin (a — <p) ^ \ 



r^9 
180' 



Solving, gives K=^ 6.64 • io~^ and J = 5.55. 

The measurements were so planned as to give a precision of 
0.00 1 in the final result. The separate quantities were all deter- 
mined to 0.0003, with the exception of (a — f). This precision 
required a knowledge of the horizontal distances R and r (see Fig. 
3), as measured on the dividing engine, to 0.002 cm. for the lesser 
and to 0.005 for the greater radius ; the dimensions of the auxiliary 
cylinder to 0.002 cm., and its time of oscillation to 0.08 sec. only. 
This time was actually determined to 0.001 sec. and a precision 
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double that required in the length measurements was attained. The 
constancy of the deflection reading was the gravest source of error. 
The angles should be known to o'.4. It had to be assumed that 
the elastic properties of quartz were perfect or at least that there is 
no change in the zero position. This assumption seems justified 
from the work of Threlfall and Pollock with their quartz fiber gravity 
balance. 

The necessary tests and corrections for the use of the telescope- 
scale-mirror method were made as indicated by Holman.^ 

The results thus far obtained are to be considered only as tenta- 
tive, and indicative of the possibilities of the method. 

The apparatus may be improved by : 

1. Mounting it in vacuo, only a slight advantage here as periods 
are not measured. 

2. Making the balance-arm 10 cm. a submultiple of the meter. 

3. Turn the outer spheres automatically. 

4. Render the temperature of the mercury more constant by 
enclosing in a vacuum jacket with thick inner copper wall. 

5. Avoid any but a residual deflection measurement by turning 
the torsion head the necessary angle, calculated beforehand, to 
counterbalance the gravitation moment. 

6. Take readings photographically. 

7. Work out in the country. 

The method possesses advantages which render it perhaps the 
best for a determination of the gravitation constant, such as : 

The possibility of increasing indefinitely the sensitiveness as has 
been indicated. 

The non-obligation to determine the period of the system. 

The possibility of using a null-method — a great advantage, obviat- 
ing troublesome convection currents. 

Its adaptability — due to its great sensitiveness — ^to the study of 
the effects of various interposed media and attracting masses of 
different kinds, or in other words for detecting, if they exist, any 
modifications of Newton's law. 

This research was carried out under the direction of Prof. Lipp- 
mann, and to him I am greatly indebted. 

> Holman, Telescope-Mirror-Scale Method, Tech. Quarterly, Sept., 1898. 
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THE 

PHYSICAL REVIEW. 



THE VALUE OF THE GRAVITATION CONSTANT. 
By G. K. Burgess. 

IN 1885 Harkness* made a calculation by the method of least 
squares of the value of the gravitation constant, but the best 
experimental work has been done since then, and it seems desirable 
to-day to deduce from all the data at hand the most probable value 
of the gravitation constant and its analogue the mean density of 
the earth. Boys, in his report to the Paris Congress, 1900, has 
made a critical study of the various methods, but does not suggest 
a best value for the constants. To do this last is our object. 

The gravitation constant is the quantity K in the formula which 
expresses the Newtonian law of attraction : 

This constant is related to the expression for the mean density of 
the earth, approximately as follows : 

^ = ti 

in which g is the acceleration due to gravity of a mass at the sur- 
face of the earth whose radius is r and mean density is J. 

We may classify the methods for measuring A' and A in two 
categories : Astronomical or geodetic, as those employing the 

iHarkness, Append. III., Washington Obs., 1885. Bibliography in Recherches 
sor la G>nstante de Graritation, Burgess, 1901 ; pub. by Hermann, Paris. 
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plumb-line, the pendulum and any method depending upon the 
variation of the acceleration of gravity ; and the methods employing 
some form of the torsion balance, the chemical balance and the 
metronome pendulum. 

For the first, use is made of a considerable extent of ground and 
includes a geological survey of the rocks in the neighborhood. In 
the second, measurements are made in the laboratory upon known 
masses and distances. 

The oldest measures belong, in spite of the fact that the work of 
Cavendish dates from the eighteenth century, to the first category. 
In this first group quantities are dealt with which have always been 
very uncertain — uncertainties of the same order as those involving 
the investigation of the density of the outer strata of the earth. 

In the second category, all the accuracy that may be obtained is 
subordinate to measurements of very small length and sometimes 
of time, and to adjustments for symmetry. 

Let us examine these various methods for the determination of 
our constants. We will first consider the observations based on 
astronomical or geodetic methods. It was Bouguer who first tried 
to establish such a determination by measuring the attraction of a 
mountain. Maskelync and Hutton in 1775 were the first to obtain 
results by this method. 

Two processes exist for the determination of the attraction of a 
mountain : In the first, the attraction of the mountain on a plumb- 
line is measured by joining a point on the north to a point on the 
south by triangulation. The latitudes of these points are determined 
astronomically, and their positions, compared to those furnished by 
the triangulation, give the value of the deviation of the plumb-Une. 

The second process, as does the first, requires a study of the rocks 
that compose the mountain and a determination of the diminution 
of the acceleration of gravity at the summit of the mountain as com- 
pared with measurements made at the base reduced to sea level. 

This same principle of the variation of the acceleration due to 
gravity is applicable to measurements made in mines, as was first 
done by Airy. 

Another method depending upon the attraction of great terrestrial 
masses was proposed by Thomson and Tait. This would be to 
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measure the variation of g at the seashore where there are very 
high tides as in the Bay of Fundy. 

Coming to what we may call the indoor methods, Wilsing made 
use of a metronome pendulum of very long period, swinging at 
first alone and then beside a very heavy mass. This method is 
susceptible of more accuracy than is given by the ordinary use of a 
pendulum. 

Such scientists as Von Jolly, Poynting, Koenig, Richarz and 
Menzel have employed the chemical balance for this determination. 
Von Jolly's apparatus was installed in a tower 21 meters high. He 
measured the change in weight produced in a spherical mass of 
mercury of 5 kg. by a lead mass of 5,775 kg. placed directly 
beneath, while another 5 kg. mass remained in the other balance 
pan at the top of the tower. This method necessitates a knowledge 
of the variation of the acceleration of gravity for the place of obser- 
vation — a variation that is never in accord with the theoretical cal- 
culations — also changes of temperature played a most important 
vitiating role. 

Poynting made two series of determinations of which the second 
is an improvement over the first. He had a long-arm balance of 
considerable sensibility which he further increased by the use of a 
mirror suspended by two threads : the one fixed, the other attached 
to the arm of the balance. The masses could be hung at two levels 
to eliminate the attraction of the balance-arm. The attracting mass 
was placed below the balance on a turn-table which a fourth smaller 
mass kept from tilting. The suspended masses weighed 21.5 kg. 
and the attracting mass 153 kg. Two independent determinations 
made with the same apparatus gave him 5.52 and 5.46 for J. The 
balance-beam rested continuously upon its knife-edge during a 
series ; the temperature variations were a minimum. 

Recently, Richarz and Krigar-Menzel have used the chemical 
balance in the following way : A rectangular mass of lead of 100,000 
kg. carried a balance to which could be suspended, either above 
or below the lead mass, mercury spheres of i kg. hung from the 
balance-beam which was was 23 cm. long with a half-period of ^ 
min. It was necessary as in Jolly's case to determine the varia- 
tions of g with the height, both with and without the presence of 
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the lead mass. The change in weight was determined by displac- 
ing the mercury spheres alternately from the upper to the lower 
positions. To obtain a precision of o. i per cent it would be neces- . 
sary to measure a weight of o.oooi mg. 

The order of magnitude of the quantities measured was i mg. 
The greatest pains were taken to obviate suspected sources of error, 
but the balance was raised and lowered from its knife-edge during 
a series. 

A balance that turns about a vertical axis may be rendered more 
sensible than a balance oscillating about a horizontal axis. It is 
for this reason that Cavendish's balance and its various modifica- 
tions have been the most often used to determine the gravitation 
constant. This method possesses still another advantage : that of 
giving us the value of this constant independently of the local value 
of the acceleration of gravity. Besides here we do not have to 
guard against dust whose -effects may be appreciable in Richarz's 
method. In the torsion method, the most serious sources of error 
arise from uncertainties caused by variations of temperature which 
give rise to convection currents, and to the imperfect elasticity of 
the suspension wire. 

The classic set-up for the method is the following : Two small 
masses are hung from the extremities of a horizontal beam sup- 
ported by as fine a wire as possible. Two heavy masses attract 
the others. The deflection produced in the zero position of the 
movable system by a known change in position of the heavy masses 
is sought. This angle, the geometrical data, the time of oscillation, 
the moment of inertia and the value of ^ being known, A and k may 
be computed. 

Cavendish made his investigations in 1793 and although Baily, 
with a large subsidy from the British Government, took up the mat- 
ter in 1 84 1, the result of his two thousand observations is of a much 
less importance than that of Cavendish, who showed the important 
role played by small changes of temperature in the apparatus and 
its vicinity. In 1873 Cornu and Bailie determined the influences of 
a resisting medium on a torsion balance and showed that the re- 
sistance of the air for very small velocities is rigorously proportional 
to the velocity. These scientists also showed the advantage in re- 
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dudng the dimensions of the apparatus, that by this its sensibility 
was in nowise reduced, rendering also its behavior more constant. 
They were the first to make use of a chronograph for measurements 
of this nature. 

Boys, who commenced his measurements in 1889, made an ap- 
paratus of almost microscopic dimensions. Cavendish's balance- 
arm was 180 cm. long, Comu's 50 cm., but Boys' only 2.3 cm. 
The masses were proportionally reduced. In the Cavendish appa- 
ratus the attracting spheres were 30 cm. in diameter, while those in 
Boys' apparatus were but 6 cm. in diameter. His maximum deflec- 
tion was about one degree, the couple to be measured 200 times as 
small as that of Comu's and 1,500 times as small as Cavendish's. 
It is probable that Boys went too far with such very small dimen- 
sions, for it may happen that the errors arising from the geometrical 
measurements and from want of symmetry play a considerable part. 
In discovering how to make quartz fibers and their elastic properties 
he acquired precious auxiliaries, the non-homogeneity of the sus- 
pension wire having always been a source of great uncertainty. In 
order to increase still more the sensitiveness of the system. Boys 
placed his two pairs of spheres at different levels, thus avoiding the 
attraction in opposite sense of each of the large upon the more dis- 
tant small sphere. An advantage gained by the smallness of 
dimensions in this apparatus was to render minimum the perturba- 
tions produced by air currents due to convection or temperature 
changes. 

Doctor Carl Braun is the first who has succeeded in operating his 
apparatus in vacuo. The attracting masses are of mercury of 900 
grams each, placed at a distance of 40 cm. The attracted masses 
weigh 54 grams and are attached at either end of an aluminium 
arm of 24.6 cm. length. To obtain the results already published 
he made use of a brass wire which he is at present replacing by 
quartz to continue his researches, in which he operates by two 
methods : the classic method of deflection and the method of oscil- 
lation, which consists in noting the time of oscillation for the posi- 
tions of maximum and minimum attraction of the heavy masses. 
Instead of using a scale and telescope placed at several meters from 
the apparatus, his telescope is but a few decimeters distant. The 
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measurements of deflection are made by means of a scale of a few 
centimeters length and an ocular, and the luminous beam under- 
goes several reflections and refractions which may introduce inde- 
terminable errors of considerable size. 

The balance of Eotvos can be turned horizontally as a whole and 
the measurements of the time of oscillation for the maximum and 
minimum positions between two quadrangular pillars which are the 
attracting masses are then taken. The sensibility of this apparatus 
is such that it is capable of detecting the variations in the horizontal 
component of gravity at a point distant only 50 cm. from another. 
A quartz fiber is not used. 

Summary of Experimental Results. 

I. Astronomical and geodetic methods. 



Observer. 


Station. 


Result. 


Data. 


Maskelyne ind Hutton. 


Schehallen, Scotland. 


4.71 and 4.45 


1775 


Carltnl. 


Mt. Ccnis, Italy. 


4.77, 4.95, 4.84 


1821 


Airy. 


Harton, England. 


6.57 and 5.48 


1854 


James and Qarke. 


Arthur's Seat, Scotland. 


5.32 


1855 


Pechmann. 


Ceroid, Alps. 


6.13 


1865 


Mendenhall. 


Fuji-yama, Japan. 


5.77 


1880 


Stcmeck. 


{ Fibram, Bohemia. 
( F'reiberg, Saxony. 


4.77 


1883 


6.77 


1885 


Preston. 


r Haleakala, S. I. 
I Mauna Kea. 


5.57 


1887 


5.13 


1892 



Mean: 5.60 d: 0.13, / = 0. 
(Without Stemeck*8 second value.) 

2. Wilnn^s pendulum 5.5579 ± 0.018, / = 1 (1889). 
3. Observations with chemical balance. 



V. Jolly. 
Poynting. 
Richan and Krigar-Mencel. 



Result. 



5.692 ± 0.068 
5.493[i 0.03] 
5.505 * 0.009 



Date. 



1881 

1891 
1898 



Mean : 5.507 ± 0.014, / = 2, 
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ObMrver. 


Result. 


Date. 


Cavendish. 
. Reich. 

BaUy. 

G>rna and Bailie. 

Boys. 

Breun. 
E5tT6s. 


5.45 [± 0.05] 
(5.49 ±0.023 
t 5.583 ± 0.015 
r 5.67 or 5.55 
t [5.55 ± 0.05] 
J 5.50 and 5.56 
I [5.54 ± 0.02] 
f 5.5270*0.0019 
t [5.5226 ± 0.0041] 
5.5273 ± 0.0012 
5.53 [± 0.010] 


1798 
1837 
1852 

1843 
1878 

1895 

1896 
18% 



Mean i 5.5243 ± 0.0009, / = 300. 

The mean, deduced from all these series, treated by the method 
of least squares, is : 

J=B 5.5247 =1=0.0013.^ 

The corresponding value of the gravitation constant is : 

K = 666.07 • I o""^^ cm.Vgr. sec* d= o. 1 6 • i o""*^ 

Let us consider the above series : 

Series I. — There is great uncertainty in the value found for the 
mean density by these methods for reasons already indicated, and 
the mean of all these measurements has a probable error of 4 per 
cent. In fact, it would seem futile to attempt exact measurements 
by such methods, by reason of the uncertainty of quantities, such 
as the density of mountains and the superficial strata of the earth, 
which enter into the equations. Also, no great progress has been 
made here since the first attempts. 

Series II L — ^There are but three determinations by this method 
but their respective weights increase greatly from the first to the 
last. It is probable that the figure found by Richarz and Krigar- 
Menzel is as accurate as can be hoped to be obtained by our chem- 
ical balances of to-day. As in the first series, the problem is 
complicated by the variation of g with elevation. Richarz found 
a difference of 0.5 per cent, in this variation for his two determina- 

' The probable error is indicated. 
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tions at an interval of two years — introducing a like uncertainty 
into his results. 

Series IV. — ^We have here a considerable number of results 
which are closely grouped about the mean. The quantities in 
brackets are the estimated values and probable errors. Baily made 
a constant error in the interpretation of his results ; the corrected 
value is given. In Boys' case the value in brackets is the result 
deduced from all of his scries and not from the four highest as he 
deduced it. The most recent observations by this method — those 
of Boys and Braun — ^are practically identical with each other and 
with the mean deduced from all observations. 

If we consider the results of the last two series for the last twelve 
years, we see that the chemical balance gives a value 0.5 per cent, 
lower than that obtained by the torsion balance for the mean 
density. Nevertheless, taking all things into account I think it 
may safely be said that we know the mean density of the earth and 
the gravitation constant to well within 0.00 1 part of their respective 
values, as indicated above. 

If the weight assigned to the torsion-balance determinations be 
reduced from 300 to 3, we have : 

1. Wilsing's pendulum J = S-5579 / *■ i 

2. Chemical balance 5-S07 / =» 2 

3. Torsion balance S-5243 / = 3 

Mean J=a 5-5241 

This result is identical with the previous one. 
It would seem desirable to make a new determination by Wil- 
sing's method. 

UNIVXRSITY of GlUFORNIA, 

Febraarjr, 1902. 
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THE VELOCITY OF IONS FROM HOT PLATINUM 
WIRES. 11. 

By C. D. Child. 

■^ I "HE second part of this article deals principally with the dis- 
^ charge from a hot platinum wire in other gases than air and 
in a vacuum. The work is not at all a complete investigation, but 
I shall not be able to continue it further at present, and therefore 
publish the experiments which have already been performed. 

But first I wish to describe a few experiments with the particles 
driven from the wire. The presence about the wire of particles 
which diminish the velocity of ions has already been shown. It was 
noticed that the copper wires to which the platinum was attached 
became oxidized and that there was thus a possibility that particles 
of copper oxide were producing the effect. The copper wire was 
therefore removed and only platinum wire was used in the enclosed 
tube. The decrease in the amount of discharge was then even 
more marked than before. 

A second test regarding the same point was then made by heating 
the copper wire and then examining the air about it for the presence 
of nuclei in the formation of clouds. Such nuclei were indeed 
found when the copper was sufficiently heated, but the amount of 
current which had been used in former experiments was not sufficient 
to heat the copper which was used, so as to gfive off such particles. 
This seems to be sufficient to show that those which produce the 
decrease in the rate of discharge came from the platinum itself 

The effect of these particles on the ions coming from a flame was 
examined. Several turns of platinum wire were placed between 
pieces of wood about 1.5 cm. apart, and 10 cm. long. The air 
arising from these wires was passed between two pieces of tin of 
the same length and the same distance apart and 6 cm. in width. 
These were kept at a potential difference of a hundred volts. They 
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were for the purpose of taking any ions out of the air arising from 
the platinum. The air was then allowed to pass between a flame 
kept at 50 volts and a circular plate 5 cm. in diameter surrounded 
by a guard ring. The plate was about 2 cm. from the flame. 

A charged plate was first put in the place of the flame and no 
discharge was noted when the wire beneath was heated. This 
showed that the pieces of tin were properly serving their purpose 
of drawing the ions out of the ascending air. 

The effect of the ascending air on the discharge from the flame 
was then noted. When the flame was charged positively and the 
wire beneath was not heated, the rate of discharge was 8x lO"" 
ampere. When the wire was heated it was 4x10"*® ampere, show- 
ing a decrease of 50 per cent, caused by the particles arising from the 
platinum. When the flame was discharged negjatively, the rate of 
discharge was 12 x io~*® ampere, and with the wire heated 3.2 x 
lO""*" ampere, a decrease of 83 per cent. This experiment was 
modified in various ways, but the decrease in the velocity of the 
negative ions was always greater than that of the positive. 

It seems most reasonable that this should be so. Discharge 
occurs from positive platinum wires at a lower temperature than from 
a negative one. Apparently there is greater attraction between the 
platinum and negative ions than between platinum and positive ions. 
If this be true, we must expect a greater attraction between the 
particles of platinum given off" and the negative ions. This experi- 
ment showing the effect of the particles on the ions from a flame 
bears out this idea. 

And it also seems reasonable that this should be the explanation 
for the fact that in case of discharge from hot wires the negative 
ions move more slowly than the positive. In most cases of dis- 
charges through gas the negative ions move more rapidly. Some 
explanation of the behavior here is desirable. If the particles which 
are driven off" have a greater affinity for the negjative ions, they will 
naturally load them to a greater extent than the positive and 
cause them to move more slowly. As will be shown shortly, we 
have reason to suppose that the particles of platinum are not driven 
off* to so great an extent in hydrogen as in air and there we find in 
general that the negative ions move the more rapidly. This &ct 
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also indicates that the presence of the particles is the cause of the 
slow movement of the negative ions. 

The phenomena could also be explained by assuming that the 
ions are formed from different substances and that the positive ions 
are given off from some substance which produces more rapidly 
moving ions. Indeed for some time I supposed that some such 
explanation was the correct one, but in view of all the facts which 
have been observed it does not seem as reasonable an explanation 
as the view given above. 

This may throw some light on the fact that the positive ions 
drawn from the arc move more rapidly than the negative ones, but 
I hope to publish soon some experiments on the discharge from 
carbon and the discussion of that point may properly be left until 
then. 

Discharge in Hydrogen, — It has been found that platinum does 
not decrease in weight when heated in hydrogen.^ The discharge 
from a wire surrounded by hydrogen was therefore examined, but 
it gave decided evidence of the presence of particles which loaded 
the ions and diminished their velocity. The rates of discharge with 
different currents through the wire are gfiven in Table XV. The 
potential difference was 30 volts. The same cylinder and the same 
glass tube were used in these experiments that have been described 
in connection with Fig. 5, Part i. 

Table XV. 



Curront throuf h Wire. 


+ Discharf e. 


— Dischargo. 


6.5 


.07 X 10-* 




7 


.35 






7.5 


.63 




1.2X10-« 


8 


1.05 




7.1 " 


8.5 


1.5 




8.8 " 


9 


1.5 




8 " 


9.5 


1.5 




3.4 " 


10 


1.5 




1.5 " 



In attempting to record a higher temperature the wire was melted. 

The positive discharge occurs at lower temperatures than the 

negative as in air. This may possibly be due to a film of oxygen 

*Wied. Ann., 35, 107. 
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about the platinum which hinders the negative discharge from pass- 
ing from the wire, but this does not seem a probable explanation 
since the wire was heated to nearly white heat in the hydrogen for 
thirty minutes without producing any change in this respect. How- 
ever in view of the difficulty which SjMers ' has shown to exist in 
getting rid of the oxygen film one can not be positive that thus 
heating the wire would have the desired effect. 

The negative discharge is in general larger than the positive. 
There was, however, a very great decrease in the amount of discharge 
when the current through the wire was increased from nine amperes 
to ten. In fact the negative discharge became as small as the positive. 
This seemed surprising, and another wire was substituted for the 
one which had been melted. This second piece required a little 
more current to bring it to the desired temperature, but it showed 
exactly the same peculiarities as the first. 

The wire was heated for several minutes at as high a temperature 
as possible, but the discharge with the smaller current continued to 
be as large as ever and to decrease again when the temperature was 
raised. 

In air the rate of discharge when the wire was first heated was 
larger than it was after the current had been passing for some time. 
I endeavored to show that the same was true in hydrogen, but the 
needle of the galvanometer which I was using for these observations 
required about fifteen seconds to come to rest, and by that time the 
discharge had reached a constant value. 

Though other experimenters have found no decrease in the weight 

of platinum when heated in hydrogen, it seemed well to test the 

matter again, using a current as large as that which produced the 

smaller rate of discharge. But when the wire was heated for about 

' minutes this piece was also melted. The two parts were, 

er, weighed and their weight was found to be the same to 

. I mg.][as that of the wire before it had been heated. It did 

em profitable to repeat further the work which has already 

^rformed on this point. 

this does not, of course, prove that no particles are driven 
ice we know that they are driven off when the wire is in air at 

iPhil. Mag. (5),49, 84. 
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temperatures too low to cause any appreciable loss in weight. The 
hydrogen about the wire was, therefore, examined for nuclei with 
water condensation. Moist hydrogen was passed into the tube and 
then suddenly drawn off and the cloud formation was as noticeable 
as in air, even though the wire was not heated above red heat. 
After the condensation had been produced a few times it ceased to 
be visible until the wire was again heated. Evidently the formation 
of cloud is a more delicate test of the presence of particles than 
either the loss in weight or the decrease in the velocity of the ions. 

This experiment seems to make it probable that the decrease in 
the velocity of the ions was caused by particles driven off from the 
platinum and loading the ions. The particles probably are not 
driven off to as great an extent as they are in air, since no loss of 
weight has been detected, and since the velocity of the ions in the 
hydrogen is much greater than it is in the air. 

The fact that the negative discharge in the hydrogen was greatly 
affected while the positive was not indicates the same thing. If a 
new kind of ionization was being produced at the higher tempera- 
tures, we should expect some indication of its presence in the posi- 
tive discharge. On the other hand we have already had evidence 
to show that the particles driven from the platinum have a greater 
attraction for the negative ions than for the positive, and this would 
easily explain the phenomena as they here occur. 

The particles sent off in hydrogen are no doubt platinum and not 
an oxide. It would seem highly improbable that a platinum oxide 
would be formed in the presence of hydrogen. It seems, therefore, 
probable that the particles sent off in the air are also particles of 
platinum instead of any oxide of platinum. 

Observations were taken with different potential differences and 
the rate of discharge was found to vary much as it did in air. 

This fact seems to show us that the velocities may here be com- 
puted as they were in air. When this is done the highest value of K, 
the velocity of the positive ions, as computed from Table XVIII. was 
found to be 32.6 cm. per second as cpmpared with 4.5 cm. in air, 
and that of the negative ions 195 cm. as compared with 3.5. These 
values seem to be very large, but the data taken certainly indicate 
such velocities. 
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Discharge in Oxygen, CO^ and CO, — ^With other gases than hy- 
drogen the decrease in the rate of discharge from its first value was 
very much the same that it was in air. The discharge in oxygen 
became even smaller than in air enclosed in the same tube. The 
velocity of the ions was apparently only .2 cm. per second, but no 
importance can be given to this value, since it depended to so great 
an extent on the size of the tube and length of time that the wire 
was heated. 

The discharge in CO, behaved very much the same as it did in 
air. In CO the discharge did not decrease as much as in air, but 
still the behavior of the discharge in this gas was much more simi- 
lar to its behavior in air than to that in hydrogen. No attempt was 
made to secure any of these gases chemically pure except hydrogen. 
In that case no difference was seen between the discharge in hydro- 
gen made from commercial HCl and zinc, and that made from 
chemically pure HCl and zinc. 

Discharge in a Vacuum, — I then proceeded to examine the rate 
of discharge in a vacuum. It has been shown by others that the 
rate of discharge from a hot platinum wire increases as the pressure 
of the surrounding gas is diminished. This was first verified, but in 
doing so it was found that the discharge at any given pressure of 
the gas was greatest when the wire was heated for the first time at 
that particular temperature. In one of the first experiments with 
the pressure of about i mm., with a current of 5 amperes passing 
through the wire, and a potential difference between the wire and 
the cylinder of 40 volts the discharge at the beginning was fully 
8.4 X 10"^ ampere. This fell in a few minutes to 4.2 x io~*-amp^re, 
only ^ of its first value. These measurements were taken with a 
galvanometer whose constant was 4.2 x io~* ampere per scale divi- 
sion. 

At first sight this would seem to be nothing different from what 
was found at atmospheric pressure. We there found the rate of 
discharge to diminish as the wire was heated in a closed tube for 
some time. The same thing occurs here but to a more marked 
degree. But further examination seemed to indicate that this phe- 
nomenon was essentially different from the other. Allowing the air 
to enter the tube and then drawing it off did not at all bring the 
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wire back to its original condition. It no longer gave off as much 
discharge as it did in the begfinning. Allowing the wire to remain 
over night undisturbed did not restore its power of discharge. 

Effect of Hydrogen on the Wire, — Moreover heating the wire in a 
flame from gasolene restored it partially to its original condition 
and heating it to a white heat in hydrogen almost entirely restored 
it. But before any exact measurements were taken with this wire 
it was accidentally melted and another one was put in its place. 
The second wire behaved quite differently from the first. The rate of 
discharge was but little larger when it was first heated in a vacuum 
from what it was aftehvards. Heating it in hydrogen had but little 
effect upon it. Both moist and dry hydrogen were tried, but neither 
of them affected the wire. It seemed as if some mistake must have 
been made in the first observations, but upon trying different pieces 
of platinum it was found that there was much variety in their 
behavior. 

Platinum was accordingly secured from three different sources. 
It all contained more or less iridium. Two pieces which were said 
to contain approximately i ^ per cent, and 5 per cent, of iridium 
showed a decrease from about 7 x 10 "' ampere to 1.7 x 10 "' 
ampere when first heated, the potential difference being 50 volts 
and the current through the wire 5 amperes. The third, containing 
approximately 10 per cent, of iridium gave a discharge at first of 
over 8.4 X 10 "• ampere, and then decreased to about the same 
as the others. All three of these were brought back to nearly their 
original condition by being heated in hydrogen and they were not 
affected by being heated in air. 

All of the wires were heated in the air at atmospheric pressure 
for a few minutes before they were heated in a vacuum, so that we 
would expect any dirt to have been burnt off. But even if one were 
to assume that the effect was due to some impurity in the wire this 
alone would not explain the fact that the hydrogen had so great an 
effect in restoring the wire to its original condition. 

A piece of wire having 5 per cent, of impurity, the kind of impurity 
not being given, was then tried and this was found to have a greater 
rate of discharge at the beginning than any of the others and a 
greater subsequent decrease. Heating it in hydrogen produced a 
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large increase in the rate of discharge, although it lacked much of 
bringing it back to its original condition. 

A piece of wire having 10 per cent, of impurity showed a smaller 
rate of discharge at first and a smaller change from this than the 
wire containing only 5 per cent, of impurity. 

No attempt was made to go further with this part of the work. 
The difference in behavior in the different pieces of wire may have 
been due to a very slight impurity or possibly to gases previously 
absorbed by the wire. It would probably be a long and tedious 
piece of investigation to trace out the cause of this behavior and I 
am unable at present to perform it. 

Experiments with Palladium, — Palladium is known to absorb 
greater quantities of hydrogen than platinum. A few experiments 
were, therefore, performed with it. But palladium melts at a lower 
temperature than platinum and on that account no very satisfactory 
results could be obtained. It melted before any negative discharge 
was produced and it seemed to be especially liable to melt when 
heated in hydrogen. As far as was found palladium behaved the 
same as platinum. The discharge was largest at first, decreased 
after a short time and was largely restored by heating in hydrogen. 
The final rate of discharge from it was about the same as that from 
platinum. 

The effect produced by heating the wire in hydrogen throws some 
light on the mechanism of discharge, but the discussion of this will 
be deferred until other experiments have been described. 

Observations were then made on the rate of discharge in a vacuum 
under varying conditions. No great exactness can be expected here 
since the rate of discharge depends to such a large extent upon the 
length of time that the wire has been heated in a vacuum, but after 
a few minutes the rate of discharge became reasonably constant and 
observations could be made of the effects produced by varying the 
other conditions. 

The Current Varied with Wire in Vacuum. — ^The first quantity 
varied was the amount of current flowing through the wire. The 
potential difference was 45 volts and the pressure of the air i mm. 
The other conditions were the same as in the preceding experiments. 
The results of these observations are given in Table XVI. Column 
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I gives the amount of current flowing through the wire, column 2 
the positive discharge measured in amperes, column 3 the negative. 

Table XVI. 



Current through Wire. 


+ Diecharse. 




4.3 


.42X10-* 


.21 X 10-« 


4.5 


.63 " 


1 " 


4.8 


1.6 " 


3.7 " 


5 


3.3 " 


10 


5.2 


6.6 " 


22 " 



With larger currents the wire was liable to melt. The same cur- 
rent, of course, produces a higher temperature in a vacuum than in air. 

The negative current is larger under these conditions. It is also 
noticeable that the effect of increasing the current is not the same 
when the wire is in a vacuum that it is in air at ordinary pressures. 
In air the discharge soon reached a maximum, while here it con- 
tinually increases. 

Potential Varied, — ^A still greater difference between the phe- 
nomena in air and in a vacuum was shown when the potential 
difference between the wire and the cylinder was varied. Table 
XVII. gives the rates of discharge with different potential differ- 
ences. The current was 5.2 amperes and the other conditions were 
the same as in the preceding experiment. Column i gives the po- 
tential difference between the wire and the cylinder, column 2 the 
rate of positive discharge measured in amperes, column 3 that of 
the negative. 

Table XVII. 



Potential Difference. 


+ DiecharKe. 


— Discharge. 


45 


4.7 X 10-« 


19X10-* 


36 


3.6 




15 " 


26 


3.6 




10 " 


18 


3.1 




8.4 " 


9 


2.9 




8.4 " 


5 


2.5 




8.4 " 


1.5 


1.9 




8.2 " 



In the last reading the ground was connected to one end of the 
wire running into the tube. A shunt could have been placed about 
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the wire and difTerent points on this grounded, but this would have 
made one part of the wire positive and the rest negative. No con- 
clusion could have been drawn from observations thus made. 

The current here decreased but very little while the potential dif- 
ference was changed from 45 to 1.5 volts. This was entirely 
different from the decrease shown when the potential difference was 
diminished at atmospheric pressure. The discharge at that time 
decreased very rapidly. 

An attempt was made to determine the potential gradient between 
the hot wire and the surrounding cylinder by means of a second wire. 
The difficulty to in finding the potential by this means has already 
been pointed out ^ and in this case the difficulty appeared to be in- 
superable. All of the space within the tube becomes filled with 
ions. Moreover the surface of the insulator within the tube ceases 
to some extent to insulate when the discharge is taking place. 

The observations taken seemed to indicate that the potential 
about the wire approaches the potential of the wire when the 
pressure of the gas is diminished, but afler some study of the 
leakage to the exploring wire, I decided that it was impossible to 
make any definite statement concerning it. 

Such a change in the potential as that which appeared to take 
place, could be explained by supposing that all of the space within 
the tube becomes partially ionized. Even at atmospheric pressures 
the air becomes ionized to more than molecular distances and the 
same thing may occur to a much greater extent in a vacuum. But 
it would be useless to attempt to decide this point, until we have 
more definite knowledge of the condition of the gas. 

The Velocity of Ions in a Vacuum, — ^The way in which the dis- 
charge varies when the potential difference is varied is of itself suffi- 
cient to show us that the mechanism of discharge is not the same 
in a vacuum that it is in air at ordinary pressures. Either the 
velocity of the ions is so great that their presence does not greatly 
affect the potential about the wire, or the ionization occurs through- 
out the gas. In either case the task of finding the velocity of the 
ions in a vacuum is very difficult. The velocity can not be deter- 
mined by blowing air past the wire. And until we know whether 

>Phys. Rkv., 12, 67. 
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the ionization all takes place at the surface of the wire or through- 
out the gas the employment of an alternating potential difference 
would give us no definite knowledge. 

I had intended to use the method depending upon the determina- 
tion of the rate of discharge and of the potential gradient about the 
wire. But evidently we have no right to assume that the potential 
gradient is the same here that it is in air at higher pressures. Even 
when the potential difference was only 1.5 volts the rate of discharge 
did not vary at all as it did at atmospheric pressure. 

The water dropper can not be used to determine the potential 
gradient and the attempt to determine this by a wire has been de- 
scribed. 

The method which has been used by J. J. Thomson ^ in finding 
the velocity of the ions could perhaps be used, but it would require 
much care. Among other measurements the kinetic energy of the 
ions carrying the discharge must be determined. As far as can be 
foreseen this would be much smaller in the case of discharge from 
a wire than in the case of cathode discharge. The work might 
possibly be performed, but I have made no attempt whatever to do so. 

The Vacuum Varied, — When the attempt was made to secure a 
series of readings with different pressures of the gas, it was found 
that no two sets were ever identical. In the first place the work 
was complicated by the cooling effect of the convection currents 
about the wire. The same current through it raises it to a higher 
temperature when there is less gas present. In making observations 
the temperature should be kept constant. In order to do this a 
high resistance galvanometer was place in shunt with the wire, and 
the potential difference at the ends of the wire was measured by the 
galvanometer. It was assumed that the temperature would be con- 
stant, if the resistance were constant, and the resistance is propor- 
tional to the ratio of the potential difference measured by the gal- 
vanometer and the current through the wire measured by an ammeter. 
In making the observations this ratio was, accordingly, kept constant. 

But even with this precaution I secured widely different sets of 
readings. At atmospheric pressure the discharge depends largely 
upon the number of particles about the wire, and with very low 

»Phil. Mag. (5), 44,302. 
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pressures it appears to depend on the amount of occluded hydrogen. 
These probably were the causes of the wide divergence in the data 
secured. However, the data which were taken in one case are given 
in Table XVIII. At each pressure of the gas the wire was heated 
until the discharge appeared to be constant. 

It was found that with lower pressures the particles did not ap- 
pear to check the motion of the ions. At least the discharge did 
not then become smaller when the wire was heated for some time. 
Thus for the particular wire used for securing the data given in 
Table XVIII. the discharge decreased with time until the pressure 
was diminished from 50 cm. to 40 cm. After that it continued to be 
large without regard to the length of time that the wire was heated. 

Different pieces of wire behaved differently in this respect as in other 
respects, some of them apparently sending out the particles at lower 
pressures than others. In fact it became apparent that it would be use- 
less to attempt to secure exact data on any of these phenomena with- 
out a thorough study of the impurities that may exist in the wire. 

Column I in Table XVIII. gives the pressure of the gas in cm. of 
mercury. Column 2 the current through the wire, column 3 the 
positive discharge in amperes, column 4 the negative. The poten- 
tial difference between the wire and the cylinder was 30 volts. The 
cylinder about the wire was the same that had been used in preced- 
ing experiments. 

Table XVIII. 



PrsMor* of Qas. 


Current through Wire. 


+ Discharge. 


— Discharge. 


72 


6.2 


.056 X 10-* 


.03X10-* 


SO 


6.0 


.086 " 


.05 " 


40 


S.9 


.58 " 


.30 " 


30 


S.8 


1.4 " 


.84 " 


20 




3.1 " 


3.7 " 


10 




6.3 


10. " 


5 




14. 


25. 


2 




28. " 


SO. " 


1 




SO. " 


160. " 


.S 


5.3 


160. " 


360. 



These data agree with those of others in showing that the nega- 
tive discharge is greater than the positive when the wire is in a vacuum 
and heated sufficiently high. 
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A smaller tube was hermetically sealed and the gas exhausted 
until cathode rays were produced. The behavior of this tube was 
but little different from the preceding. The first discharge was very 
large and continued to decrease for a long time, the final value being 
little larger than the value it had at i mm. pressure. The size of 
the cylinder also had little to do with the amount of discharge. 

The Mechanism of Discharge. — It has been suggested that the dis- 
charge is caused by dirt on the wire. This may have some effect 
on the large discharge produced when the wire is first heated, but 
it hardly seems possible that it can be the only cause of dis- 
charge. Rubbing dirt on the wire before it was heated seemed to 
produce no effect on the rate of discharge. The different wires did, 
indeed, behave differently, and yet if the whole effect had been pro- 
duced by dirt, the phenomena would not have been at all what they 
were. 

A second explanation is one suggested by Berliner ^ that the dis- 
charge is produced by occluded hydrogen. If we modify this state- 
ment and say that the positive discharge is largely produced in this 
way, much may be said in favor of the suggestion. At lower tem- 
peratures the ionization appears to be produced within or very near 
to the surface of the metal. This part, at least, of the ionization 
may be produced by the occluded hydrogen. 

This explains the fact that the discharge is so much larger when 
the wire is first heated in a vacuum. The hydrogen which is driven 
out from the wire would be largely ionized. Heating the wire in 
hydrogen would, of course, largely restore to it the power to pro- 
duce a large discharge, and heating it in air would not. 

We would expect the gases within the metal to be ionized at the 
lower temperatures. At higher temperatures the gas surrounding 
the wire would begin to be ionized. This would produce the ioni- 
zation which we found could be blown from the wire. This ioniza- 
tion about the wire would allow the negative discharge to occur, 
since both positive and negative ions would be produced beyond the 
surface layer in which the fall of potential is supposed to exist. 

The ions from the occluded hydrogen would undoubtedly move 
more rapidly than those produced in the air. In the case of dis- 

>Wied. Ann., 33, 289. 
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charge produced by X-rays the positive ions of the hydogen move 
more rapidly than the negative of other gases. By supposing that 
the more rapidly moving positive ions are ions from the occluded 
hydrogen and that the slower ones are from the air, several other 
facts could be explained, as, for example, that the average velocity 
of the ions becomes less at higher temperatures and that the velocity 
of positive ions in air is greater than the negative, but the action of 
the particles driven off from the wire would also explain these facts, 
and it seems more probable that their action is the predominant one. 

Possibly the particles which are driven off may ionize the air 
about the wire and are thus the cause of the slower ions, first, 
directly, by loading ions already formed, and second, indirectly, by 
producing a new class of ions. 

The fact that a negative discharge in a vacuum is affected by the 
length of time that the wire is heated shows that the negative dis- 
charge is not all produced by the ions about the wire. Apparently 
some of the discharge is caused by something coming from within 
the wire. 

In all probability neither the positive nor the negative discharge 
is produced by any one cause. It seems safe to say that the posi- 
tive ions produced at the lower temperature come from within the 
. wire, and that some at least of the negative ions are produced in the 
gas about the wire. It is also safe to say that some of the ions that 
come from within the wire are due to occluded hydrogen, and that 
particles driven off from the wire produce some of the phenomena. 
Probably the different causes enter in different amounts with dif- 
ferent pieces of wire. 

Summary, — ^The particles producing the decrease in the velocity 
of the ions come from the hot platinum and not from the copper 
connections. 

The particles from a hot platinum wire have a greater retarding 
action on the negative ions drawn from a flame than on the positive. 

In hydrogen the rate of discharge is much larger than in air. The 
positive discharge still begins at lower temperatures than the n^^a- 
tive. The negative soon surpasses the positive, passes through a 
maximum and rapidly decreases, coming to have about the same 
value as the positive when very near the melting point The 
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presence of particles about the wire after it had been heated was also 
shown by the cloud formation when the hydrogen was suddenly 
cooled, but no loss in the weight of the wire was detected. Ap- 
parently particles are driven off, but to a much smaller extent than 
in air. The largest value for A'j was found to be 42.6 cm. per sec. 
for a potential gradient of i volt per cm., as compared with 4.5 cm. 
in air and for K^ 195 cm. as compared with 3.6 cm. As in air the 
rates of discharge increased very rapidly as the potential differences 
were increased. 

The behavior of the wire in oxygen, CO, and CO is practically the 
same as in air. 

The experiments seemed to indicate that the particles are driven 
off as platinum and not as some oxide of platinum. 

When a platinum wire is first heated in a vacuum the rate of 
discharge is much greater than at any time afterwards. Heating 
the wire in hydrogen partially restored to it the power of producing 
a large discharge. But this did not produce any effect on the neg- 
ative discharge. 

The rate of discharge is much greater in a vacuum than in air at 
atmospheric pressures. 

The positive discharge at higher temperatures is less in a vacuum 
than the negative. The amount of both positive and negative dis- 
charges continually increase as the temperature of the wire is in- 
creased. 

The potential difference between the wire and cylinder about it 
has little effect on the amount of discharge in a vacuum. In this 
respect it behaves entirely different from the wire in air at atmos- 
pheric pressures. The size of the surrounding cylinder has little 
effect on the amount of discharge. No method was found by which 
the velocity of the ions in a vacuum could be determined. 

The phenomena indicate that the ionization first occurs within the 
wire, and there are some reasons for thinking that this part of the 
ionization is produced from occluded hydrogen. 
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CONTRIBUTIONS TO THE STUDY OF THE INDUC- 
TION COIL. 

By James Edmund Ivks 
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{ 7. Sparking at the Break. Bibliography. 

§ I. Introduction. 

THE induction coil has been investigated in recent years by Col- 
ley, Oberbeck, Walter, Johnson and others, both theoretically 
and experimentally. A list of the more important recent contribu- 
tions to the subject is given at the end of this paper. 

The induction coil is an electromagnetic system 

I , with two degrees of freedom. It is usually con- 

L, structed by winding a secondary coil of a large 

^W\MAAA^ number of turns of fine wire upon a primary of 

a few turns of heavy wire. (See Fig. i.) The 
core of the primary may be filled with iron wires 
to increase its inductance. The terminals of the 
primary are so arranged that they can be con- 
P^ J veniently attached to some source of electro- 

motive force, and the primary circuit is provided 
with a make-and-break apparatus. A condenser of suitable capacity 
is put around the break, so as to diminish as far as possible the 
sparking at the break. 

The usual method of operating the coil is as follows. A battery 
having been placed in the primary circuit, the circuit is opened and 
closed periodically. The condenser around the break is then ad- 
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justed SO that the sparking at the break is reduced to a minimum. 
The secondary circuit can be left open, or can be closed through a 
vacuum tube, an electrolytic cell, or in any other way that is desired. 

The action of the coil may be briefly stated. When the pri- 
mary circuit is closed, the current begins to grow, and soon 
reaches what is practically its maximum value. This make current 
in the primary induces an electromotive force in the secondary, 
which, however is not of any importance. The primary circuit is 
now broken, and owing to its capacity, that is, to the capacity 
around the break, dies away in a series of oscillations, whose period 
is constant, but whose amplitude is rapidly decreasing. In a small 
induction coil they are so rapid that there are i,cx)0 to 10,000 of 
them in a second. These oscillations of the primary current set up 
an induced electromotive force in the secondary, which depends for 
its magnitude, as will be shown later, upon the constants of the coil, 
the initial strength of the primary current, the velocity of breaking 
the primary, and the capacity of the condenser around the break. 

The usual method of using a coil is with a slow break, the 
primary being broken less than a hundred times a second. In this 
case the current in the primary rises to approximately its full value 
before the break occurs, and the oscillations due to the break die 
away before the next 
make. The current under 
these conditions would 
be represented by Fig. 2. 
This case will evidently 
be completely covered 
if a single break is con- 
sidered. 

If the break is not 
slow, as in the case of the Wehnelt interruptor, the theory becomes 
more complicated, as the make current does not have time to rise to 
a steady value before the break occurs, and the break current also 
overlaps the next make current. 

The two simplest cases will be treated in this paper, viz. : first, 
the case of a single break, and second, the case of a simple har- 
monic electromotive force in the primary. 



^]l^^ , ^ .. ^Q pl\^ 



Fig. 2. 
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§ 2. Theory of the Coil. 

In general both the primary and secondary circuits have induc- 
tance, resistance and capacity. 

It will be seen from Fig. i, that when the primary circuit is 
closed, its capacity may be considered infinite, but when it is broken, 
its capacity is that of the condenser K, 

The capacity of the secondary circuit in the ordinary mode of 
using the induction coil is the distributed capacity due to the juxta- 
position of successive turns of the coil. This, although very small, 
is not infinitesimal. This question of the distributed capacity of the 
secondary will be discussed more fully further on in this paper. 

Theory of One Circuit for a Single Break, 

Since the theory of a single circuit containing an inductance, 
resistance, electromotive force, and a condenser around the break is 
closely related to that of the primary of an induction coil, a brief 
discussion of the single circuit will be given before the discussion 
of two circuits. The same conditions will be supposed to hold as 
for the primary, viz : the breaks and makes will be sufficiently far 
apart so that the oscillations due to the break have died away before 
the make occurs. 

We will then suppose the current to have risen to its maximum 
value before the break occurs, and will consider what takes place 
after breaking it. 

The well-known equation for such a circuit is the following : 

(1) Lj^+RI+^J Idt^E, 

where / is the current ; /, the time ; Z, the inductance ; i?, the 
resistance ; K^ the capacity around the break ; and E the steady 
impressed electromotive force. 

This equation may be written in the form 

(2) L-^+Rj^+^^E, 
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where q is the quantity of electricity which has passed any cross- 
section of the circuit during the time / or, what is the same thing, 
the quantity of electricity which has entered the condenser in the 
time /. If we bring E over to the left hand side of the equation, 
and write 

where Q « KE is the steady charge of the condenser under the 
electromotive force E, equation (2) becomes 

This is the well-known equation for a system with one degree 
of freedom.^ 

It is found that the charge is oscillatory or non-osdllatory accord- 
ing as 

/?<4^ or 7?>4j^. 

In this discussion we shall consider only oscillatory discharges, 
since the induced electromotive force in the secondary of an induc- 
tion coil due to a non-osdllatory discharge is so small that it is of 
no practical importance. 

The solution for (3) is given by 

(4) q' — e^'XA cos W -f- 5 sin vt) 

where 

R 



SKL 4^»* 



4^' 

The arbitrary constants A and B will be determined by the initial 
conditions, which in the case we are considering are the following : 

When / = o, ^' = — g and /— I^. 

»Scc Webster, Elect Mag., pp. 484-488. 
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Whence it follows that 

A Q 

V 

Therefore since q' ^q -- Q vft have 

(5) q^Q- e*^\Q cos vt - ^^^ sin »;/], 
which may be written 

(6) 9~Q- e-'[^ + ( ^±ii^)']* cos {vt + a) 
where 

For the current we have 

<7) /=§-''"[!2*+ (^4^-)']*[>'sm(v/+a)-/.cos(v/+a)] 

and for the difference of potential between the two sides of the con- 
denser 

(8) f._^_£_j'[0.+ (Vh^)']*cos(v/ + «). 

In the case which is usually considered, Etsmo, and equations 
(6), (7), and (8) become 

(9) ^=-^— sinw 

/ e»^* 

(10) /= — — [v cos i^t + fx sin v/] 



(II) F=-^sin./. 
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Theory of one Circuit, Harmonic E,M,F, 

If instead of the circuit being broken, we have impressed upon 
it a periodic electromotive force E^ cos mt we shall have instead of 
equation (2) 

(12) ^ S + ^^ + l^^o cos mt. 

The solution of which is given by 

('3) ^ if . v» ^°' ^"' - ">' 

E 

(15) F- ^^ ^ cos («/ - a). 



.ArJ;?+(z.-^)* 



F is the diflerence of potential between the two sides of the con- 
denser. V^ the maximum difference of potential is given by 

(16) V -^ ' 



"^j^+i^-j^r 



Theory of two Circuits for a Single Break, 

The theory of the induction coil is the theory of two circuits. 
The well-known equations for two circuits, are * 

(17) 

In the case of the induction coil, since there is no impressed 
electromotive force in the secondary, E^ =» o. Also since the im- 
pressed electromotive force in the primary is usually small com- 

1 See Webster, Elect. Mag., pp. 491-502. 
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pared with the induced electromotive force in the priniary, E^ may 
be neglected. Then equations (17) may be written 

(18) ' 

^* de^^ dt* ^^* dt^ K~ °- 

Equations (i8) are the equations for a system with two degrees 
of freedom, and no impressed forces. 

It is well known from the theory of such equations * that the 
displacements q^ and q^, which are here quantities of electricity, may 
either die away without oscillations, or may die away with a series 
of oscillations. The first will happen if R^ and R^ are both very 
large. The second case is the case of the induction coil, and the 
one in which we are interested. 

The solutions of these equations may be written down immedi- 
ately, in the following form : 

?, = <^"'(^, cos ^t + .5, sin /9/) + ^C, cos it + Z?, sin it), 

(19) 

q^ = r-"'(.i4, cos ^t + B^ sin ^t) + r-*'(C", cos it + 27, «n it). 

In which a, )9, y and i are given by 



ass 



r = 



4W ^y/rf + LM*K^K^ 



4ft 4*n\/f^ + LM*K^K^ 

(20) 



■^ /^ ~ 2Ar,A> 



^^^ iAX^ 



Where 



^Webster, loc. cit, pp. 494-498. 
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In finding the values of a, ^, j, i we have neglected the product 
ccf as small compared with the product ^d. This is justified since 
a and y are the reciprocals of the time constants of the two circuits 
and j9 and d are the reciprocals of the periods multiplied by in, and 
the periods are small compared with the time constants. 

Since equations (19) can be written 

?i - e-^A cos i^t - d,) + e-y'B cos {dt - tf^, 
q^ = e-^Ccos (pt^e^ + r^D cos (8t - tf J, 
where 



A^s/A,^+B,\ B^VQ+D,\ C^s/A,'+BI, D^^C^+D^\ 
and 

we see that ^^ and g^ and therefore the currents, are each sums of 
two damped harmonic oscillations. The coeflficients, A^ B, Q D, 
give the amplitudes of the component oscillations in each circuit. 

The constants of equations (19) and (21) must be determined 
from the initial conditions, viz : when 

?a-0, /, = ^»-0. 

Boynton^ has determined these constants for the case of the Tesla 
coil, and CoUey, Oberbeck, Walter and Johnson have found approxi- 
mate values for the case of the induction coil. 

in the induction coil as ordinarily used there is no condenser in 
the secondary, and the only capacity it has is the distributed capac- 
ity due to the juxtaposition of the successive turns of the coil. 
This has been found to be very small in ordinary coils. If a coil is 
wound bifilarly the capacity is very much increased, and the induct- 
ance decreased. 

1 Phys. Rkv., Vol. VII., pp. 35-48, X898. 
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Max Wien * found for three coils that he examined the following 
results : 

Coil No. I. i?= 2921 Siemens, 
Z = 3.97 henries, 
Distributed capacity a .00077 microfarads. 

Coil No. 2. i? = 69 Siemens, 

£ ss .199 henries. 

Distributed capacity » .0019 microfarads. 

Coil No. 3 (wound bifilarly). 

RtMz 1 3 5. 1 Siemens, 

L ■= .767 henries, 

Distributed capacity « .0139 microfarads. 

Walter ' found for the secondary of an induction coil having an 
inductance of about 500 henries a capacity of only about i.i 
millionths of a microfarad ; and for the secondary of a 60 cm. in- 
duction coil, having an induction of about 9,000 henries, a capacity 
of about 6.5 millionths of a microfarad. 

Oberbeck ^ assumes that the capacity of the secondary of a small 
induction coil is that of a small Leyden jar, f. ^., about .0005 
of a microfarad. 

The theory of the distributed capacity of a coil has not yet been 
worked out, but it seems probable that the capadty is very small. 
The experiments which will be described later seem to indicate this. 

Approximate expressions for the difference of potential in the 
secondary, and for the primary current have been obtained by 
neglecting small quantities. 

Walter * and Oberbeck * have obtained the following expressions 
for the case of the open secondary. 

iWied. Add., Bd. 44, p. 713, 1891. 
<Wied. Ado., Bd. 66, pp. 628-630, 1898. 

* Wied. Ann., Bd. 64, p. 304, 1898. 

«Wied. Ann., Bd. 62, pp. 307-332; Bd. 66, pp. 623-635. 

* Wied. Ann., loc. cit 
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For the difference of potential between the terminals of the 
secondary they get 

-VL.K.e "< sin , ■ 

The periods of the component oscillations are evidently given by 



(23) 7; = ;r >/L,K, . 7; = ;r >/ L^K^ . 

If we consider only the first few oscillations, the damping may be 
neglected and (22) becomes 

Three important cases may be distinguished according as L^K^ is 
large compared with L^^ ; is equal to L^/C^, or is small compared 
with Z^j. 

In the first case (24) reduces to 

(,5) ^..-/4^.»„ ' 



In the second, to 

(26) v. = — -"U^^ Sin -7^^- = — ' — sin , . 

In the third, to 

(27) V. = — ? - = sin -— -----^. 

Assuming that there is no magnetic leakage, 



M^ v/Z/, 
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and we get for the maximum difference of potential in the three cases 

2Sa V^ max = /^ J^, 

27a V^ max = /^ J-^. 

Formula 2$a assumes that the capacity of the secondary can be 
neglected. Walter* found by experiment that this was true for 
small coils. The larger the coil the more will the potential deviate 
from this value and approach those given by 26^? and 2ya, 

For the primary current, neglecting the reaction of the secondary, 
Walter' obtains 

(28) /. = V-^'^cos-^. 

The period of the primary current is therefore given by 



(29) T, = 2n./L,K,. 

For the maximum difference of potential between the plates of 
the primary condenser, during the oscillations of the primary cur- 
rent, Walter ' gives the following expression : 






(30) F. 



Equation (30) shows that if the capacity of the primary circuit is 
very small, the induced electromotive force in this circuit is very 
great. 

* Loc. cit. 

«Wied. Ann., Bd. 62, p. 3x0, 1897. 

* Loc. cit. , p. 322. 
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Johnson^ makes a correction for the reaction of the secondary 
and writes (29) and (30) as follows: 

2^ 7; - 2^ ^L,K, (. - ^) 

and 

Theory of two Circuits, Harmonic E,M,F. 

If, instead of a constant current, which is suddenly broken, we 
have an alternating current in the primary, equations (17) become 

(30 

We will only consider the case in which the primary circuit is a 
closed circuit containing no condenser, and in which therefore Ky^ 
can be considered infinite. 

We obtain for the secondary circuit 



(32) 

where 



Mm*E 
a. = — ===== cos (a»/ — a) 



and 






^2 

To get V^ the difference of potential of the condenser in the 
secondary we write 

1 Wied. Ann., Bd. 3, pp. 450 mnd 458, 1900. 



Digitized by 



Google 



292 JAMES EDMUND IVES. [Vol. XIV. 

This gives for F^, the amplitude of the potential oscillation, 



In the induction coil, as ordinarily used, with an open secondary, 
K^ « o. In this case (33) becomes 

(34) V ""' 



To find what capacity in the secondary will give the maximum 
amplitude for the potential oscillation, we must differentiate the de- 
nominator of (33) with respect to K^ and put the result equal to 
zero. Calling this value of the capacity AT^, we get 

(35) K^ , L,{L,L,^JP) a,» + RIL, 



{L,L^ - M*)io' + {R^'L^^ + 2R,R,JIP +R,'L^')w' +R,'R,\ 
Experiments verifying this formula will be described in § 6. 

§ 3. Instruments and Methods. 

The induction coil used in the experiments described in the fol- 
lowing pages, was made in separate pieces so that each part of it 
was independent of every other part, and the number of sections in 
the secondary could be varied at will. 

The primary was made of two layers of heavy double-cotton- 
covered copper wire. No. 12, Brown & Sharpe gauge, and had the 
following dimensions : 

Number of turns in outer layer, 109^ 

Number of turns in inner layer, 109 

ToUl number of turns, 218>i 

Mean length, 25.63 cm. 

Diameter of the outer coil, 4.47 cm. 

Diameter of the inner coil, 4.11 cm. 

Diameter of the wire, .230 cm. 

The primary was made by winding the wire upon a wooden 
cylinder, about which had been previously wrapped several layers 
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of heavy paper. To the ends of the paper tube were glued two 
wooden end pieces to keep the coil from spreading. When the coil 
had been wound, and the ends of the wire attached to one of the 
end pieces, the wooden cylinder was withdrawn. The inductance 
of the primary could be changed by putting iron wires in the hol- 
low core. The iron wires used were of soft iron 35 cm. long and 
.0830 cm. in diameter. Most of the experiments were conducted 
without any iron in the core. The self inductance of the primary 
with an air core was found to be .000281 of a henry. Its resistance 
at 21° Centigrade, was .1666 of an ohm. 

Table I. 
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2500 


7.38 


10.28 
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50 
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The secondary was made in eleven sections. Each section was 
independent of all the others and could be slipped at will on and off 
a hard rubber sleeve, which itself was slipped over the primary. 
The sections were all wound with No. 34 (Brown & Sharpe gauge) 
single-silk-covered copper wire. The diameter of the wire was 
.01601 cm. The sections were all of the same width, viz: 1.27 
cm. (half an inch). Six of them contained about 5,000 turns each ; 
one contained about 2,500 turns and the other four contained about 
1,250 turns each. Their dimensions are given in Table I. Table 
\a contains the inductances, self and mutual, of the coils joined up in 
series. 
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Table \a. 



CoiU UMd. 


S«lf loductanc* in 
Hanries. 


Mutual lodnctmnc* 

with Primanr in 

H«ori««. 


Bii -h Bin. 


9.67 




BII -h Bin -h BIV. 


18.92 




BI-hBlV. 


n.06 


.0145 


BI 4- BIV -h BII. 


20.84 


.0213 


CI + CII. 


.5774 




CI -h CII -f cm. 


1.076 




Cl-f Cll + CIII-hCIV. 


1.639 





All the sections were wound on a form in a lathe, a strip of 
Banker's Bond paper being placed between each two layers. AI 
and All were wound on wooden forms, on which they were per- 
manently retained. All the others were woUnd on a metal form. 
After the section had been wound the metal form was removed, and 
the section boiled in paraffin in a vacuum to exclude all moisture and 
air. Connections were made by soldering heavier wires to the ends 
of the sections, and inserting the ends in mercury cups. 

The condensers used in these experiments had a total capacity of 
about thirteen microfarads. The smaller condensers were very 
carefully put together and were made of alternate sheets of mica and 
tinfoil. After the condenser had been assembled it was clamped by 
a metal clamp and boiled in beeswax. The metal clamp was re- 
tained permanently. The smaller condensers were divided into ten 
sections rangfing from .006 to 0.15 of a microfarad. A set of 
16 sections of a mica and tinfoil condenser, kindly loaned by Messrs. 
Morris E. Leeds & Co., of Philadelphia, was also used. Each sec- 
tion had a capacity of about .2 microfarad. These were boiled in 
paraffin and held together by a wooden clamp. Three large 
Stanley, paper and tinfoil, condensers, each having a capacity of 
about 2. 5 microfarads, were also used. 

The capacities of the condensers were determined by making an 
absolute determination of one section by the tuning fork charge 
and discharge method ^ and then comparing the other sections with 
this section by the bridge method. 

1 Thomson & Se«rle, Phil. Trans., 1890 Vol. A, pp. 583-621. 
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A 

-3- 



The measurements of difference of potential were all made with 
a modified Kelvin quadrant electrometer, used idiostatically. The 
deflections were therefore proportional to the squares of the 
potential. 

The instrument used was the one used by Professor Webster, and 
described by him in his paper on electrical oscillations.^ The quadrants 
were made of brass and the needle of aluminum. The needle was 
suspended by a quartz fiber and connected to the binding post by 
a platinum wire dipping into sulphuric acid. The instrument worked 
excellently as long as the acid was fresh. After the acid had been 
standing for some weeks it was found to be necessary to boil it for 
several hours, for if not fresh or recently boiled there was a lag 
when a reading was taken. 

The differences of potential measured were usually small, less 
than 50 volts, since the primary was nearly always used with an air 
core. The electrometer as adjusted for 
these expenments was too sensitive to 
measure directly potentials greater than 
50 volts. It could be arranged however 
to measure any potential by the introduc- 
tion of an auxiliary air condenser of ad- 
justable capacity in series with it in the 
electrometer circuit. In Fig. 3 -<4 is the 
auxiliary air condenser, and V the elec- 
trometer. __ 

The true difference of potential can be *^' 

FIk. 3. 
calculated from the apparent difference 

given by the electrometer reading, and the known capacity of the 

auxiliary condenser. 

In all the experiments the electrometer was used idiostatically, 
one side being connected to earth so as to give a constant zero. 

The usual method of using the electrometer was as follows. After 
taking a series of observations, the instrument was calibrated by 
noting the deflections due to different known differences of potential. 
The known differences of potential used were those of a storage 
battery, determined by a Weston voltmeter. A calibration curve 
»Phys. Rev., Vol. VI.. p. 301, 1898. 
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was plotted, and the value of the potential corresponding to a given 
deflection read off directly from the curve. 

A curious source of error observed and studied by Hallwachs ' 
caused the writer some trouble in the earlier experiments. Since 
in the idiostatic method of using the electrometer the deflec- 
tion is proportional to the square of the potential, when the sign 
of the potential is changed without changing its absolute value the 
deflection should be unchanged. It was found that this was not 
quite true, and investigation showed that it was due to the contact 
difference of potential between the brass quadrants and the alumi- 
num needle, which increased the deflection in one case and decreased 
it in the other. An approximately correct value for the difference 
of potential is found by taking the mean between the two deflections. 
This was done in calibrating the instrument. Hallwachs has shown 
that an electrometer in which the quadrants and the needle are 
made of different metals can be used to find the contact difference 
of potential between the two metals. The difference of potential 
between the brass quadrants and the aluminum needle was determined 
in this way by the writer, and found to be equal to .42 of a volt. 

In these experiments the electrometer was used idiostatically in 
two ways, first, with a steady deflection with an alternating current, 
and second, ballistically with a transient current. In both cases the 
deflection was proportional to the mean square of the potential. In 
both cases the potential performed a simple harmonic oscillation, the 
difference being that in the first case the oscillation was undamped, 
and in the second case it was strongly damped, the time constant 
being about a thousandth of a second. 

The measurements of inductance were made by comparison with a 
standard coil, the inductance of which had been previously calcu- 
lated by Maxwell's formula* for the self-inductance of a circular 
coil of rectangular cross-section. 
If (see Fig. 4) 

n =* number of turns in coil. 

a = mean radius of coil. 

r = diagonal of the cross-section. 

= angle made by diagonal with lower edge of the cross-section. 

»Wicd. Ann., Bd. XXIX., pp. 1-47, 1886. 

«Sce Raylcigh, Phil. Trans., 1882, pt. II., p. 675. 
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2d 



We have, using the first two terms of the series 
L = ^r.atf I log, 1- ^ — I i fl j cot 2tf — j;r cosec 

— \ cot* d log. COS tf — ^ tan' 9 log. sin d 1 

;r«*r* r , 8^ / . • /, 
"^ ^"^ L ^^'"^ ^^ ^ + I) + 3-45 + 27.475 cos' d 

(n vsin*/? , cos* /? , . , , sin* tf , . ^T 

- — ^ I — -^ + 1 ^-^-fl log. cos e + -^lA — ra log. sin tf I 
2 / cos tf * sin' ^' ^ cos' tf ^* J 



In calculating the value of L for the standard coil it was found that 
neglecting the second term would 
introduce a minus error of .4 of one 
per cent. 



n 



The coils used as the standard pi;. 4. 

were two coils of the same dimen- 
sions, used by Taylor/ in his work on standard cells, as the fixed 
coils of an electrodynamometer. They are fully described by him 
in the paper referred to. 

The mean value of the self inductance of each coil by calculation 
from the formula was found to be .001881 of a henry. 

The comparison of the inductances to be measured with the 
standard was made by Maxwell's bridge method using the alter- 
nating current and a telephone ' instead of a galvanometer. The 
comparison was usually made by comparing the unknown inductance 
first with the upper coil and then with the lower, and taking the 
mean of the two values obtained. The two values so obtained 
usually agreed to about a tenth of one per cent. It was found that 
with the alternating current used, the inductances could be measured 
to about a tenth of one per cent. The self inductances of the sec- 
ondary segments, both separately and combined together are gfiven 
in Tables I. and la. 

The mutual inductances of the secondary segments with the 

primary were measured by Maxwell's ' bridge method for comparing 

iPHYS. Rev., Vol. VII., pp. 156-159, 1898. 

«Sce Max Wien, Wicd. Ann., Bd. 44, pp. 681-688, 1891. 

'See Gray, Absolute Measurements, Vol. II., pp. 465-469. 
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the mutual inductance of two coils with the known self in- 
ductance of one of the coils. In this case also, the alternating 
current and the telephone were used instead of a steady cur- 
rent and a galvanometer. The telephone method is much more 
rapid than the galvanometer method. The results are given in 
Table I. The inductances were all measured without any iron in 
the core, that is with an air core. 

The measurements of resistance were made by the usual zero 
method of the Wheatstone bridge with a steady current and a 
galvanometer. The resistance box used was one made by Elliott 
Bros., of London. The resistances of the box were examined by 
Mr. Frank K. Bailey, of the university, and found to be accurate to 
a tenth of one per cent. The resistances are given in Table I. 
reduced to 2 1 ° centigrade. 

The measurements of currents were made for direct currents with 
a Weston ammeter, and for alternating currents with a hot wire 
ammeter, which was calibrated • by comparison with the Weston 
ammeter. The currents were measured to about one per cent. 

To conduct the experiments described in § 6, it was necessary to 
obtain a harmonic current that should be free from overtones. 
This was done by Pupin's ^ method, which consists in inserting in- 
ductance and capacity in series in the circuit, and then adjusting the 
relative amounts of inductance and capacity until the circuit is in 
resonance for the particular frequency which is desired. When 
this is so, if the resistance of the circuit is relatively small, the fre- 
quency which is desired will so far predominate that the other fre- 
quencies cannot be detected. 
In order to use this method 
it is necessary to have either 
a large inductance or a large 
capacity. Since it was easier 
to construct a large inductance 
than a large capacity, a coil was built which gave the required in- 
ductance. The dimensions of a coil which would give the desired 
inductance were calculated from Maxwell's formula on p. 297. The 
cross-section of the whole coil, drawn to scale, is shown in Fig. 5. 

»Ain. Jour. Sd., Vol. XLVIIl., pp. 379-389,473-485, 1894. 
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Fig. 5. 
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The portion occupied by the wire is shaded. This shaded por- 
tion was intended to be 3 inches on a side. In the coil as con- 
structed it was 3 inches from top to bottom, and 25^ inches from 
side to side. The coil was wound with about two miles of No. 
x8 (Brown & Sharpe gauge) double cotton insulated copper wire. 
Diameter, .0403 of an inch. The wire was wound in 60 layers of 
60 turns each, making 3,600 turns in all. At the beginning and 
end of every ten layers, the wire was led off to a binding post on 
the top of the coil, so that the coil was divided into six independent 
sections. 

The dimensions of the wooden form on which the coil was wound 
are those shown in Fig. 9, viz : 

Outside diameter, 
Inside diameter, 
Height of groove. 
Depth of groove, 
Height of whole coil, 



15 


inches. 


8 


<< 


3 


<< 


Z)i 


• < 


s 


<i 


13>^ 


inches 


8 


<< 


3 


<< 


2^ 


<< 



The dimensions of the coil proper were 

Outside diameter, 
Inside diameter, 
Height of cross-section. 
Depth of cross-section, 

The coil was designed to give the maximum inductance for the 
length of wire used.* Its inductance calculated before construction 
was 3.33 henries. After construction its inductance was found by 
comparison with the standard inductance to be 3.01 henries. This 
is probably partly due to the fact that the designed geometrical con- 
ditions, viz.: a rectangular cross-section was not quite fulfilled. 

§ 4. The Iron Core. 

To determine the effect of increasing the amount of iron in the 
core, the number of iron wires inserted in the core was varied, the 
current for any given experiment being kept constant. 

An alternating current of about 60 complete periods per second 
was used in the primary. The difference of potential between the 
terminals of the secondary was measured with the electrometer, 
used idiostatically. 

»See Maxwell. Elect. Mag., Vol. II., p. 316. 
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Tables II.-V. and Figs. 6-9 show the results obtained. In the 
curves the differences of potential in the secondary are plotted as 
ordinates, and the number of wires as abscissas. 




300 400 500 

NUMBER OF WIRE8 



Fig. 6. 

Table II. and Fig. 6 show how the form of the curve varies sis 
the inductance in the secondary is increased by adding coils of the 
same number of turns and of the same diameter placed side by side. 

Table II. 



Number 


CII 


CI -♦- CII 


C(+CII + CIII 


CI + CII + cm 


of 
Wiree. 


.65 Amp. 


.65 Amp. 


.60 Amp. 


-hCIV 
.60 Amp. 




VolU. 


Volts. 


Volts. 


Volts. 





.0 


.0 


.0 


.0 


10 


2.5 


5.5 


8.0 


10.0 


20 


4.2 


8.3 


12.8 


16.0 


30 


5.5 


10.0 


16.1 


21.1 


40 


6.1 


10.9 


18.8 


24.6 


50 


6.4 


11.4 


20.5 


27.2 


60 


6.6 


12.0 


22.0 


29.4 


70 


6.9 


12.7 


22.7 


30.0 


80 


7.0 


13.0 


23.8 


32.0 


90 


7.2 


13.7 


24.8 


33.5 


100 


7.5 


13.8 


26.0 


35.0 


200 


7.6 


14.2 


27.1 


38.0 


300 


8.5 


15.8 


29.0 


42.5 


400 


9.2 


17.1 


31.8 


45.5 


500 


9.6 


18.4 


33.5 


54.0 


600 


9.9 


19.6 


35.1 


57.0 


700 


10.3 


20.3 


35.8 


58.5 
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Table III. and Fig. 7 also show how the form of the curve 
varies as the inductance is increased, but in this case the increase 
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Fig. 7. 

is made by replacing the original secondary by a coil of the same width, 
but of greater diameter and therefore of a greater number of turns. 

Table III. 



Number of Wires. \ 


CII .65 Amp. 


Dl .6s Amp. 


BI .65 Amp. 




Volts. 


Volts.' 


Volts. 





.0 


.0 


.0 


10 


2.5 


5.3 


12.2 


20 


4.2 


8.0 


19.2 


30 


5.5 


9.7 


25.2 


40 


6.1 


10.5 


29.3 


SO 


6.4 


11.4 


32.6 


60 


6.6 


11.8 


34.5 


70 


6.9 


12.3 


37.0 


80 


7.0 


12.7 


37.8 


90 


7.2 


12.9 


40.0 


100 


7.5 


13.2 


40.7 


200 


7.6 


13.7 


48.4 


300 


8.5 


15.1 


56.0 


400 


9.2 


16.6 


62.0 


500 


9.6 


17.3 


66.8 


600 


9.9 


18.5 


68.0 


700 


10.3 


19.0 
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Table IV. 



Number of Wires. 


CII .6s Amp. 


CII I. OS Amp. 




VolU. 


VolU. 





.0 


.0 


10 


2.5 


4.4 


20 


4.2 


7.2 


30 


5.5 


9.4 


40 


6.1 


11.5 ! 


50 


6.4 


13.7 j 


60 


6.6 


15.4 ' 


70 


6.9 


16.4 


80 


7.0 


17.5 ! 


90 


7.2 


18.4 j 


100 


7.5. 


19.2 ! 


200 


7.6 


23.2 > 


300 


8.5 


26.0 1 


400 


9.2 


26.5 


500 


9.6 


28.2 


600 


9.9 


29.2 


700 


10.3 


29.6 



CII t.s 



VolU. 
2.5 
6.3 
9.7 
12.6 
15.5 
17.8 
20.0 
22.6 
24.3 
26.8 
29.0 
43.0 
50.0 
52.3 
53.8 
54.5 
54.5 



Tables IV., V. and Figs. 8, 9 show the change in the form of 
the curve for the same secondary coil as the current is increased. 




Fig. 8. 
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Table V. 



Number of 
WirM. 


PI 
^Arop. 


DI 
i.os Amp. 


1 Number of 
Wirei. 


DI 
.65 Amp. 


DI 
i.osAmp. 




VolU. 


Volts. 




Volts. 


VolU. 





.0 


.0 


90 
100 


12.9 


25.2 


10 


5.3 


7.0 


13.2 


26.3 


20 


8.0 


11.1 


200 


13.7 


27.7 


30 


9.7 


14.7 


300 


15.1 


30.8 


40 


10.5 


17.4 


400 

1 500 


16.6 


32.0 


50 


11.4 


19.8 


17.3 


34.2 


60 


11.8 


21.7 


600 


18.5 


36.0 


70 


12.3 


23.1 


1 700 


19.0 




80 


12.7 


24.3 










200 



300 400 600 

NUMBER OF WIRES 



Fig. 9. 

The form of these curves is given by equation (34). 

Since M and L^ are linear functions of the permeability of the 
core, and the permeability of air is very small compared with that 
of iron, we may assume that they are proportional to the number 
of iron wires in the core, and we may write 

where x is the number of iron wires in the core. Equation (34) 
then becomes 

V - A^*"^ - 
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which is an equation of the fourth degree in V^ and x. The graph 
of F' as a function of jr gives a curve of the fourth order symmet- 
rical with respect to both the x and y axes, and having points of 
inflexion at the origin. The portion of the curve plotted in the 
figures is for x positive and F positive. It is evident by inspection 
of equation (34) that when the number of wires is infinite V^ ap- 
proaches a finite maximum value, —j—. Also, that the potential 

increases very rapidly as the number of wires is increased up to a 
certain point after which an increase in the number of wires only 
makes a small difference in the potential. This is a fact of practical 
importance in the construction of coils. 

The question arose as to whether it would make any difference 
whether the wires were placed together in the axis of the core, or 
placed loosely anywhere within the core. It was found by experi- 
ment that, within the limits of accuracy of the experiments, it made 
no difference whether the iron wires were placed in a bundle in the 
middle of the core or placed loosely anywhere within it. 

§ 5. Distribution of the Induction. 

A matter of considerable importance in the construction of coils 
is the knowledge of the flux of induction through the primary at 
different points of its length. It is important to know how the flux 
varies as we move along the coil from one end to the other, in order 
to know where to place the secondary coils so that the greatest flux 
shall pass through them. 

To determine this, experiments were made, by placing upon the 
primary one of the secondary coils, and sliding it along from one 
end to the other. The primary was divided into ten equal parts, 
and the secondary was made to take eleven different positions at 
equal distances apart, including the ends, ihe terminals of the 
secondary coil were attached to the electrometer. The current used 
in the primary was the commercial alternating current, with a fre- 
quency of about 60 oscillations a second. Three different sized 
secondary coils were used, viz.: 5,000 turns, 2,500 turns and 1,250 
turns. The coils used were Bill, DI, and CIV. 
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The results are given in Table VI. and Fig. 10. 
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Fig. 10. 

The method of performing the experiment was to move the sec- 
ondary from left to right, noting the deflections for each of the eleven 
positions, and then move it back again from right to left noting the 
deflections, and finally take the mean of the two readings for the 
same position. 

For Bill the mean primary current was 5.1 amp.; for DI, 5.6 
amp.; for CIV, 8.4 amp. 

Table VI. 



Prsction of 
Total Length 
of Primary. 


Bin 


DI 


CIV 


Diff. of 

Pot. 
in Volts. 


1 
Reduced 
to xoo. 


Diff. of 

Pot. 
in Volts. 

4.5 
6.6 
7.4 
7.7 
7.8 
7.9 
8.1 
7.8 
7.5 
6.5 
4.6 


Reduced 
to xoo. 


Diff. of 

Pot. 
in Volts. 

3.0 
4.0 
4.6 
4.7 
4.7 
4.7 
4.8 
4.8 
4.5 
4.1 
3.1 


Reduced 
to xoo. 


.0 

.1 
.2 
.3 
.4 
.5 
.6 
.7 
.8 
.9 
LO 


6.3 

8.8 

10.1 

10.5 

10.9 

ILl 

ILO 

10.8 

10.1 

8.6 

6.2 


57 
80 
92 
95 
99 
101 
100 
98 
92 
78 
56 


57 
84 
94 
97 
99 
100 
103 
99 
95 
82 
58 


64 

85 

98 

100 

100 

100 

102 

102 

96 

87 

66 



The theory of this experiment is given by equation (34). 
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Since when we move the exploring coil along the primary every- 
thing is unchanged except M, we have V^ directly proportional to 
M, But Mis directly proportional to the flux of induction through 
the solenoid at that point of its length. Therefore f^ is a measure 
of the flux of induction through the solenoid, and is directly propor- 
tional to it 

The flux of induction through the primary was also calculated* 
The variation of the field from that of an infinitely long solenoid is 
due to the free ends of the solenoid. The correction due to the 
ends was calculated from Maxwell's^ formula for the force at any 
point due to a charged disk. The force was then integrated over a 
spherical cap, bounded by the solenoid, at different distances from 
the end of the solenoid. This gives the flux through the solenoid 
at different distances from its end. Using the first three terms of 
the series the following formula was obtained : 

F,„,.4^^{j^(f-.)-J--[(^ -.)-(£-.)] 

Where a is the radius of the solenoid. 

r the distance from the center of the end to the spherical cap. 
z the distance from the end of that turn of the solenoid 
through which the cap passes. 

This formula gives the flux through a turn of the solenoid at a 
distance z from the left hand end, due to a disc of unit density 
placed at the left hand end. To find the flux when unit current 
passes through the solenoid we must multiply by the number of 
turns in unit length of the coil. To get the total effect due to both 
ends, we must add the effects of the two ends, which are in the same 
direction. This gives the correction to be subtracted from the flux 
for an infinitely long solenoid. The solenoid used in these experi- 
ments was made of two layers, an inner and an outer layer. The 
flux was calculated for each separately and the total flux taken as 
the sum of the two. The results are given in Table VII. The 
results are only given for half the length of the coil, as the two 
1 Maxwell, Elect & Mag., Vol. II., p. 284. 
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halves are, of course, symmetrical. The corrected flux through 
the solenoid is plotted as curve 4 in Fig. 10. 

If the flux were calculated on the assumption that the primary 
was infinitely long, we should have 1,551 cm. for eveiy point along 
the primary, instead of the values given in the column last but one 
of Table VII. 

Table VII. 



1^ 

Is 

1^ 


Outer Coll. 




Inner Coil. 




Both Coils Together. 


III 
III 

i « 


III 

lit 

11 




8 

9 

CO 


X 


•o . 
28 S 

I - 


E • 


\ 



8 
<3 


n 

? 

X 


III 
If 




i 

2 





98.59 


.39 


98.98 


422.9 


83.35 


.26 


83.61 


355.7 


778.6 


772 


50.5 


.1 


19.54 


.47 


20.01 


85.5 


14.97 


.34 


15.31 


65.1 


150.6 


1400 


91.6 


.2 


7.48 


.57 


8.05 


34.4 


1 5.47 


.40 


5.87 


25.0 


59.4 


1492 


97.6 


.3 


3.72 


.76 


4.48 


19.1 


i 2.62 


.56 


3.18 


13.6 


32.7 


1518 


99.3 


.4 


2.21 


LOO 


3.21 


13.7 


1.54 


.75 


2.29 


9.8 


23.5 


1527 


99.9 


.5 


1.47 


1.47 


2.94 


12.6 


I 1.07 


1.07 


2.14 


9.1 


21.7 


1529 


100.0 



The flux of induction through the primary at any point of its 
length is of course measured by the number of lines passing 
through a single turn wound tightly upon it at that point. This is 
the quantity calculated in Table VII. Since the coils Bill, CIV 
and DI, used in the experiment, consist of a large number of turns, 
most of the turns being situated at an appreciable distance 'rom the 
primary, the flux through these coils will not be directly pro- 
portional to that for a single turn. This difference in the conditions 
may perhaps account for the difference between the curves for the 
observed and calculated values in Fig 10. 

§ 6. Capacity in the Secondary. 

Experiments were made to determine the effect of inserting 
localized capacity in series in the secondary. 

The current used in the primary was the commercial alternating 
current. It was analyzed by Pupin's ^ method, and was found to 
contain the third and fifth harmonics. 

* See Pupin, loc. c t. 
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For a given frequency, w, the amplitude of the potential oscilla- 
tion in the secondary condenser, is given by equation (33). If more 
than one frequency is present in the current, the potential is the 
sum of the potentials due to the different frequencies. 

Experiments were made with each of the three frequencies present 
in the commercial current. The frequency desired was brought out 
by Pupin's method which has been described in § 3. To test the 
accuracy of Pupin's method the large resonance coil described in 
§ 3 was placed in series with a condenser in a circuit which had 
impressed upon it the electromotive force of the cqpunercial alter- 
ing current. The fundamental of the alternating current was about 
60 oscillations a second. The potential of the condenser was 
observed as its capacity was varied in the neighborhood of that 
capacity which would give resonance for the fundamental. These 
observations are given in Table VIII. The theoretical values were 
then calculated from equation (16). The results are given in Table 
IX. The observed potentials were relative, not absolute. The 
results are plotted in Fig. 1 1. The crosses represent the calculated 
values, and the circles the observed values. It is hard to say why 
the two curves do not coincide. If we should assume that the 
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Table VIII. 



Capacity 
in Microfarads. 


Square Root of De- 
flection X xxa.4. 


Capacity 
in Microfarads. 


Square Root of De- 
flection X zza.4. 


1.06 


120 


2.32 


470 


1.26 


151 


2.40 


393 


1.51 


212 


2.60 


248 


1.76 


352 


2.86 


167 


1.97 


612 


3.09 


126 


2.06 


793 


3.30 


101 


2.23 


634 


3.55 


82 



Table IX. 



Capacity 
in Microfarads. 



1.00 
1.20 
1.40 
1.60 
1.80 
2.00 
2.20 
2.37 
2.40 



Potential in Volts. 



86 
101 
121 
148 
200 
292 
530 
910 
897 



Capacity 
in Microfarads. 



2.60 
2.80 
3.00 
3.20 
3.40 
3.60 
3.80 
4.00 



Potential in Volts. 



473 

271 

191 

143 

117 

97 

84 

74 



large resonance coil has a distributed capacity of about .3 micro- 
farad, the two curves would be very nearly coincident. 

Table X. 



Capacity in 


Potential in 


Microfarads. 


Volts. 


.000 


17.1 


.032 


17.7 


.038 


18.0 


.052 


18.3 


.059 


18.4 


.071 


19.2 


.080 


21.9 


.083 


24.1 


.090 


25.0 


.095 


22.1 


.107 


19.5 


.127 


19.0 


.155 


19.4 


.178 


20.6 


.190 


22.0 




Potential in 
Volts. 


Capacity in 
Microfarads. 


Potential in 
Volts. 


26.2 


1.26 


47.7 


32.4 


1.51 


62.6 


36.7 


L76 


104.0 


37.1 


L97 


181.0 


34.9 


2.23 


187.0 


29.0 


2.40 


116.0 


• 22.4 


2.32 


139.0 


2L1 


2.06 


234.0 


20.7 


2.60 


73.4 


20.7 


i 2.86 


49.4 


25.2 


1 3.09 


37.2 


29.9 


3.30 


29.9 


35.5 


3.55 


24.3 
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Fig. 12. 

Table X. shows the results of the analysis of the commercial 
alternating current, made in the way described. The capacity of 
the circuit was gradually increased from nothing up to 3.5 micro- 
farads. The observations are plotted in Fig. 1 2. The three peaks 
reading from right to left represent the fundamental, the third 
harmonic and the fifth harmonic, respectively. 
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Having made these preliminary observations, the main problem 
was attacked, with the results given in Tables XI.-XIV., and 
Figs. 13-15. 

Table XI. 

HI + BIV. 



Capacity 
in Microfarads. 




Potential in Volt*. 




%.% Amp. in Primary. 


W-X80 
.3 Amp. in Primary. 


.3 Amp. In Primary. 


.000 


9.1 


5.0 


4.6 


.007 


9.0 


6.2 


6.5 


.008 


9.2 


6.0 


6.7 


.012 


9.2 


6.5 


8.6 


.019 






14.7 


.020 






18.7 


.027 






24.7 


.032 


9.7 


9.2 


14.2 


.060 


9.9 


19.7 


2.8 


.069 




21.4 




.071 




20.3 




.082 


10.9 


13.0 


2.4 


.095 


10.8 


10.0 


2.2 


.107 


11.0 


7.5 




.127 


11.1 






.155 


11.5 






.178 


11.8 




1.8 


.210 


12.3 






.238 


13.0 






.250 






1.6 


.269 


13.7 






.297 


14.0 






.367 


15.0 






.436 


15.0 


2.2 




.462 






1.0 


.506 


14.2 


1.7 




.659 


12.0 


1.2 


.7 


.755 


9.5 






.909 


7.1 






.968 


6.3 







Tables XL and XII. give the results obtained by changing the 
capacity of the secondary condenser, keeping the primary condi- 
tions constant. Three frequencies were used, viz.: those of the 
fundamental, the third overtone, and the fifth overtone. The results 
given in Table XI. were obtained by using BI and BIV in the 
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Table XII. 

Bl-f BIV + BII. 
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secondary, and those given in Table XII. by using BI, BIV and 
BII in the secondary. This gave a variation of the secondary in- 
ductance. BI + BIV and BI + BIV + BII have self inductances of 
I I.I and 20. 8 henries respectively. The observations are plotted 
in Figs. 13 and 14. The theory of these curves is given in the latter 
part of § 2, and the form of the resonance curves is given by 
equation (33). 

Fig. 15 represents the ** resonance curve ** for the commercial 
current, without the weeding out of the overtones. The observa- 
tions from which the curve was plotted are given in Table XIII. 
BI and BIV were used in the secondary, and the current in the 
primary was 2 amp. This curve shows, as already stated, that the 
commercial current contained two harmonics beside the fundamental. 
It leads to the same conclusion as Fig. 12, the difference being 
that in Fig. 1 2 the potential of the primary condenser is plotted, 
whereas in Fig. 15 the potential of the secondary condenser is 
plotted. Fig. 15 shows that a small induction coil and an elec- 
trometer form an excellent detector of harmonics. 




Figs. 13-15 show that the potential of the secondary in a small 
induction coil may in some cases be increased by the insertion of a 
condenser in series in the secondary. 
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CAPACITY IN MICROFARADS 

Fig. 15. 

Table XIV. 



Frequency. 



Observed Value of K^ 
In Microfarads. 



Calculated Value of K^ 
in Microfarads. 



Z, = 11.1 henries. 



60 


.403 


.421 


180 


.066 


.071 


300 


.024 


.027 



Z, = 20.8 henries. 



60 


.237 


.257 


180 


.036 


.039 


300 


.014 


.015 



From these tables and curves can be found the value of the sec- 
ondary capacity which will give the greatest difference of potential 
in the secondary for a given frequency. In Table XIV. are given 
the values read off from the curves, side by side with the values 
calculated from equation (35). 

To be continued. 



Digitized by 



Google 



No. 5.] SURFACE COLOR, 315 



SURFACE COLOR. 

By R. W. Wood. 

SO many misleading statements appear in the text-books on optics 
regarding the phenomenon of surface color, exhibited by cer- 
tain strongly absorbing media, that it may be well to point out 
certain facts which are not always brought out as clearly as they 
should be. We frequently find the statement that these substances 
reflect most strongly those colors which are absent in the trans- 
mitted light, or which, as we more frequently say, are most strongly 
absorbed. One of the more recent of the advanced text-books 
refers the phenomenon to total reflection, the explanation being that 
for waves of certain wave-lengths the refractive index is less than 
one, and that therefore at a certain angle there will be total reflec- 
tion for these waves, and consequent surface color. As a matter 
of fact the dispersion curve runs below unity only in the case of a 
very few substances, consequently total reflection is wholly inade- 
quate as an explanation. Moreover the selective reflection occurs 
at normal incidence. 

In the first place the statement that the most strongly reflected 
light corresponds to the light absorbed is erroneous. Take cyanine 
as an example. The center of the absorption band is very near the 
D lines, but the surface color is not yellow, but a deep plum color, 
not so very different in hue from that of the transmitted light. If 
we examine the spectrum of the reflected light we find a very dark 
band in the green, the center being not far from wave-length .0005. 
The distribution of intensity in the rest of the spectrum is not very 
different from what it would be in the case of reflection from glass, 
which shows that the peculiar color of the dye is not so much due 
to a very powerful reflection of certain waves, as it is to its almost 
complete refusal to reflect a certain region of the spectrum. If we 
remember that the reflecting power depends on the refractive index 
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as well as on the coefficient of absorption, we can easily explain 
this behavior. 

The intensity of the light reflected at normal incidence by a trans- 
parent medium is given by the formula 

(«+'/ 
As n, the refractive index, varies with the wave-length, the reflect- 
ing power will be different in different parts of the spectrum. The 
formula calls for a stronger reflecting power in the violet than in 
the red, the variation being greatest for substances with high dis- 
persion and low mean refractive index. An experiment has recently 
been described by B. Walter to illustrate this type of selective re- 
flection. Using the method of repeated reflections originated by 
Rubens and Nichols for the isolation of long heat waves, a remnant 
of blue violet light is obtained. The medium used by Walter was 
oil of cassia, above the surface of which a silver mirror was mounted. 

The sun's image after five reflections 
from the surface of the oil (the light 
being thrown back and forth between 
the surfaces as shown in Fig. i), was 
found to be colored a deep blue. 
Though the formula calls for just such 
an effect, I have failed absolutely to ob- 
tain a trace of it though I employed six reflections, or one more 
than Walter. The image was very faint and of a neutral gray color 
with no suggestion of blue. 

In the case of absorbing media the refractive index varies over a 
much wider range than it does in case of transparent substances, 
consequently greater variation in reflecting power with changing 
wave-length is to be expected. Moreover the absorption influences 
the reflecting power directly, the formula for media of this nature 
being 




/e = 



f^ + f^T? + 1 + 2n 



In the case of a substance such as Hoffman's violet, the refractive 
index of which is unity for a certain wave-length, the amount of 
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light of this particular color reflected at normal incidence will be 

5. It is clear that this will increase as x increases, and will 

equal zero if x is equal to zero, as it is in the case of transparent 
media. 

Taking the values of n and x for cyanine obtained by Pfliiger in 
the different parts of the spectrum, we can calculate the percentages 
reflected in the cases of the different colors. The curve shown in 
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Fig. 2. 

Fig. 2 was obtained in this way ; it shows very clearly the cause of 
the peculiar surface color of the dye. Starting at the red end of the 
spectrum we find that the intensity of the reflected light increases 
with decreasing wave-length, due to the joint increase in n and x. 
The increase continues for some distance after n begins to decrease, 
owing to the continued increase of ;if. After reaching a maximum 
at ^ = .00059 i^ turns and descends rapidly attaining its minimum 
at ^ = .0005, where we have very small values of both n and x, and 
consequently very small reflecting power. Beyond this point the 
rise is due almost entirely to the further increase in «, since x is 
practically equal to zero in this portion of the spectrum. 

Scarcely two per cent, of the incident light i^ reflected at ^ = .0005 
causing the dark band seen in the spectrum of .the reflected light, 
alluded tp at the beginning of the paper. 

An excellent way of showing the variable reflecting power of a 
film of cyanine is to compare it with glass, in different parts of the 
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spectrum. A little of the melted dye is pressed between two plates 
of hot glass, which are separated when cold. A spot is selected 
where the film has a good optical surface, and this spot is left on 
the glass the rest being cleaned off. By holding the plate in the 
spectrum formed by a prism or grating the reflecting power of the 
two surfaces can be studied. In some parts of the spectrum the 
cyanine reflects more strongly than glass, in other regions the 
reverse is true, while at wave-length .0005 the cyanine refuses to 
reflect to such a degree that the film appears as a black spot on the 
blue field reflected by the glass. 

It is interesting to note the difference in the surface color of the 
dye when the reflection takes place at the surface in contact with 
the glass. A very convenient way of showing the yellowish-green 
color in this case is to press out a film of the molten dye on one 
surface of a prism of 8 or 10 degrees angle.* In this way the light 
reflected from the dye can be obtained uncontaminated with the 
light reflected from the first glass surface. The method is analogous 
to that employed by Lippmann in mounting his color photographs. 
The calculation of the curve of reflected intensities under these con- 
ditions makes a good exercise for the student. 

1 A suitable prism can be made in half an hour by grinding down a piece of thick 
plate window glass. A strip of thick glass cemented along one edge will be all that is 
necessary to make the glass take the required form. Grind on a piece of glass with very 
coarse emery at first, then use finer grades, polishing with rouge at the end. Small 
scratches do no harm, and a high polish is not necessary. 
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The tuning fork is ten inches long and very heavy. The vibrating device is so ar- 
ranged that there is practically no buzzing and the note from the fork is full and clear. 
Weights to be attached to the prongs of the fork are provided so that any desired pitch 
can be obtained up to middle C. 

We can also furnish a mounted fork without the vibrator which can be used in series 
with the above. 

These are very useful pieces of apparatus for experimenting with Sound Waves 
The price is very low. Correspondence solicited. 



ZIEGLER ELECTRIC CO-, 141 Franklin Su BOSTON, MASS. 

Send for a. cop^ of ^Physical OLtalogue No. W, 
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